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PREFACE 


The object bas been to provide a text book of practical interest 
and utility, fulfilling tbe latest requirements of tbe various 
examining bodies, and following, to a great extent, tbe recom- 
mendations of tbe Mathematical Association 

Part I is intended for beginners and therefore includes a 
large number of examples which may be taken orally 

Multiplication and Division by polynomials are deferred until 
after simultaneous equations of the first degree have been treated 

Algebraic processes are identified with those of Arithmetic 

Methods are referred to first principles , eg in the solution of 
equations each step is shown to be a logical application of some 
axiom and not a matter of arbitrary rules 

A great part of the mere gymnastics of the subject, such as 
the reduction of complicated specimens of fractions, is made 
subordinate to useful and suggestive work 

It has been recognised that many learners acquire some facility 
m manipulation of algebraic expressions without gettmg any power 
of dealing with the most important part, the solution of problems 
Much practice is therefore given m translating questions into a 
symbolical form, in order to lead the student easily to the solution 
of problems 

A very large number of examples are introduced at every stage 

Stress is laid on the importance of testing solutions and checking 
results, and of usmg approximations 

Graphical work, involving largely the use of squared paper, is 
freely employed and interwoven throughout the book It is 
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used in connection with solution of equations, square and cube 
roots, statistics, height and distance problems, rate problems of 
various kinds, indeterminate equations, logarithms, ratio and 
variation 

Facility in finding factors and m the use of labour-saving 
methods is aimed, at, and the Remainder Theorem is freely 
employed 

Students are introduced at a fairly early stage to the idea of 
a function and to the use of functional notation 

The bookwork is expressed m the maimer suggested by much 
experience with learners as the one most readily grasped and 
retained 

Sets of revision papers are inserted at various stages, usually 
at the end of what may be considered a term’s work 

With a view to practical utility and as a stimulus to interest, 
logarithms are introduced as early as poBBible, viz , immediately 
after Proportion 

Thanks are due to various bodies, from whose examination 
papers many examples have been taken, especially to the Oxford 
and Cambridge Local Examination Delegates, and the Con- 
troller of His Majesty’s Stationery Office 


Some teachers will prefer to leave Chapters, Articles and 
Examples marked with an asterisk (*) until the student is firmly 
grounded in the rest of this volume 

A number of easy “ Problems involving Quadratics ” (XXIX a ) 
have been added 
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CHAPTER I 

DEFINITIONS, ETC 

1. It is assumed that the beginner is already acquainted with 
the meanings and use of the ordinary symbols of operation, 
+, -i x , — , { ), as employed m Arithmetic The symbol / is 
sometimes used to denote the operation of division 

Thus 10/7=10— 7=-^ 

2. In Arithmetic we denote quantities by numbers, each number 
having a fixed value In Algebra we denote quantities by 
symbls, generally letters, to which we may assign any value we 
please 

Thus, m Arithmetic, 2x3 is always equal to 6, whereas 2 x a, 
or more shortly, 2a, will have different values according to the 
numerical value we assign to the symbol a 
When a=3, 2a=2x3=6 If a=8, then 2a=2x8=16, 
and so on 
In Arithmetic, 

2x6+3x6+5x6=(2+3+5)x6=10x6=60 
So m Algebra, 2a+3a+5a=10xa, or 10a 
In the same way, 66-26= 46 
We must also remember that smce the symbols stand for 
numencal quantities, we may apply the ordinary Arithmetical 
laws in using them Algebraic proofs of the various Arithmetical 
law’s will be given at a later stage 
As in Arithmetic 2 x 7=7x2, so m Algebra axb=bxa, or 
ab-ba 

£ 
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A 
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In the same way, 311st as 2 and 7 are the iaotorB of the product 
2x7, so a and 6 are the factors of the product ab, remembering 
that by ab we mean a x 6 • 

Also ax6xc=axcx5=&xaxc, or abc~acb~bac, 
just as 2x7x8=7x2x8-7x8x2 

Thus Zabc+2acb+'lcab 

=3abc+2abe+7abc 
= 12a&c 

In performing the above addition we look upon abc as a smgle 
quantity 

Examples I. a. 

Write down, or read off, the values of the following 


1 3x+4* 2 a+a 3 2a -a 

4 7* -3* 

5 11® -4* 6 x- 

- x 7 3 ab+Sab 8 2ab+Zba 

9 ab-ba 10 Wxy-lxy 11 2xy-Zyx 12 6 ab-ba 

13 Zabc-Zcab 

14 3x+4s+5* 

15 3a&+4a&+2a& 

16, Bab+Qba+llab 

17 a+6a+7a+2a 

18. Zabc+4cab+7acb 

19 a+a+a+a+a 

20 3*+4*+*+2*+6x 


What ib the value of Bx 



21 whcn*=2, 

22 when x=4, 

23 when 

24 *=*4, 

25 *=§, 

26 *=2j? 

What ib the value of | 



27 when*=4, 

28. when t=16, 

29 when *=3, 

30 *=£, 

31 x=‘5, 

32 *=2 5 ? 

Fmd the value of 3® 



33 whenx=l, 

34 when *=3, 

35 when x=fj, 

36 *-2%, 

37 ®=2 4, 

38. x=l 6 

Fmd the value of | 



39 when*=6, 

40 when *=12, 

41 when *— 7 5, 

42. ®=2 4, 

43 *=0, 

44 *= 024 


3 Symbolical Expression, 

5£=(20 x 5) s hillings , 
. a£=20a shillings 
In the same way, a£ = 240a pence 
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Again, 360 shillings =(360— 20) £, 

.. a shillings = (a— 20)£ 

= -£ 

20 

' x half-crowns =30® pence, 

7 half-crowns = (30 x 7) pence 
£x+y shillings = (20® + y) shillings 
If I give 6 pence to each of 4boys, Igiveaway (6 x 4) pence altogether 
6 a 6a 


just as 


x 

x 


4 

a 


4® 

ax 


Examples. I. b. 

1 What is the number which is 2 greater than x ? 

2 What is the number which is 3 less than x ? 

3 If each article costs x pence, 

(l) what is the cost of 3 articles 9 (n) what is the cost of 7 articles ? 

(in) 11 * (iv) a 1 

4 Express x£ (l) in shilhngs, * (n) in half-sovereigns, 

* (m) in half-crowns, * (iv) m florins, (r) in pence 

5 If I walk x miles an hour, how fax do I walk 

(i) m 2 hours ’ (u) m 7 hours * 

(in) in half-an-hour 9 (iv) in a hours ? 

6 Express x yards (i) in feet, (u) m inches 

7. Express x inches (i) m feet, (u) in yards 

8 If I give 2 shilhngs to each boy, how many shilhngs do I give to 
x hoys 9 How many pence do I give them 9 

9 If I divide x shillings equally amongst 7 boys, how many shilhngs 
docs each boy get 9 How many pence does each boy get 1 

10 If there are x forms m a school, how many boys are there in the 

school (j) Tthen each form contains 10 boys 9 

(u) y boys 9 

11 What is the total number of pence m £x, and y shillings 9 

12. What is the cost m pence of x articles at y pence each ? How many 
shillings do they cost 9 

13 Express x square feet m square inches 

14 Express x square inches in square feet 

15 Express x metres 

(n) m centimetres, 

(»v) m kilometres 


(i) m decimetres, 
(m) in millimetres, 

16 Express x millimetres 
(i) m centimetres, 
(in) m metres, 


(u) m decimetres, 
(iv) in kilometres 
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17 What is the double 

( 1 ) of®’ (u) of 3® ? (m) of 7® f (iv) of a®? 

(v)of|? (vi) of g*’ (vn) of ~? 

18. If 1 buy a horse for £x and sell it for Sy, how muoh do I gam ’ 

19 If I buy a horse for £» and sell it at a loss of £y, how muoh do 1 
sell it for ? 

20 If I buy a horse for £® and gam £y by sellrng it, how muoh do I 
sell it for ’ 

4. An Algebraic Expression. Any collection of symbols, 
figures, and signs involving only arithmetical operations, is called 
an algebraic expression. 

Term. The different parts of the expression connected by the 
signs plus ( + ) and minus ( - ) are called terms. 

Thus, 5®+7y~4 z is an algebraic expression, and 5®, 7 y t 
and -4z are its terms 

When no sign is prefixed to a term, the positive Bign (+) is 
always understood 

A simple expression consists of one term only, a compound 
expression of two or more terms 
An expression of one term is sometimes called a monomial. 
Coefficient In the case of a product, such as 3x7, each 
of the factors 3 and 7 is said to be the coefficient of the other 
In the same way, a is the coefficient of be in the product abc, or 
b is the coefficient of ac, or c of ab 
When one of the factors is expressed in figures, it is called 
the numerical coefficient of the product of the other factors 
Thus m the expression 12 xyz, 12 is the n um er i cal coefficient 
of xyz 

Power, The power of any number or quantity is the result 
obtained when the number or quantity is multiplied by itself 
once or any other number of times 

Thus aa is called the second power of a, aaa the third power , and 
ho on 

Instead of unting aa, we write it thus a 2 , and call it ‘a 
squared ’ In the same way we write a® instead of aaa, a® 
instead of aaaaa, and so on 
Hence « 4 denotes the fourth power of a 
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Index. The number written above, called the index or 
exponent , mdicates the number o! factors 

axaxaxaxa to n factors —a n 

Square ; Cube. The second power of a quantity is called 
its square, the third power its cube 

N B — a 1 is the same as a 

Square root. The square root of a number is that number 
which, multiplied by itself, gives the original number 
The symbol J is used to denote a square root 
Thus J2 5 =5, for 5x5=25 

•JlQa 2 = 4a, for 4a x 4a ** 16a 2 

Cube root. The cube root of a quantity is that quantity 
whose third power is equal to the original quantity 
Thus, since 2 3 =8, 2 is the cube root of 8 
The cube root of a is written thus, f/a 
In the same way the fourth, fifth, etc , root of any quantity is 
that quantity whose fourth, fifth, etc , power is equal to the original 
quantity 

The root of a is written thus, \fa 

Like and Unlike Terms. In any algebraic expression, 
those terms which differ only m their numerical coefficients are 
said to be hie terms 
In the expression 

6aar - 7a?x -dabcx- lla 2 ® -bed- 3aor 
6aa? and -3aar are hie terms, also -7 a?x and -llar&, -Sabcx 
and -bed are wilite to one another and to all the other terms 

5. Examples a-xa-a xa xa=a 3 

a* x a 3 =a xaxa xaxa=a t 
a 4 x a' = eleven a’s multiplied together =e u 
NB — a 3 is not a multiplied bi itself three times, but is the product of 
three factors, a, a, a 

aV} xb=axa x b xb—a'-b i 
u 3 6 5 x a*b 4 =o s x a 5 x b- x 6 4 =a s 6® 
a 5 xa s x=a*x 

3a6x3a=9xaya xb=9a : b 
12aiey2a s 6css24xaxa a xbx6xe xc=24a 3 6 s c s 
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The square of a® =e* x a® =* 0 * 

fl 8 =O s Xfl 8 sfl» 

4fl*==4 x 4 x o a y o® =sl6o* 
The square root of o 4 is a®, for o® x a® =a* 
a* is a 3 , for a 8 x a®=a° 


Examples. I c 


1. Give three examples of 

(1) a simple algebraic expression, 

(2) a compound algebraic expression, 

(3) a simple algebraic expression with a numerical coefficient. 

2. Express the product ate* in different forms 

3 Do the same with 3*V , 6a*6 3 c 4 , 12a6* e 
What is the 

4 second power of 3, 5 third power of 4, 6 fifth power of 2, 

7. product of x and x®, 8. product of a® and a 3 , 


9 

a 3 and x®, 

10 

a*6 and 6*c> 

11 

4a and 35, 

12 

4a* and 5a®, 

13 

12a6c and Sabe, 

14 

12a*y® and layz. 

15 

square root of x®, 

16 

square root of j®. 

17. 

16a* 

18. 


19. 

square of C, 

20 

square of z®, 

21 

a% 

22. 

4zV. 


23. cube of x 2 , 24 cube of ay 3 , 25. cube of 2aV> 

26 cube root of **, 27 cube root of 8a?, 28. cube root of 27a® 1 

29. What is the coefficient of a in the expression 6a, 

30 o* 3a 3 b, 


31. V 

32 

33. . a 4 

34 x 
Find the values of 

35 2* +3®, 36 (2+3)*, 

39 7 s -5*, 40 (7-6)®, 

43 13 s -3®, 44 (13-6)*, 


**y. 


y*x, 


3a 4 6*c, 




37 3* +4*, 

38. (3+4)*, 

41 n/55WI6, 

42. n'25-IG; 

45 n/§6->/9, 

46 n/25^9 


6 Substitution. 

(1) If a=3, 2a=2x3=6 

a*=flxa=3x3=9 

4a® =*4 x a x a x a =4 x 3 x 3 x3=12 x 9=108 
4z=s4x6ss20 
4ar =4x5x5=100 
|a^«|x6x5x6=6x6x6s=160 


(2) If 3=5, 
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(3) If a =2, 6=3, e= 4, 

abc= 2x3x4=24 
0*6=2x2x3=12 
o6*c=2x3x3x 4=6x12=72 

(4) If o=0, 6=1, c=3, *=3, 

o 8 =0 c*=0 o*= 0 
abc=0 xl x3=0 
a s 6c=0 xOxl x3=0 
6*c a =l xl x3 x3=9 
6 3 c 4 =l xl xl x 3x3x3x3=81. 
®*=3 s =3x 3x3=27 
®6=3 1 =3 
</27=W=3 


Examples. I d. 


If 0=6, 6: 

=3, c 

=1, ®=7, find the valne 

i of 




1 

3a 

2 

36 3 c* 

4 

a* 

5 

36 s 

6 4o s 

7 

9c* 

8 

ex 9. 6* 

10 

4o» 

11 

2x* 

12 lie* 

If o=l, 6 

=2, c 

=3, x=4, y =5, evaluate the following 


13 

7o 8 6 


14 6a6c 

15 

9 asty 


16 

a*bc 

17. 

%b*c 


18 

19 

8b b 6 


20 

8 ax 

21. 

A* 


22 o & . 

23 

c® 


24 

¥ 

25 

a* 


26 b ac 

27. 

tV 


28 


29 

sc* 

16 


30. £6*«? 

31 

j 4 7 oV* 


32 

if I 8 ?'' 

If o=0, 6 

=l,c 

=2, x=^, evaluate the following 




33 

7o* 


34 6a6 

35 

3ax 


36 

4ca* 

37 

abcx 


38 a*c*£ 

39 

i6 a c a * a 


40. 

|6*c®» 

41 

aW 


42 m 

43. 



44 



CHAPTER II 

NEGATIVE QUANTITIES 

7. Any quantity with the sign + prefixed, or understood, is 
called a positive quantity, and any quantity with the sign - pre- 
fixed is called a negative quantity 
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Negative Quantities. Arithmetically we cannot subtract 6 
from 3, % e the expression 3-6 has no arithmetical meanin g 

In Algebra however such an expression has an intelligible 
interpretation 

This is best seen by considering a few examples 

If a farmer buys 7 cows, and sells 4 cows, he has 3 mme than 
he had at the start On the other hand, if he buys 4 cows, and 
sells 7, he has 3 less than at first 

We express this algebraically thus, 

7 cows -4 cows* +3 cows 
4 cows - 7 cows* — 3 cows 

Again, if a man gains £10 and loses £6, he has £10- £6, le 
£4, more than at first If, on the other hand, he gams £6 and 
loses £10, he has £4 less than at first, 

tc. £10- £6 *+£4, 

and £6- £10=- £4 

Moreover, if he loses £10 and then gams £6, he will then 
have £4 less than at first, 

t c — £10 + £6 ss — £4 

If a man runs 120 yds along a road, and then r uns 90 yds 
towards his starting point, he will be 30 yds from his starting 
place But if he first runs 90 yds and then 120 yds backwards, 
he will stall be 30 yds from his starting place, but on the opposite 
side of it 

120 - 90 =30, 90-120= -30 

Thus we see that +4 and -4 are the exact opposite of one 
another If we consider a man's income, +£4 will represent an 
mci case, whilst - £4 will represent an equal dec) ease +4 yds and 
— 4 yds represent 4 yds tn opposite directions , and so on 

Suppose a man loses first £10 and then again loses £4, he is 
£14 poorer than at first 

That is, - £10- £4 =-£14 

Thus -3-2= -5, and -5-6= -11 
Now instead of using £, or cows, or yards, let us use a symbol 


a 
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We then have, 10a- 6a = +4a 

6a-10a= -4a 
- 6a -10a = -16a 
-10a- 6a = -16a 
— 10a + 6a *= - 4a 

8. Graphical Illustrations. Take a str line xox' of 
unlimited length, and let all distances measured to the nght be 
considered positive, whilst all distances measured in the opposite 
direction, from nght to left, are taken as negative 
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■ ■■■■ 
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!■■■■■■«! 
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■ ■■»■ 

■ ■■■ 
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Take OAj = A jAj = A gA, = =6 along OX, 

and Oa x ~a^a^a^L z = =6 along OX' 

Taking 0 as the starting pomt in each case, 

OA e denotes +66, whilst Oa 0 denotes -66, and so on 

Also A 3 A r denotes +46, whilst A 7 A S denotes -46 

Thus 66 is denoted by OA 6 (6 spaces to the nght), and AgA 4 
denotes -26 (2 spaces to the left ) ; 

. 66 - 26 = OA 4 = 46 

Agam, stall startmg from 0, -26 is denoted by Oa 2 (2 spaces to 
tJie left) and +66 by a 2 A 3 (6 spaces to the nght) 

-26+66=OA 3 =36 

Agam, -36 is denoted by Oa 3 , and -46 by a fa, both distances 
being measured to the left , 

-36 - 46=Oa 7 = -76 

Once more, 

-76 is denoted by Oa 7 (7 spaces m the negative direction) 
+46 a fa (4 positive .. ), 

. - 76 + 46 is denoted by Oa 3 , 

*c -76+46* -36 

Examples II a 

What is the value of 

1 5-3 2 3-5 3 11-7 4 -3-2 

5 -7-11 6 7-11 7 4a -2a 8 2a -4a 
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What is the value of • 

9 -2a-4a 10. -4a+6o 11 3v-9a 12 9a-3a 

13 7a a - 3a* 14 -3*® -11a 8 15. -Ha^Ba* 16. 2o a -9a 8 

17 tf-io? 18. 8ab-4ab 19. -Sab-iab 20 -ab-ab 

21 4a5-lla6 22 3xy~8xy 23. 3a 2 i-12o ! 6 24, ab-ah 

25 ab-Hab 28 -4 - 5 27. -4a+7a 28 -6a6+2a& 

29 -a&r-lla&e 30. Sabc-Bcab. 31 -Zxy-tyx 32 -fabc+lacb 

33 -3abo-1bca 34 14a -llr 35 Ha -14® 

36 -12x+15a 37. -a.*-* 3 38. 12a -17® 

39. - 12* - 17a 40 -13a+17a 41. -15^+0** 


Graphical Examples. 

Use graphical lllustratiohs to prove the following (squared paper will he 
found useful) 

42 4 - 3=1 43 7 -4 =3 44 6 -2 =4 

45 - 8 +5= -3 46 2 - 8= -3 47. -7 +2= -5 

48 -2 - 3= -5 49 - 4 - 5= -9 50 6a-3*»=2a 

51 -3a+8a=5a 52 -2a-4a= -6a 53. -5a+a=*-4® 

54 -2a:-3*=-6a 55 -7a+4a=-3a 


9. The order in which additions and subtractions are performed 
18 immaterial If you take 4 from 6 and then add 3 the result is 
the same as if you first add the 3 to the 6 and then subtract the 
4 The same pnnciple holds good with regard to algebraical 
expression, thuB 6a - 4b + 3c is equal to 6a+3o-4b 
This is generally accepted as axiomatic, but may with 
advantage be illustrated graphically. 




■ aB E aaBaaaa .! Ba . aaaBa .. a ..> a .. Baaa . a .. Ba . aaawill :;. aaavaaB « BBaBBBaB fj 
aa ft aaBaaaaBaaB * aBBaBBaaaBBaaBaaaaa ^ aa i aBa r aBa r aaBaaaaBaa «'i aaa r* ll>, M - 
aa Su Baa (: aBB i^ B il: aBa j aaB c aBB £j BaBaa k BB ii'i t j Ba fte3 a intD B tffcD B rfkj a >% B rfK<i* tr ;£ 

■ aBaaaaa > BBaBBaBBaaaBaBBaBBBBBBBa * aaaBaaBaaaaaaaa !a a ii aaaaaaBaBBBaBaa |1 * 


With the above diagram, using the same hypotheses with regard 
to signs, etc , as m Art 8, 

4b + 3b —5b takes us from O to A a (4 spaces), then from A 4 to Ay 
(3 spaces), then from A 7 to A 2 (5 spaces m the negative direction) , 

4b+3b-66=OA 2 =2b 
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In tihe same way 46-56+36 takes us first from 0 to A 4 , then 
from A 4 to % (5 spaces in the negative direction), then from 
a x to A 2 (3 spaces m a positive direction), %e to the same point as 
in the first case , 

46 +36 - 56 is the same as 46 - 56 +36 
Again, 66 - 46 - 36 takes us first from 0 to A e (6 spaces), then 
from Ag to A s (4 spaces m the negative direction), then from 
A 2 to Oj (3 spaces m the negative direction) , 

66 - 46 - 36 = 0%= -6 

In the same way -46 - 36 + 66 takes us first from 0 to % 
(4 spaces in the negative direction), then from % to % (3 spaces 
in the negative direction), and then from a 7 to % (6 spaces m the 
positive direction) , 

-46-36+66=0% = -6, 

te 66 - 46 - 36= -46 - 36 + 66. 


Graphical Examples. H. b 
Prove the following graphically, using squared paper 


I. 6+5 -3=8 

3 -5+4-2= -3 

5 7 -7+2=2 

7 , 8 — 5 — 3=0 

9. -2+1 -3 +2 -4+3= -3 

II. Qa-7a+4a=3a 
13. 3a+4a -9a= -2a 

15 -Gr+4a!+5®=3a: 

17 3o-5a +4 q -2a=0 
19 -a-3a-0a= -10a 


2. 3 -4+2=1 
4 -1-2-3= -6 
6 —6+3 +4=1 
8. 1 -2+3 -4+5=3 
10 -2 +5 -7+4=0. 

12 3e-4a-5a= -6a 
14 -4a-3tt+7a=0 
16 -7*+4*+*= -2* 

18 -9ar+8a+3a-5o= -3a 
20. -7o+4a-3o+6a=0 


10. Substitutions. _ 

Lip 

Example 1. When a=2, 6=3, c=l, d= 0, find the value of 

liffi ab 2x3 „ 

« N /c 1 

Example 2 With the same values of a, b, c and d, find the value of 
a s -6*+c*-jd 

a I. * * * * * * 8 -6 8 +c*-gd=2x2-3x3+lxl-jx0 
=4-9+1 fgx0=0) 

= -4 
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Example 3. With the_same values of a, b, c and d, evaluate the 
expression 

a I 4/2 *- ky\ 

The given expression f^ 3 ~ 3 ~^V~T +oftc 

-W+« 

=6| 

Example 4 Find the values of it 2 -5a: +4 for the following values of 
a! — 0, L 2, 3, 4, 9 


x — 

0 

1 

2 

3 

4 

5 


0 

1 

4 

9 

10 

25 

-3ar = 

0 

-5 

-10 

-15 

-20 

-25 

4 = 

4 

4 

4 

4 

4 

4 

o*-3*+ 4 = 

4 

0 

1 

1 

» 

-2 

0 

4 


4, 0, - 2, - 2, 0, 4 are the required values 


Examples 33 c 

If o=3, find the value of 

la* 2 -a* 3, o-4 4 o*-2 5 3 a* -2<z 6 o-2o* 

If *=1, y=2, find the value of 

'7 2**+y 8, »-2y 9 afy 10 ay* 11 o*-y* 12 4**-y l . 

If o= -3, find the value of S / / 

13 o+2 14 o+3 15 2o-7 16 5o+15 17 £+1 18 y+4^ 

If *=0, y=4, o=7, 6=3, c=8, find the value of 

19 20 V?- 21 » V« 

25 o*+6 2 +c* 26 ar» 27 aty 28 ft? 29 {^+6c-20y 

30 3o6-46c-2fly 31 a*+6 , +c*-a s -y s 32. Jo6- }cy-^y* 

33 ab& -lacy* +Wcy , ’’ 

If a=0, 6=4, c=9, <2=2*5, find the value of 

* '' 3 -“ 36 V?+V!Wl 93 S-h-? + w_ 

37 \fbri~\Jacd-\f2b+\!M 38, 6\faf+o\'62'-4\/6e-\fo6c 

39 Find the values of **-6* +9, when o has the values 0, 1, 2, 3, 4, 5 
Tabulate the work 

40 Fmd the values of 2 ** -Zx -10, when * has the values 0, 2, 4, 6, 8 
Tabulate the work 
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41 Find the values of As? -5a, +4 when z has the values 0, 5, 1,15,2 
Tabulate the work 

42 Prove that 2a 8 - 23* +63 =0, when *=7 

Dm Mi 

43 Prove that 3 ? — =■ ■— =-=0, when *=3 

5 o 

11. An algebraic expression consisting entirely of 
unlike terms cannot be simplified unless the values of 
the symbols are given. 

If a man has 7 pigs, 3 cows, and 3 geese, he does not know the 
value of 7 pigs +3 cows +5 geese, unless he knows the value of a 
pig, the value of a cow, and the value Of a goose 
In the same way we cannot simplify the expression 7 a +36+ 5c, 
unless we are given the values of a, 6, and c 
On the other hand, if an algebraical expression consists entirely 
of like terms, we can collect these terms mto one 
Just as 2 cows + 3 cows + 5 cows = 10 cows, 
so 2a+3a+5a=10a 

7 pigs —3 pigs =4 pigs 

In the same way 7a - 3a = 4a 

11 geese - 4 geese =7 geese ; 

' llx-4x=7x 

12 horses -7 horses +2 horses =7 horses 
In the same way 12 y -7y+2y=7y 

12. In Arithmetic we know that 

2(3 +4) =2x3+2x4=6+8=14 
Orotherwise, 2(3+4)=2x7=14 

In Algebra 2(3a+4a)=2x3a+2x4a=6a+8®=14a 
Or otherwise, 2 (3a + 4a ) = 2 x 7a = 14a 

Let us now consider the expression 2 (3a +46), noticing that the 
terms 3a and 46 are unlike 

2(3a+46)=2x3a+2x46=6a+86, and this expression cannot 
be further simplified unless the values of a and 6 are given, for 
the terms 6a and 86 arc unlike 

Thus we see that the second method used in the above arith- 
metical examples cannot be used in Algebra when the terms are 
unlike 
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13. Example 1. Express 4c +26 -3c -2a +6 -cm its simplest form, 
4o+26-3e-2 a+6-e 
=4o -2a +26 +6 -3c -e 


=2a+36 -4c 

Example 2 Find the simplest form of 

3afy - 4a? - 4*y® - 6a^ + 2ay* - 3afy - 6a* - 3s* + 6 
The given expression 

= 3afy - 3s*y - 4a 8 - 3a? - 4a^* + 2*y* - 6i* - 6a? + 6 


»= -7®* -2an/* -ll®*+6 

D.d 


Find simple forms of the following expressions 
1 11-7+4-3+2 2 -6+9-11+2 

3. 3o-6o+4a-a 4 — Ho— 4o+2a 

5 36c -76c- 96c + 186c 6 -3a^y-7« 2 y+4a^ 2 - 

7 9^-l4atf+2y*+6atf-6**-fy* 8 2(6o-4o+2o) 

9 i(9a-3o-2o) 10 Tff.7 7 a ? 

4 

Provo that the following statements are ferae when *=1, y=2 and z= 4. 
11 ®*+y»+z*=21 

13 yz 2 -2yh-5x > = -5 

15 ?+I+«.8 
y z x 

17. 6-5+SLtt 
* p a 2 

19 $yz-$lQxz+$a*yt z *=:2 


12 z*y+y*z~ 18 

14 *-2*0 
* y 

16. t.t + t = 4j 

y o s ^ 

18 -19 

20 y T +«*+aj'sl9 


CHAPTER in 

SIMPLE BRACKETS 

14. In Arithmetic when a number of terms are included within 
brackets ( ) it is understood that the terms within the brackets 
should be considered as a whole 

Thus 8 +(7+5) means that we first add 7 and 5, and then add 
the result to 8 

When a group of terms within brackets has the positive sign 
( t ) prefixed, the brackets may be removed without chang in g 
any of the signs within the brackets 



in ] SIMPLE BRACKETS 15 

I To prove that a+(b+c)=a+b+c 

s , k £ 

p 5 S s 

Let the straight lines PQ, QR, RS represent o, 6, c respectively. 
Then a+{b+c) = PQ+(QR+RS) = PQ+QS 

«PQ+QR+RS=a+6+c 

II Topfovethat a+(b-c)-a+b-c 

P q §“ R (Fig i) 

P S Q R (F>g ->) 

Representing a , 6, c bv straight lines as before, remembering 
that we must draw RS in the opposite direction to PQ and QR, 
(seeArt 9)o+(6-c)=PQ+(QR-SR) 

==PQ+QS m fig (1) and PQ-SQrn fig (2) 
=PS m each case 
“PQ+QR-SR m each case 
=a+b-c. 

Also smce we may write algebraic terms m any order, 
~c+b=b-c , 

.* o+(— c+6)“0+{6 — c)=ch- 6— c=o—c+6 
We have thus proved the rule 

When a group of terms within brackets has the negative sign 
( - ) prefixed, the brackets may be removed on c han ging the signs 
of all the terms within the brackets. 

P S R Q 

As above a-(6+c)=PQ,-(RQ,+ SR) =PQ-SQ,=PS 
“PQ-RQ-$R“<z~b-c 

P fi 6 Q 

Also a-(6-c)=PQ-(RQ~RS)- PQ-SQ=PS 
“PQ--RQ+RS“a-b+c 
Again, smce terms may be written m any order, 
a-(-c+b)=a~(b-c)=a-b+c~a+c-b. 

The rule is therefore established. 
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15. In addition to the ordinary brackets, we sometimes use a 
line, called a “ vinculum,” drawn over the terms to be connected. 

Thus a -2b+3c is the same as a - (2b + 3c) 

3+5 3 3 

In Arithm etic we know that — is the same as g + g 

. , 3x+4a 3a* 4a 

So m Algebra — g— is the same as g + -g 

Here the “vinculum” , drawn underneath, has the 

same value as a pair of brackets 

O.'r— 4. 2® 4 

For mstance 3 + — g— « 3 + ^ (2® - 4) = 3 + -g- - j 

A 1 so 3 -~ +1 

Asm Arithmetic 3(2+5)=3x2+3x6, 
so m Algebra 4(a+b)=4a+4b 


16 Example 1 Prove, by removing the brackets, that 
7-(*+2)+(3-2a)-(~6*+3)=5+3® 
The given e\piession=7 -* -2+3 -2*+6i: -3 
=7+3-2-3+6®-*-2t 
=10 -5 +6® -3a: 

=5+3® 


Example 2 Prove that 4o-2(a+6)+3(o-6)=5a-56 
4o-2(o+6)+3(a-6)=4o-2a-26 + 3o-36 
=4o+3® - 2® -26 -36 
=7o-2o-66 
=5o-56 


Example 3 Simplify the expression 

5® -15 12 -42® . 27® -54 

5 " 6 + 9 

5® 15 12 42® 27® 54 
The given expression =-^--g-~ + -y-p-^ --g- 


=*-3-2+7®+3®-fl 

= 11*-11 


Q ED. 


Q ED 


Examples HI. a 

What are the values of 
1 6 +(4-2) 2 6 -(3+1) 

4 9 -(3 -4) 5 11 -(8+4) 

7 14 -(3 +11) 8 11 -(-2 -3) 

10 -2 -(3+4) 11 -2 -(2-4) 


3 9 +(3-4) 

6 10 +(5-10) 

9. 17 +(5-6) 

12. -7+( -4+11) 
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13. 21 -{25 -23) 

16 6a -(4a -2a) 

19 a-(a+a) 

22 

25 -a® -(-3*=) +(-5*8) 


14 — (4+7) +16 15. 8a + (4a -2a) 

17. 6a-(4a+2a) 18 6a-(-4a-2a). 

20 a+(a-a) 21 -a-(a+a) 

23 3a a -(5a a -7a s ) 24 6ab-(2ab+4ao) 

26 -^+(7*8 -6**). 


Prove the following by removing brackets . 

27 0+(*-2)-(3+4*)+(6t+l)=:3*+2 

28 (3»-2)-(4*-5)+{a+7)s=10 

29 (9a-6)+(-2a+36)-(6a+55)=a-36 

30 a-6a-(2*-3a)-(a -6*)=5*-4a 

31 ( a+b-c)-(a-b-c)+(a-b+c)=a+b+C 

32 3a-26+3c-(2a-5&-3e)+(3a-3&-2c)±=4a+4c 

33 a-b+b-c -a-c=0 


34 4<z-2b+6c-2a~3b+7c+3b+9c~2a=:46+7c • 

35 2(x -I) +3(1 -*) -2 (2 -3*) =5* -3 

36 3(2-a)-7(a+0)+6(2a+7)=2a+0 37 2(a+5) -(2a -&)=&. 

38 3 (2a -c) -7(c -3a) -4(5o -2c)=7a-2c 

39 3(a-6+c)-4(5+a-e)-2(e-a-5)=a-55+5c * 

40. 2(3*+12)+3(*-4)-4(2*+3)=* 


41. 


49 33-9 43- 12 & c +12 0 

42 —+— 2 1 - 12 

,43 ^+> 2 .^i.^ 3 ? =8l+ 4 

44 S£-« + 10^5_ 

Z O 1 

ar 8 - 9* 7 - 21*. 20 +25* c _ . b2 

45 _ + __ = fa+5j 


ADDITION 

17. In Arithmetic the sum of 2 and 3 may be written 2+3 

So in Algebra the sum of a and & is a +6 

Using the rules for removing brackets, the sum of a and -& is 

fl+(-b)s=a-6 

When like terms are to be added together, they may (Art 9) be 
collected into one term 
Unlike terms cannot thus be collected 
The sum of 2a, -3a, and 5a is 

2a +( - 3a) +5a=2a -3a +5a =4a 

3 


BBJL 
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The sum of ar 5 , -3x,and - 6 is ar 8 + ( - 3x) + ( - 6) vhicli is equal 
to x 2 - 3x - G , and this cannot be shortened, since the terms are 
all unlike 

, When a number of like terms are collected into one term, the 
result is called their algebraic sum, even though some of the 
terms may be connected by the negative or minus sign 

ox X *• 

18 Example 1 Add together — and - 

5® 2J f 

The sum required =-g- +g 

6x5* 6* , , ,, . . 

=-= — s, (as m Arithmetic) 
5x65x0' 

25* + 6* 31* 

“ 30 "30 

sfi 2a? 

Example 2 Emd the sum of ^ and — ^ 

The sum required =— - — 

_7 a? 3x2 *» 

7x3“ 7x3 
7a? -fa? x 5 
= 21 ~21 


Examples UL, b. 
Add together the following quantities 


1 

4 and -7 

2 

5 and -3 

3 

-4 and - 

2 

4 

-7 and 6 

5 

-4 and 4 

6 

9 and -9 


7 

3* and -2* 

8 

-2* and -4* 

9 

_ 7a and 9* 

10 

-7* and 3* 

11 

3a and 4a 

12 

3a and — 

4a 

13 

-3a and -Go 

14 

6a and -2a 

15 

-2a and 1 

7a 

16 

a? and -3x 3 

17 

abc and acb 

18 

bca and - 

■cab 

19 

* and | 

20 

x and -| 

21 

-2* and 

-\x 

22 

and 3* 

23 

2a s and 2a 

24 

3a 8 and - 

-3a 

25 

-Gt 2 and -2* 

26 

-2** and* 

27 

* , x 

jandj 


28 

g and 

29 

* , * 

7 and 

4 2 

30 

-fond- 

* 

l 

31 

3* , x 

F andj 

32 

* ,3* 

-j.nd T 

33 

%xyz and 

-\xyz 

34 

6 and -g 

35 

T “ nd "T 

36 

3*® and - 

■2y-. 
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19. Example 1 The sum of 3*-4o and 2x+3a 

=3*-4a+2*J-3a 

=3*+2*-4a+3o 

=5x-a 


Example 2 The sum of 4(*-y) and 5(x - y ) 

=9{z-y) 

Here tre look npon x-y as a single quantity, and just as 

4o+5o=9a, 

or 4 cats +5 cats =9 cats, " 

so 4(*-y)+5(*-y)=9(* -y) 


Example 3 Fmd the sum of f(2a -6) and f (2o -b) 

Here vre may look upon f (2o -6) as a single quantity, and therefore the 
sum required 

=9 tames f (2a -b) 

= 4 ( s »-‘> 

—2a-b 


Examples m. c 


Fmd the sum of 



1 

<z+6ando-6 

2 

2* -a and3*-ra 

3 

-x+a and* -*-a 

4 

2 XJ-a and 3* -a 

5 

o-36 and a +26 

6 

2a -6 and 3a -6 

7 

a?+y®and**-y® 

8 

2*® -jf and 3*® -2 y* 

9 

ah ,a b 

2 + 2 and 2"2 

10 

o,6 , a 6 

2 2 and 2 + 2 

11 

$a+|6 and fo+^6 

12 

fo-f6andfa+f6 

13 

a-b and 6-c 

14 

a -c and 6-c 

15 

2a -36 and a -3c 

16 

2** -^5* and* +4 

17 

3ar - ox and 2x -3 

18 

a®- 3*® and 2*®-* 

19 

**-|and|+2 

20 

3**+! and g -5 

21 

a+6-c and a-6+e 

22 

3 a -2b -2c and 3o -26 -c 

23 

x+y-z and 3*-2y x 4r 

24 

o® — 6® — c® and -c Sj -26 s -c® 

25 

3*?+4* J -l and 2**-*-l 

26 

a? -2 xy±f and apJ-Zzy-^if 

27 

3(a-6) and 2(a-6) 

28 

L(a j- 6) and f (a -*-6) 

29 

^(* ! -y 3 )ond|(*?-y 8 ) 

30 

|-(*+5) and ~(z J -5) 

31 

f (<*-6) and -4 {a -6) 

32 

-f(*-3)and -i(z-3) 

33 

9 tunes 8'- and -8 tunes Si 

34. 

o tunes 3f and -4 times 3~ 

35 

3 times If and tunco 1! 

36 

8 tunes If and -3 times If 

37 

4{a-6) and 2(a+6) 

38 

3(x-y)and -2(x-y) 

39 

3(*-l) and 5 (*-2) 

40 

7(1-*) and 2(1 •*■*) 

41, 

. 3(1 +2x) and 2(3 -2z) 

42 

*(c-6) and x(a-b) 
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20, Example 1 The sum of 3a, -iff, Oo, -2a, 7 a 
s3a-4a+0a-2a+7a 
s=3a+0a+7a-4a-2a 
=10c-Ga=10a 

Example 2 The sum of 9a?, - te®, 3a®, -2a*, 0*®, - 3a? 

* 9a? - 6a 8 + 6a? + 3a? - 3a? - 2*® 
s=9o a -2a 3 s=7a a 


Examples. 

Bind the sum of 

I 2a, 3a, 4a, 5a 

3 -a, -2o, -3a, -4a 
5 7 y, -3y, -2y, -By 
7, -3aB, -7af>, 10a&, 5al> 

9 2a 3 , 7a 3 , -3a 3 , -2a 3 , -7a 3 

II £a, — ■gO, Go, —2a 
13 {jo, ;a, }a, ~J|a 

Collect the terms m the following 
15 3a-2a+4a-a 
17 3aB-7aB+a&-2a5+0a5 
19 4a6c-9atc + 6a6c-7a6c 


m.d. 

2 2a, -a, 3a, -2a 
4 fia*. -3a®, -2a®, 9a* 

6. Op, -4p, 3p, -2p, -3p. 

8, 7a, -3a, Ca, -7a, 3a, -9a. 
10. ^a, 2a, .]a, -a 

12. 2* -7®, 9-. 

V V y 

14 2a, -ty, -^c, 

18 7a* - 3a*- a* + 2a® 

18 110^-80^-20^+40^-0^ 
20, -3a* -4a 1 -7a 4 -a* 


21 -9a 3 -Ca 3 +8a 3 -2o 3 +9a 3 
23. §a + jja-£o 


22 , 

24. 


2a a , 

3 -§+*- 


2a 

3 


-5a*+®a 9 -a*-2a* 


21 Example 1. Find tho Bum of 3a-46-2c,4a+25-cand2a-B-3c. 
First Method The required sum 

»3a -46 - 2c +(4a +2& -c) +(2a -b -3c) 

»3a-45-2c+4a+2B-c+2o-B-3o 
— 3a+ 4a+2o — 4b+2b -b ~2c-c -3c 
(collecting like terras) 

«9a-36-0c 

Second Method Arrango the given expressions m lines so that the hko 
terms appear m the same vortical eolumns then add each column 

3a-4fc-2e 
4a +25- c 
2a- b -3c 

9a~3&-0c 
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Example 2, Find the sum of 4 t® - 1 -3*®, ox® - 2x+2a?, and 7 ~2x +2a? 
Arranging the expressions so that like terms appear m the same vertical 
column, 

i*a-3*2 -i 
2x 3 +5ar -3* 

2s*-2s+7 

6z 3 +4z s -5x+ 6, the required sum 

Example 3 Find the sum of 4(®-y+3z), j(4x-8y-z), \[2x+2y-2z) 
Thoreqd sum=^-^+2z+3x-6y-~+a!+y-z; 

=y +3x+a-4y-62/+y+22-^-z 
(collecting like terms) 

=*(£ +3+1) +y (1 - 6 - §) t«(2 - 1 ) 

= Y a? ~Vy + T 2 

Examples HI. e 

Find the sum of 

1 o e -6 ! +c 2 , -a* - 6 a -c a , a* +6* +c* 

2 2o+36-4c, 3o-26+4c, a+56-rCc 

3 3x-4y+4z, -2*+G]/-5z, x-3y-8z 
4. -a -6 -c, - 2a - 26 - 2c, -3a -36 -3c 

5 4ax-36y+5cz, 7ax+86y-2cz, 2ax-2by+cz 

6 o+6, 6+e, e+a 7 2(a-6), 2(o+6) 

8 a +6 -c, 3(a-6+c), 4fo -6-c) 

9 ar+2xy+y*,a?-y*,2xy+y t 

10 apJ-SaPy-Sztf+y*, & -Z&y+Sxtf-ip, a?+tp 

11 4x-Gx 8 -l J-2X 3 , 3* s -4-x 3 +5ar, 12 -x 

12 3o 3 -2c 3 -<P, 6 3j -c 3 -‘-4rf 3 , a* -36“ -4c* 

13 zi-Zjry+Zty*, -2xry -zy° -y 3 , r’-My 3 

14 47r-3? a -4r-3, q’-2r-4, Gr-2 -3fc 8 , 

15 7x z yz - 5xyr 3rv a S”4a^pr, - 5xy*2 - 7zy^» 2afys - 4zjr2 + 6xi/z* 

16 o a -6c-2oc, 6*-»-ffc-c l , c s -3oc-46c t ab+ae-rbe 

17 o a -6* -30*0, 6* -3o6c +3oc a , 6abc +la-e -2ae* 

18 4(o-*-6+c), 3(2o-6-c), 8(6 -a J-2c) 

19 ^(s+y-c) f 4(*-y-s),-l(-x+y+c) 

20 50+46, *a-e, 46-Ce 

21 ^(8r-12y),4(6r-9p),^(12r+30y) 
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SUBTRACTION 

22. 2a subtracted from 5a=5a-2a~3a 


2a 

-5a= -5a- 

2a- - 

7 a 

-3a 

7a = 7a - ( - 

■ 3a) —7 a 3a — 10a 

-4a 

-2a= -2a- 

(-4a) 

= -2a+4a=2a 

x-y 

i 

+ 

II 

Sts 

+ 

« 

{x-y) 

=x+y-x+y±=2y 

®-2 

x 2 -5x=x 2 -5x 

>-(x-! 

2) 


=x 2 -5x 

-x+2 


= x 2 - 6x + 2 


0 

Examples IQ. f 


Subtract 




1 a from 4a 

2 -a from 4a 

3 

2a from -3a 

4 -6 from 65 

5 -6 from -65 

6 

-66 from -66 

7.-85 from 116 

8 x from -x 

9 

-2y from 2y 

10 3r* from r 1 

11 7aa? from llax 9 

12 

~7ax 9 from -llax 8 . 

13 -7ai* from llaa? 

14, Imp from -13ax* 15 

a from 0 

16 11a from 0 

17 -3a from 0 

18 

3a+26from0 

19 a -6 from 0 

20 a-b from a +6 

21 

2a -6 from 3a -36 

22 ~a - \b from ^a+~6 


23 

^a+^6 from a+6 

24 la - \b from a -6 


25 

c from a+6 

26 a +6 from c 


27 

a from ax 

28 -a from ax 

29. -a from -ax 

30 

x from x* 


What must be added to 
31 2a - 6 to make 2 a 9 
33 a+b-ciomnkcal 
35 Jp-if-z* to mnko 3y z + z s 9 
37 ar+jKr+gtomakoS* 5 -^* 9 

23. Example 1 tf«6/rad 3a -26 +2e from 5a +36 -4c 
The reqd result = 5a +36 - Ac - (3a - 26 +2c) 

= 5a + 35 - 4c - 3a + 26 - 2c 
=3a -3a **-36 j-26-4c-2c 
( collecting Uko terms) =2a +05 - Oc 

Example 2 Subtract 3* -2J 8 - G from 7x - 5 - 2x* +4x* 

In cisca such as this it is generally best to arrange the expressions in 
•jwcnrfu g or defending pow era of ar 

Arranging the expressions in descending powers of x, 


(1) 

( 2 ) 


32 2a +36 to make 2o T 
34 3a-6-etomalce3o+6? 
36 xS-Ox-Ctomake&c+fl? 



in] 


SUBTRACTION 


23 


thereqd. result =4x 3 -2r ! +7x- 5 -( -2i®+3z-6) 

—4x? -2x i -b'ix-5- L 2xr -3z+6 , (1) 

=4® s -2« 8 +2x s t7*-3x--S+6 (2) 

5=4*® J- 4*+ 1. 

When the stndent has had a httle practice, he mil be able to shorten 
the work by omitting lines marked (1) and (2) m the above 

24. The work of subtraction is often conveniently arranged as 
follows 

Subtract 5a - 3b + 4c from 6a -5b- 3c 

6a -56 -3c 
5a-36+4c 

a -2b -7c 

Explanation We see from the examples previously worked 
out, that we must change the signs of all terms in the expression 
to be subtracted and then take the algebraic sum of the two 
lines 

6a~5a—a, -56+36= -26, -3c -4c— -7c 

The signs need not be actually changed , the change may b$ 
made mentally 

Subtract 3a 4 -4a 3 +2a a +5a fiom 2a®+3a 4 -5a+4 

2a B +3a 4 - 5a +4 

3a 4 ~4a 3 +2a 2 + 5a 

2a 5 +4a 3 -2a 2 -10a+4 

Explanation 2a 5 -0=2a B , 3a 4 -3a 4 =0, 0+4a 3 =4a 3 , 
0-2a 2 =-2a 2 -5<z -5a- -10a, 4-0=4 

Examples HI g 

Subtract 

I a a +2flA -6 s from a 84 -2a6+6 8 2 x J -3y- L 3ziiom5x+’ty-2z 

3 5a?-3x+2 from 7z s -3x+G 4 3x a -2xy-3y 8 froma£+2xy+5iy s 

5 2a-b-4d from o ~%+c 6 3x-4a+ll from 5 x-8b-2 

7 “3 ab -26 s 1 1 from 66 s +5ab x 2 

8 jo - 3c J-id from Co -26 -3c -2d 

9. x 3 -Cxfy -3xy i from x 3 -9 a?y -jixyr+y 1 . 

From 

10 Ca -6-c-3d take 3o+6-c-ef 

II Gx-3y-4c+7 take 5x+2y-3s J -9 
12 3a 8 -7a6-12 fake -3o6+2 
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From 

13 3a; — + 7*c® — 9 take 8 — 2su — 8as® — 2 sb® 

14 6a® -9a® +3 take 4a* -6a -3 

15 ab-bc-cd-ad take -ab+bc-3cd 

16 a*-l-2a i -3a+6a 8 take3a®-4a 1 +6a®-2 

17 6a? -36+ 8a? -9a; take 3a?-7+8a?-3a; 


By how much does 
18 7 exceed 4 * 

20 -7 exceed -9? 

22 2a?+l exceed a?+l ? 
24 a -6 exceed a -36? 


19 7 exceed -4 ? 

21 3a exceed - a ? 

23 a?-2a:+l exceed 2* +1 ? 
25 3a - 4a; exceed a + 7a;? 


Find the excess of 

26 6a over -2a 27 7a over 5 

28. 3a? over -« 29. 6-*® over -a? 

30 3(a+6) over 2(a-6) 31 8 times 3£ over 6 lames 3£ 

32 9 times 3j over 5 tames 3^ 

33 Subtract the sum of 3a - b and a +26 from’ 6a - 7b 

34 Subtract Sx-y-z from the sum of x+y-z, and 3 y-z 

35 By how much does zero exceed 7x - 8 ® 

36 Subtract 3a® -6*+c® from ?ero ? 

37 Subtract the sum of 3a-6+2c-6d and a+6-2c+3d from the excess 

of 6a -c -d over a -6 -c 

38 Take 3 from 2a? and the result from a? -3a; -3 


CHAPTER TV 

multiplication 

Rule of Signs 

25 We know that 

+2x +3= +6 , also +a x +6 is represented by +ob (1) 
Again, -3x +2 means -3 taken twice 
ie -3x+2=-3 + (-3)=-3-3=-6 

We therefore deduce that -ax +6= -ob (3) 

Next let us consider +3 x - 2 

This means +3 taken —2 times, and therefore has no 
arithmetical meanmg 

It bears however an algebraic interpretation 
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17 .} 


Kemembermg the convention of signs for direction (Art 8), we 
see that +3 talcen -2 times is the same as +3 taken +2 times, 


+3x -2= +3x +2 with the opposite sign, 

= +6 with the opposite sign, 

= -6 

Algebraically therefore, 

+ax -b- -ab (3) 

Lastly let ns consider the product - 3 x - 2 
This denotes -3 taken -2 tunes 

. . remembering the convention of sign for direction, tbs is the 
same as -3 taken twice, but m ike opposite dnedion , 

= - 6 mi the oppo'tte direction , 

= +6 

. . in algebra we say that -ax -b- +ab (4) 

Examining the results (1), (2), (3), (4), we have the following 
rule of signs. 

Terms with like signs multiplied together give plus ( + ) 

Terms with unlike signs multiplied together give minus ( - ). 

Indices. 

26, By definition, a 3 ■ a x a x a, 

and a*=axaxaxa 

a i xa i ^axaxaxaxaxaxa (7 factors) 
-a 7 by definition 
In the same way a 8 xo 3 =*oxaxaxaxo 

=a 6 

In each case the index of the product is the sum of the indices 
of the factors 

We therefore deduce the following law 
To multiply two powers of the same quantity, add the indices 
of the factors. 

The continued product of a number of quantities is the result 
when they arc all multiplied together 
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Thus the contmued product of 2, 3, £ is 2 x3x4=24 

a, bt o, is abc 
a 2 , a 3 , a 4 is a® 

-a, 2a, -3a is 6a 3 
-a, -2a, -3a is -6a 3 . 

27. Examples 

(1) a ! 6 s x a 8 b* =a* x a 5 x b 8 x i* 

=a T b s 

, (2) 3a*bx -46= -3x4xa*x6x6 (Unlike signs give minus) 

~ -12a*b 2 

(3) -4 a?y x -&&y- +4 x 5 x® 8 x® 3 xy xy (lake signs give pins) 

=20®*y» 

(4) (3a-46)x -2= - 60+86 

(6) -4xY(^-3yz+5^) 

= - 4*V x X s - 4x 2 t/ 3 x ( - 3yz) - 4ary 3 x (62 s ) 

= -4®y + 12®y®-20**y s z a 

(6) 24o(|a a -^6*+|ic)=24flx|a*-24ox|i 8 +24ox^6e 

-606 s +9aAc 

(7) ($a-|6-e)x -•lafiVs -^aft^jx^o+la^cx-ji+^flWjxe 

= - + f a^c + §ab a c* 

Examples IV. a. 

Multiply 

1 2a by 3 2 3a by -3 3 -2a by -4 

4. a by 2a* 5 - 2a* by a* 6 -3ab by 2ab 

7 3®b<4 y 8 -3rby -2y 9 -6® by 3y 

10 7 ®* by -2* 11 a6c by abc 12 a*6 by -We 

13 -a* by a? 14 -2a*by-3ab 15 4®* by -2** 

16 j) u by -p 9 17 -pfqby -pq 1 18 -3p*? by 2pf 

19 a^c 4 by ab*c® 20 by |5 21 -|a s by -$5* 

22 I® 3 by -f® 23 -£®*y by ~jfy*2 24 - ^=6 by -^c s . 

Wnte down, or read off, the contmued product of 
25 —2, —3, 4 28 ct, —b, c 27 a*, —5*. c 

28 5*, -e*, -a 29 2a, 8b, Sc 30 3a, -2b, -4c 

31 a 1 ^®, ~y 32 3a,®, -a* 33 -a, -a, -a 

34 -2a, -2a, -2a 35 a* 6*, 2c 4 ' 36 3# 1 , 2pq, 4qr. 
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Write down, or read off, the values of 


37. (-a) 8 
40 (-2a) 3 . 
43 (-X s ) 3 
46. (-1)’ 

49 (-X s ) 7 
52. (-2 0*6)* 


38 (-a) 3 
41. (x 8 ) 3 
44 ( -2xy) s . 
47 (-1) 8 
50. (-x 3 ) 5 
53 (-2a?y)*. 


39 ( -a) 6 . 

42 (x 3 ) 8 . 

45 (-2 zy) 1 . 
48 (-1)“ 

51 (-2x*) 3 . 
54. (-3a^)«. 


Examples. 

Multiply 

1 a+5b -3c by 5 
3 a+b+c by 2o 
5 6n 3 -4a a -2a - 5 by 7 a 8 
7 2a6 - 36c -4ca by -3a6c 
9 aP-Sxfy+Sxy'-y 3 by -3*® 

11 3a6 +2ac -be by abc 
13 a^-Sx^+ST- 1 -! by 2x 
15. -3a 8 -2a6+6 s by -26 s 

Find the continued product of 
17 a -b, a, b 

19 a?-5x+2, 2x, and -3x 


IV. b 

2 2a-36+2cby-4 
4. 3a 8 -2a +5 by -2a 
6 ab-bc+ca by 6c 
8 x 8 -2a^-ry 8 by x 3 . 

10 a 8 -^a6+6 8 -ac-6cby -c 
12 1 -3x-2ar+x 3 bv -2r 
14. 3x*-2x s t8 by -5** 

16 -5a 3 -a6«<?+96 5 c s by-I2a e 6«c 8 

18. a* - 2a6 -6®, 2a, and 3c 

20 x* -3z 3 t2x 2 -3, - 6x, and -2x 


Following the law of indices, what is the product of 
21 a m and a n 22 a m and - a” 

23 a w anda m 24 a m and a im 

26 -a* and a". 


28 a im and a m . 


30 

32 


-3 a m b n and — 5a n b m . 
e a -e x +l ande 3 *. 


25 -a 3 and -a n 
27, a im and a sm 
29 -2a m and a m . 

31 a x +a !x and a*. 

33 a" 1-1 and a ,n+l 34 a m ~* and a m ~* 

When a= -2, uhat is the value of 
35. a 8 -2 36 2a 8 -a +4 

38 3a 8 +2a-16 39 2a 3 ■*■10 

When a= -1, 6=2, find tho value of 
41. a 8 +6 42 o 3 -36 

44 8a* -6 s 45 a*—a6+6 s 

When x=0, y= -1, s=2, find the value of 
47. x 5 -2(/:J-y 3 . 48 xy+yz+zx 

49 ar'J-t/Sj.s 3 50 sr-tf+^-zy-yz-zx. 

51. **+y*j-s» 52 (*-y) 8 -(y-c) 8j -(x-x) 8 . 


37. a 3 +8 

40 a 4 +3a 3 +2a 8 -a 

43 a*+6 8 
46 0*^6*. 
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28 . To find the pi oduct of (x+S) and ( x + 4 ) 

Fust let us regard (a; +3) as a single quantity, a suppose 
(3+3) x(3+4)=ax(3+4) 

=ax+4a 

=(3+3)x3+4(3+3) 

* =32+33+43 + 12 

=32+73+12 

Examining the above, we see that it is the same as multiplying 
(®+3) by 3 and by 4 and addmg the results 

To find the pi oduct of (x - 2) and ( x - 5) 

Regarding (3-2) as a smgle quantity, a suppose, 

(3-2) X(3-5)=0X(3-5) 

=«3 -5a 

=3(3-2) -5(3-2) 

=a?-23 - 53+10 
=3®— 73 + 10 

Agam, we see that this is the same as multiplying (3-2) by x 
and by - 5, and then taking their algebraic sum 
The work may conveniently be arranged thus 

3-2 

3-5 

x 2 -2z (multiplying x - 2 by 3 ) 

-53+10 (multiplying 3-2 by -5, and placing like 

32 - 73+10 (addmg) terms underneath one another) 

N B —( 3 + 3) x (3 - 2) is usually written thus, ( 3 + 3)(x - 2) 

29 . Exam ple 1 Multiply x+a by x+b 

x+a 

x+b 

o?+ax 

bx+ab 

&+ax+bx+ab 
This may be written sfi+(a+b)x+ab 

This result is true whatever values we give to a and b, positive or 
negative 

Hence (*+2)(®^5)=* s 4+5+2)®+6x2=®a+7®+10 

(* - 3) (* - 5) =*= + { - 3 - 6) a: + ( - 5) ( ~ 3) =** - 8® + 16 
(a;-3)(a;+7)=*=+( -3+7)*+( -3)(7)=* ! +4 t- 21 
(® +3)(* - 9) =a* +{3 - 9)* + (3) ( - 9) =** - 6* - 27 
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After a little practice the student will be able to write down suoh products 
at sight 

Example 2 Multiply 5 + 3a; by 7 - 2* 

5+3® 

7-2z 

35 +2 la: 

- lQx - 6a? 

35+ 11a; -0a? 

Example 3 Multiply ay +b by cy-d 

ay+b 

cy-d 

acy*+bcy 

-ady-bd 

actf+bcy-ady-bd 

Example 4 Multiply a+b by a -b 

a+b 
a -b 

a*+ab 

-ab-b* 

a a -6* 

ie (a+b)(a-b)=a*-b s 

This result is very important It is true for all values of a and b. 

Hence (a+2)(a-2)=c a -2*=a a -4 

(a+l)(a-I)=a*-l 
fx+a)(x-a)=a£ -a* 

(2x+3a)(2x-3a)=(2x) s - (3a) s 
=4x*-9a s 


Examples. IV c. 


[After a little practice, the student will be able to write down the results 
in many of the following, without showing any work ] 

Find the product of 

1 x+2, x+3 2 ac — 2, x-3 


4 x-2, z+ 3 
7 a; -11, z-7 
10 l+4r, 1 -3x 
13 o+z, 6+x 
16 1 -7x, l+3x 
19 x-3, x+3 
22 2+x, 2-z 
25 x+y, x-i-y 
28 z-3y, x-2y 


5 x+3, z+9 
8 «J-11, x-7 
11 1 —x, 1 -2x 
14 3+x, 7+x 
17 x+1, x-1 
20 z-7, z+7 
23 7 -z, 7+x 
26 z-*-2y, x+3y 
29 x-3 y, x+2 y 


3 x+2, x-3 
6 x- 3, x+6 
9 1+z, l+2x 
12 2+x, 3+x 
15 1-0X, I+7x 
18 x+2, x-2 
21 1-x, 1+x 
24 9-x, 9+x 
27 x-2y, x+2y 
30 x-3y, x+4y 
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Find the produot of 

31 2x+y, 2 x+y 

32 3a t-y, 3 x-y 

33. 2® -3, 3* +4 

34 2a; -1, 3a; -4 

35 5a; +6, 2a; +3 

36 3* -7, 5x+2 

37. 2-3*, 3 -2a; 

38 5 - 4a:, 6+7* 

39. 2-3*, 2+3* 

40 2a; -5, 2a; +5 

41 5* -7, 5* +7 

42 6* -5, 6x+5 

43 9a: +8, 9a; -8 

44 4*+7, 4*-7 

45. *-o, *+6 

46 x+a, x-b 

47 a +6, a+6 

48 a* +6, a*+6 

49 a-b, a-b 

50 ox -6, ax-b 

51. px-q, px-q 

52 p+qx, p+qx 

53 o+3x, o-5* 

54 3-x, 7+2* 

55 x+ay, x-ay 

56 px-q, px+q 

57 px+q, px+q 

58 cx-d, ac-d 

59 3x - 4y, 4a; -3 y 

60 3x+4y, 4* -5 y 

61 7ar+8c, 6a; -4c 

62 2a* +3, 3a* +2 

63 a* -6*. a* +6* 

64 a 2 -46, a 8 +46 

65 a* +06, a* -46 

66 a* -36, a* -56 

67 4a* -36, 4a* +36 

68 5a* -26*, 5a* +26* 

69. *®-2a*, **+2a* 

70. i ?-p, a?+p 

71 a -6*, o+6* 

72 o-6®, o-6* 

73 a?+l, *®-l 

74 **-2, a?+2 

75 aa**+l, aa?-l 

76 6**+c 6s* -e 

77 a*+l, 6*+l 

78. a*+l, 6*-l 

79 x+2y, 3s+l 

80 2* -a, 3* +6 

81 o +6, c+d 

82 a-b, c-d 

83 2a -6, 3c+4d 

84 o+36, 2c— 5 d 

85 a^+a, ar-36 

86 ax* +6*, a*+6 

87 atf-bx, ax+b 

88 a?+a*, x+a 

89 **-o*, x+a 

90 a?-4y®, x-2y 

i 


SQUARES 



30 (s+a) 2 =(8+a)(®+a)=a?+a&+ao5+a 2 

= x 8 + 2ax + a 2 . 

This is true for all values of a 

Hence (®+2) a =a?+4a;+4 

(x - a ) 2 s= [x - a) (x - a) - a? - ax - ax + a 8 

= x a - 2ax + a 2 

This is also true for all values of a 
Hence (a;-3) 8 =a^-6a;+9 

(a;-8) a =a^-16a;+64: 

From the above we gather that 

The square of the sum of two quantities is equal to the sum of 
their squares plus twice their product 
The square of the difference of two quantities is equal to the 
sum of their squares minus twice their product 
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Examples IV d. 

i 

Doing all the work mentally, write down the expanded values of the 
illowing 


1 

(a +6)* 

2 

(a+s)* 

5. 

(s+7)* 

6 

(P+3) 8 

9 

(c~d)® 

10. 

(s-4)* 

13 

(2p+3)* 

14. 

(3p+q) s 

17 

(*~1)* 

18 

(3s -1)* 

21 

(1 -5a:)* 

22 

(1 +P) 8 

25 

(4s-3 y)* 

26. 

(-a+6)* 

29 

( -2s+3a)* 

30 

(4p +5g)® 

33 

(a* -6*)* 

34 

(a® +6)* 

37 

(4a* +36*)* 

38 

(a* +6)* 

41 

(2a? +a)* 

42 

(3a? -p*)* 

45 

(-l-2x)*. 

46 

(s*+a 4 )* 

49. 

(2jJ*+3g*)* 

60. 

(a? -a s )» 


31, Example 1. (x+2)(s-2)=s 
Example 2. (2s -3) (2a: +3) 
Example 3 ( -a+s)(-a - 
Example 4. (px - q)(px +g) 


3 

(c+d)* 

4 

(s+4)* 

7 

(a -6)* 

8 

(a-x)* 

11 

(s-9)* 

12 

(P-4) 8 

15 

(2p- 5)* 

16 

(4p-l)® 

19 

(l-s)» 

20 

(1 -2x) 1 2 

23 

(1 +7 p)» 

24 

(2a +36)* 

27 

( -2a+x)* 

28 

(2x-3a) 2 

31 

(5p-4g)* 

32 

(a* +6®)* 

35 

(a* -p)* 

36 

(2a® -36*)* 

39 

(s*+y*)» 

40 

(a?-y*) 8 

43. 

(1 -2s*)* 

44 

(-l-x)* 

47 

(**-»*)* 

48 

(2x 4 -3y 4 ) 8 


-2 2 =a? -4 (See Art 29, Ex 4 ) 

(2x)*-(3)*=4a?-9 

|=( -a)* -3?= a* -s* 

p*a? ~ g* 


Examples. IV. e. 

Write down the following products 


1 (s+l)(x-l) 

4 (z+6)(x-5) 

7. (6-a)(6+a) 

10 (a-36)(a+36) 

13. (-a-6)(-a+6) 

16 (-a-76)(-a+76) 
19. \px-q)(px+q) 

22 (-&-a){-a?+a) 
25 (l — ar*)(X +a?) 

28 (11 -7x)(ll+7s) 


2 ( x-2)(x+2 ) 

5 (3-y)(3+y) 

8 (2p+q)(2p-q) 

11 [3p+2q)(3p-2q) 
14 (-2a+s)(-2a-s) 
17 (a?-j/*)(a?+y ! ) 

20. (a-6z)(a+6x) 

23 (2a 9 +s)(2a 8 -x) 

26 (l+fls*)(l-aa?) 

29 (9-8s)(9+8s) 


3 (l+s)(l-s). 

6 (7-s)(7+x) 

9 [3p±q){3p-q) 

12 (5z-4a)(5z+4a) 
15 (a -7b) (a +76) 

18. (a* +26*) (a* -26 s ) 
21 (s*-a 3 )(a?+a 3 ) 

24 (2a*-3s)(2a*+3s) 
27 (3-a?)(3+o a ) 

30 (7s-9)(7 s+9) 


*32. The formulae 

(a +b) 2 =a 2 +2ab +b z and (o-6) 2 =a 2 -2o6+6 2 
may be used with great advantage m arithmetical work 
99 s =(100- 1) 2 =10,000 - 200+ 1=9,801 
101 2 =(100+ 1)2=10,000+ 200+ 1 = 10,201 
103 2 =(100 + 5)2=10,000+1000 + 25=11,023 
100 3 2 =(ioo+ 5)2=10,000+ 100 + 25=10,100 25 
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These formulae may often be used in approximations 
(10003) 2 =(100 + 03) 2 

=10,000 + 200 x 03 + 0009 

= 10,000 + 6 + 0009 

=10,006 00 correct to two dec places. 

In giving approximate values, 5 or more counts as unity Thus 
79 7, 79 5, 79 8 would count as 80, correct m whole numbers 
On the other hand, 79 3, 79 2 would be taken as 79 
In the same way, 6 036729 would be taken as 
6 04 correct to two decimal places 
6 036 . three 

6 0357 four 

603573 five 

Usmg the formula (a + 6) (a - 6) = a 2 - 6® 

99x101 =(100 -I) (100 + 1) 

= 10,000-1=9999 

Also 99 6 x 100 4 =(100 - 4) (100 + 4) 

=10,000- 16 
=9999 84 

15 6xl44=(15+ 6) (16- 6) 

=225- 36 
=224 64. 

Examples. IV. f 

Without doing the actual multiplication, find the value of 


1 

98* 

2 201* 


3 

102* 

4 

103* 

5 

107 s 

6 0999 s 


7 

1001* 

8 

1002* 

9 

9 9 s 

10 10,003* 


11. 

20,001* 

12 

990 8* 

13 

20,010* 

14 2,005* 


15 

100 3* 

16 

1008*. 

17 

999* 

18 99 97* 


19 

802* 

20 

600 6* 

21 

899 6* 

22 500 3* 


.23 

9 006* 

24 

7 906* 

25 

100 02 s , correot to three decimal places 




26 

1 003 s , 

four 






27 

10 08* 

three 






28 

999 90*. 

tuo 






29 

10 005 s , 

four 






30 

1002x998 

31. 203x197 

32 

97 > 

(103 

33. 83x77 

34 

115x105 

35 93x107 

36 

82 x 

:78 

37 20 04 

: x 19 96. 

38 

172x168 

39 1 90 x 2 04 

40 

9000 4 x 8999 0 
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33 . Example 1 Multiply v s -2x +5 by x f2 

3*~23 +5 
x +2 

a- ■ ■ ■ *** 

® a -23®+53 

2a 3 -4a + 10 

3 s +3+10 

Example 2 Multiply a -b+c by b -c 

a-b+c 

b-e 

ab -6*+ be 
-ac + 6c-c* 

ab -ac-b i +2bc-c i 


Examples IV g 

Find the product of 
1 3*-2 z+1, x-1 


3. 2®* -33+1, 2a -1 
5 93*+3a+l, 33-1 
7 3* -03+0®, 3 -a 
9 a*+6®, a+6 
11 a* -6 s , a +6 
13 ia?+2x+l, 2a-l 
15 43 s -3, 3-2 
17 93*-33+l, 33+1 
19 x-a, 3-5, 3 — c 
21 3 +35, 3 - 36, 3® —96® 
23 a -6, a+6, o-e 
25 2a +36 -c, 3a -46 


2 3® +43+4, 3+1 
4 3* -23+4, 3+2 
6 3a?-2a+4, 2a+5 
8 253®+63+l, 53-1 
10 aP+ax+a 1 , 3 -a 
12 3®-6a+9, 3-3 
14 43*-23-5, 23-7 
16 3®+33-4, 3®-2 
18 3 b +33®+3s + 1, 3-1 
20 3-2 a, 3+2a, 3*+4a* 
22 23 +3, 23 - 7, 33+2 
24. a+6-c, a -6 


Examples. 

Fmd, by inspection, the coefficient of 

1 3 in the product ( x +2)(a +7) 

2 3 ( 3 — 3)(x +7) 

3 3 (23-l)(3®-l) 

4 r (23+3}(3r+4) 

5 r (3r-5)(3+2) 

6 ® (53 - 4)(23-l) 

7. a (0 4-2)(3+3) 

8 6 (3 -2)(3 +36) 

9 a (3+2a)(3*-5) 

10 a (x+2a)(x~oa'i 

11 (23®+3 + 1)(3t2) 

BM C 


IV. h. 
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Find, by inspection, the coefficient of 

12 a£ in the product (3a£-2z+4)(5x+7) 

13 a? (oz* -3* -11) (5* +3). 

14 *® (oz*+3z+4)(2z-l) 

15 a? (6a£ -oz +7)(6x+o) 

16 ** (3ai*--2z+4)(fiz-7) 

17 a? (az*+?ix+e)(x+(0 

18 a? (az*-i>z+c)(az+6) 

19 x (5z*-2z+4)(5z+7) 

20 x (9z*-8zt3)(5z-2) 

21 a; (aa^ — £»as + c) (caa — 6) 

22 r (aa?+fcas+6)(ta;-c) 

23 Simplify [a(3 - b) +b{a + 1) - 2ez] y (a + 6) 

24 Find the product of 3z(z - 3) +2(2®* + 1), and 4(z -1) —(as — 9) 

25 Simplify (z+3) s -(z-2)(z+2)+(z + I)(®-13) 

26 Without doing the complete multiplication, determine the coefficient 

of x* m the product (ox* - 9i* - 7a: - 13) (3® - 7) 

27 If X =3® - 2a, and Y =2z - 3 a, find the value of (2JT - F)(3X - 2F) 

28 Find the value of (X + F)(Z- Y) when X=5x~2 and F ~3z-2 

29 .Simplify (z+l)(z+9)-4(z-2)*+3(z+l)(z-l) 

Check your result by U6mg some particular value of x 

30 If X=3px* - px-4, and Y =16+ga:-3gr I , find the value of qX+pY 

31 Multiply the sum of 2z(z-l) -(x-4), 2a; -3, and a?+l by the 

remainder when (® +1 )[x - 1) -(z +6) is subtracted from 
(z-2)(z+2)+2(z-2) 

32 SnapM, 

33 Fmd the value of (3z-l)(4z+5) -2(2z-l)* -4(z-l)(z+3), 

when z= -2 

34. Prove that 4(2® + 1)* - 3 (x -2)(2z - 1) - 2(5x - l)(z +2)=l3a: +2 
35 Simplify 2(z +2)* -(z- l)(z + 1) - (x - 3)* 


CHAPTER. V 


34 Rule of signs 


DIVISION 


+06= +65 x +6, 
+al — Ya= +1, 



. (1) 


or 



V] 


DIVISION 


35 


or 


or 


or 


-ab~ -ax +6, 
-ab—-a= +b, 



-a 


+ab= -ax -6 , 
+ab — a = -b } 

±fL-& 

-a 

-ab- +ax -b , 
-a&— +a*=-6, 



( 2 ) 

(3) 

( 4 ) 


Examining the results in (1), (2), (3), (4), we have the following 
rule of signs for division. 

Terms with like signs divided by one another give plus ( + ) 
Terms with unlike signs divided by one another give minus ( - ) 

N B —The rule of signs in division is the same as that in multi- 
plication 

35. a B -axaxaxa xa, by definition, 

and a 3 =axaxa. 



In each case the mdex of the quotient is the index of the 
dividend diminished by the mdex of the divisor 
AVe therefore deduce the following law. 

To divide one power of a quantity by another power of the 
same quantity, subtract the mdex of the divisor from the mdex 
of the dividend. 



(2) 


(Unlike signs give minus ) 
(7-2=5) 
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(3) -35a*6*c — lobe 

= + 3 ^ (k* e HE 08 E 176 P^ 08 ) 

=5a 2 6 

(4) (6a-9&+3c) — 3 

~ §5 

= " 3 + 3 “ 3 
= - 2a+Zb-c 

(5) (28o 7 6* - 20a B 6 3 - 36aW) -4a*5* 

28a 7 5* 20a 2 Z? 300^ 

~ 4fl*fc* “ 4fl s 6 7 " 4a*6 8 
=7a s & ! -5a 8 6-9a 2 f? 

4afy-14ay 2 - 22ay _ 4a?y 14 *t/ 2 22*y 
' 2ay 2xy ~ 2xy 2xy 

=2x-ly-ll 

After a little practice, the student will he able to wnte the answer down 
at once in examples like the above 


Divide 


Examples. V. a ( Oral ) 


3* by 3 
labc by 7 a 
-a? by x 
a* by c 2 


10 


1 
S 
9 

13 

16 21a? by -7* 

19 7o 8 1: , by -ax 
22 16aW by Aabc 

Simplify the following 
12a 
4 

24a 2 6 2 
-4a 

-oGaVc® 

66 ~8a°6V~ 

-72 aW 


2 3* by a: 

6 labc by -7a 


3 -3* by 
7 a* by a 


-3 4 -3*by3 

8 a 2 by -a 


-a? by-* 11 o s by a 1 
14 a? by -a* 15. 

17 8a* by - 4a * 18 

20 -a«6 7 by -a 2 6* 21 

23 -21a 2 * 1 by 7a 3 * 24 


25 


29 


26 

6a 

27 

28 


a 

a 

30 

**yV 

zy 

„ 96a 7 6« 

31 40*5* 

32 


36 


8aie 


34 


37 


49 ptfr 

-7 Pi 
54 a*6a? 
-3a6 


35. 
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12 -a 4 by a? 
24** by 6** 

-6a 8 by -2a 
-54a 2 6c by Oabc 
63aWl>y -7aW? 

-8 a*6 

~=aT 
-27 p 9 gV 
-Sp 3 ^*” 
-32Z*m» 


43m 

132a?y 7 

12*^ 


Divide 

1 3a -W by 3 
3 4a? -3* by* 
5. a s +a5by a 
7. 3a s -6a5 by 3a 


Examples V b 

2 3o -96 by -3 
4 y*-6yby -y 
6 -6*+o6 by -5 
8 4a% - 12a6* by 4ab 
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9 fla 8 6 -2lablJoy Sab 
11 ax+bz by -x 
13. -7**+9a? by -a? 

16. -3a*6c+7fl6*c by -abc 
17 14fl 2 6-7o6 a by Sab 
19 12a 4 -2Wby 6a 8 
21 12c -96 -18c by -3 
23 2ac-4cd~\2cx by -c 
25 2o*-8o6+16acby -2a 
27. atf-cPtP+aih? by -an? 
29 arbc-alfo+abc* by -abc 


10 ab+aebye 
12. 4a? -6a* by a? 

14. 0*6* -o*6 4 by o a 6 a 
16. 6i V 2 ® " SafyV by 2 ?y*£ 

18 - 33 afy 9 - 18afy* by - 3*fy 8 
20. -fw» 3 »+20w*n 8 by -5 ot« 

22 ob+bc+bdbyb 
24 -afo -aa?-ah? by car 
26. a^+Sa^-Saby * 

28 7o 4 6 a +35o 8 6 < -2\<W by 7a 3 6* 
30 4* t -2® 3 +8a£-2* by -2x 
32, Oafy^la^-Satyby -3ay 


31. 15y* Sfx -30yar* by 5y 32, 9*V -21a# 3 -3afy by -3* 

33. 4 tty 3 -8afy® -28a^/ 4 by -4afy® 

34 27a^z?-45afy 4 a?+54afyV by 9®y2* 

following the law of indices, what is the quotient when 

35 a m is divided by a n 36. efl is divided by a 3 

37. *» zv 33 &c« -2* 1 

39 27® m y n 3a*y m 40. -64*Y -6a!« 


37. We have already seen that x(x+2) «=aj* +2a? 
The converse therefore is true, viz 

a? +2® =»&(&+ 2) 

Hence (a 2 + 2x)~(x + 2) -jk- 


Divide a? + 6z + 6 by * + 2 
(aH5*+6)H*+2)*~^ 

_ g 3 +2a+3a;+6 

z+2 

”T+? + 7?2 G ( Just 88 S 3 1 =l+I m Arithmetic.) 

__ z(x+2) 3s+6 
® *+2 + *+2 
, 3®+G 
ssX+ 'a+2‘ 

-* + 3(*±2) 

* + *-*-2 
=i+3 

The above is worked out in full detail and should be studied 
carefully. 
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The work however is more conveniently arranged as follows 

®+2)®*+5®+6(®+3 
a* +2® 

+3®+6 

+3®+6 

If the two methods are compared, it will he seen that they 
differ only in arrangement 

It should he observed that the second method is analogous to 
that used in Arithmetic 

38 . Example 1. Divide 15a: 2 — 26a; +8 by 5a -2 

5*-2)15a*-26®+8(3®-4 

16a? - 6 x (1) 

-20®+ 8 (2) 

-2Q®+8 (3) 

15a 2 — 5® =3® , 3® is the first term of the quotient. 

3®(5® -2) s= 15® 8 - 6®, and we thus obtain line (1) 

Line (2) is obtained by subtraction) imd by bringing down the term +8 
-20®— 5®= -4 , -4 is the second term of the quotient 

-4(6® ~2)= -20®+8, and we thus obtain line (3) 

There is no remainder 

Example 2 Divide ® 2 - 16 by ® +4 

®+4)**-16(®-4 

® 8 +4® 

-4® -16 
-4® -16 

Example 3 Divide 6 - 13a + 6a 2 by 2 - 3a 

2 -3a ) 8-13a+8a a (3 -2a 
6- 9a 

- 4a + 6a* 

- 4a + Ga 8 


Examples V c 


Divide 

1 ® 5 +7*+12 by a+3 
3 e a +3fl+2 by a +2 
5 6* +136 +42 by 6+6 
7 ® a -14®+40 by ®-7 
9 a 8 -15a+54 by a-9 
11 2a£-3®-2 by 2®+l 
13 2** +3® -2 by ®+2 
15 9®® -3* -2 by 3* -2 


2 ® s -7®+12 by «-3 
4 a*-6a+4bya-4 
6 ®*+6s+9by®+3 
8 ®*-2®+l by ®-l 
10 y a +13y+36 by y+4 
12 10®*- 14® -12 by 2® -4 
14 3®*-®-14 by ®+2 
16 10®* -14® -12 by 6® +3 
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17 4+4a;+a?by 2+z 
19. 9 -($*+** by 3 -a? 

21. 25 -30 a +9a* by 5 ~3a 
23 a?-a 8 by*+a 
25 a 8 - 4a? by a -2a; 

27. 1 -4a? by 1 -2x 
29 1 -lGpg+t&pY by l-8pg 
31 a 8 -6*<? by a+bc 
33 81a? -1 by 9a?+l 
35 100 -a? by 10+* 

Prove the following by division. 


18 1 -5a;+6a? by 1 -3* 

20 3a* -8a +4 by 3c -2 
22. 35y*+32y-99 by 7y-0 
24. 25a? - 16 by 5a; -4. 

26 25-a?by5+a: 

28 a?-ay+8y*by a:-3y 
30 12a* -lab +6® by 4a -6 
32 4r* -49 by 2a? -7 
34 25a? - lfly 4 by 5** -4y* 
36 1-1006 4 by 1-106* 


37 s 8 + l fr+1 6 . j . 3 

1 *+3 -* +4+ i+3 

o» a* -16a +50 A 4 

39 — ~s=a -6 s 

a —9 a —9 
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35eg+32«6-9l6* 
7a -96 


=5a + 116 + 


7a^96 


42 * 

1 - 2 * + 1 ~2r 


43 2a? 

43 ‘6^r =6+ *-63; 


1 -19a? 
l+4a; 


tl -4a?- 


1+4* 


39. Example 1. Divide a? -aa?+a*a?~o* by « -a 

x-a )a?-aa?+a%;--a*(a?+a* 
a?-aa? 

+a?a?-a* 

+ a*g-g 8 

Example 2 Divide 35a? + 5a«? + Ipqx - acpq by 7a; - ac 

lx -ac ) 35a? -6acx +7pqx -acpq ( 5x+pq 
35a? - 5 acx 

+7pqx-acpq 

+7p ffn-acpg 


Examples V d 

Find the quotient m the following oases 

1. (a?+aa?+a s *+a 8 )— (*+a) 2 (a?+a*+6*+a5)— (*+a) 

3 {a?- -ax- bx+ab)—(x - b) 4 (3a?+ay+3*+y)— (3a? +y) 

5 (T s +aa?+a s *+a 3 )— (a?J-a 8 ) 6 (3a?+a^-(te-2y)--(3* A y) 

7 (jpa?+j?*+*+^)— {x+p) 8 (3^a?+gz+3pa?+j)--(3/i3r+j) 

9 (a?-aa?+a s *-a 8 )— (a?+a s ) 10 [pfi +2a? -f-x-2p)—\x -p) 

11. (aa?-7aa?-5c* J -35eJ—(a;-7) 12 (aW+a6z+acz+bc)— (o*-*-6) 

13. (na?-7ar+5ca;-3oe)— (a*+5c) 

14 (Saj^-SaTx+BbjKe-Sbg)— (52J*-3y) 

15 (21apx s -3a<pc+14l>px-2bq)—(7pz-g) 
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Pmd the quotient in the following cases 

16 (a 2 * 2 - abx -acx+ be)— (ax - c) 

17 (2W+3bcx-2ax-abc)-(3x-a) 

18 lut i - 2 apz+ 1 bqx-abpq)-('lx-ap). 

19 (aft* 2 - 26c* +ac*“ 2c 3 )-(a* - 2c) 

20 (flap* 2 - 5bpx + Saqx - 3 bq) -(ax - ft) 

21 Divide the sum of *(* - 3) and 2(3 - *) by * - 2 

22 Divide the produot of 3* - Ga and 5* - 15a by * - 2a 

23. Simplify [6*(* - 1) +6(* -3)]-(3* -6) Chook your result by putting 

*=3 

24. Divide the sum of *® +1 and 3*(*+l) by *+l Check your result 

26. Simplify (3* +9) (7® -21)— (*-3) 

26 Find the produot of 2*® - 9* - 5 and * - 1, and d ✓ide it by 2* + 1 

27. Simplify [Gx(* - 1) +(* -6)] -(3* +2) Check jcur result 

28. Find the expanded value of (a +6)(o - ft) J 

29 Without doing all the multiplication, determine the coefficient of & 

in the product (x 3 - 2x J + Ox - 9) (2* - 3) 

30 Divide 2*® -17* by *-3, and henoe dotennine what number must bo 

addod to the mat expression to make it exaotly divisible by tno 
second 

31. Divide the sum of 2*-7 -3*®, 5**+l -3*, and 7 -4* +2*® by 4* - 1 

32 Dmdo5(*-l)(*+l)+3*(3*+l)by 7s+5 

33 What must be added to the expression 3*® - 8* 3 + 10* to make it oxoot y 

divisible by 3® -2 ? 

34 Divide ®(ft* - c) + c(bx -c) by *+c 

36 Simplify — 1) +(<a — 6)(a+6)] — (ax+ft) 

36. Divide (a - 2ft) (a + 26) + 46 (o + ft) + 4ft 2 by a+2ft f 


CHAPTER VI 


REVISION EXAMPLES 


VI a (Oral ) 

1. Read off the simplest form of 

« H ‘w •+; 

(iv) 4aft+T£ (v) 3aftc - \bca 

2 What is the value of 5x - 1 u hen 

(l) *=2, (u) x= -2, 

(iv) x=j4, (v) *= - 8, 


(in) *-g 
(vi) 2a-|+a 


(m) x= 2, 
(vi) *= 3 ? 
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3 What is 


(i) the second power of 5, 

(u») . . I, 

(v) the square of -1, 


(ra) 


ab 

2 ' 


(u) the second power of -3, 

(»«■) -4, 

(vi) the cube of -1, 


(vm) 



4 What are the values of 

« ( "2) a +( -3) a , (n) ( -2 -3) a , (m) ( -2)*-( -3)*, 

(iv) { -2 +3)*, (v) 1 -(-2)*, (n) [1 -( -2)] # v 

5 Simplify 

(1) 7-6+3, (u)7a-o-7a, (m) -a-5a+3e, 

(ivJj^-Sx^Ox 9 , (v)$xy-7yx+ixy t (vi) 6 -4+3 -2 +2-1 

6 What is the value of X s - 1 when 

(1)3= - 1 , (11) x -% (111) x = 4 , 

(iv) x =- -3, (v) x= -14, (vi) a =24 9 

7. What is the value of x* -6* +7 when 

(1) 3=0, (11) x— 1, (m) x- -1, 

(iv) *=2, (v) x=3, (vi) x= -3 9 

8. What is the value of x*-2a?+2x~l when 

(i)x=0, (11) 2=1, (in)x=-l, 

(iv) x=2, (v) x=3, (vi) x= -3 9 

9. Read off the sunplest values of 

(1) 6 - 6(1 -x) (11) 6 a+( - 3 fl + 2 o) 

(m) 2r= - (31? -4a?) (iv) - 2ab - (3a6 - lab) 

(v) 2(x-l)+3(x-2)+4(x-3) (vi) 3(2x-l) -2(3x+l)+7 

10 Simplify 


w 

3x-6 

2x-8 

( 11 ) 

9-3x 12 ~8x 

3 

2 

3 4 

/ml 

4-2x 

6x-6 9x-3 

/m\ 

3*-l x-3 

(Jllj 

2 "" 




(v) 

7x-9 

x+1 

(VI) 

7x-5 3x-13 

8 + 

8" 

4 4 

(vu) 

23x+7 

3x-3 



5 

6 




(vm) (0+6 -c) -(a -6 -c) +(a -6 ^-c) 

11 In the expression aa? +fa?y -2cxy 9 +2y®, what is the coefficient of 

0) U< (u) y\ (iu) a 9 

12 In tlio expression «? -6x -c -6a? +cx +rf, what is the coefficient of 

(1) x®, (11) x 9 
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13 What is the sum o! 
( 1 ) 3a and -7 a 

(in) -j, x 
, .ftc 1 3»’-8 

m t > 


8 


(vn) i 3 - 3s 2 , 3a? -4a, 4x+l 
(ix) 3(a; — 1), 4(ar-l) 

(an) |(a+6a;), $(a+bx) 


(xrn) 2 x(b - c ), 2x(b + c) 


(u)2a, -6a, 7 a 
. . x x 

(») -4. 2’ * 

(vi) a: 9 — 2a;, 2a: +1 

(vrn) a? - 3x, 1 - 2r 
(x) ^(*-3), £(a:-3) 
(xn) %(a+b), %(a-b) 

(xiv)^(a+a:), \{a-x) 


14 Add together 

( 1 ) £-2y+3z, 2a;+y-3z, x-2y+z 

(u) x i -2x+l, 3x-l, 2a?-a: 

(in) 2 (a -6+ c), 3(a+6-e), 4(6 +e -a) 

(it) a? -4 a?y +5xy*, 3a?y - 2aa/*+j/ 3 , - 2an/ 2 

(v) 3a?-7a;'+5a^ a?-7a:+2, 3i?+2a:-7 
. . 5a 3b 7c .76 c a 3e 

(T,) S' 2 ®"? 


-s* 


15 In each of the following cases, subtract the second expression from 
the first 


(i)x, -3x 


(v) -a 3 ! e, -3a 2 x 
(vn) 2(a? - 1), 2a ? -2 

(ix) 3(x-2), 7(ac-2) 

(xi) a, 3a -26 
(xin) a? - 1, a?-l 
(xv)4(*-p), 2{x-y) 

(xvn) 3 (a? - 3a; +2), 3(2 -3a:) 
(xix) l[x-y)-z, 5(x-y) -2z 


(n)a? f -xy 

(it) 0, 2a: -3 y 

(vi) a+36, a -66 
(tiu) a-6+c, 6+c-a 

(x) 3a, 2a -6 
(xu) a? -3a: -2, a?-5a: + 4 
(xlt) 6a? -6 t*+ 3, 2a?-5a:+2 
(xvx) 5(2a-b), 7(2a-6) 

(xnu) c(a+6), c(a-6) 


16 In each of the following cases find the excess of the first expression 
over the second 


( 1 ) 2s, -2x 
(m) -3a?, -2a? 

(v) 6 -a?, a? 

(vu)o?-7a?, 7a? -6 
(ix) 3 times 141, twice 141 

(xi) 4 tunes the square of 9, 3 tunes the square of 9 
(xn) 5 tunes the onhe of 2, twice the oube of 2 


(u) 7a?, 4 

(it) - 3a 2 x, -fia^ 
(vi)2(a-6), -2(a-6) 
(vin) -5(a*-b*), 2(a*-6*) 
(x) 5 tunes 2}, 3 tunes 2| 
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Vi.] REVISION EXAMPLES 


17 Simplify the following : 
(i) -2ax36 
(in) -|ax£&. 

(y) %abrcx%a*bc* 

(vn) -f^x^a* 

(ix) fox-x -- 

W -2o* x I x - & 
(xui) ( —a ) 8 x ( — a)* 

(xv) ( -o 7 )xo 8 


(n) -2a— 2a. 
(iy) |a^a— 1«®. 
(yi) -fi6 a --J 
(ym) ^-V-Ja 

(x) 


(xn) -®= xa=— a® 

(mv)(-a 5 )-(-e)« 
(xyi)(-a) a x(-a)=— a 5 . * 


18 Read off the products of the following expressions 1 


, . ax ay .. 

«T"V “■» 

(m) 12a? +16® -8, y 

. 2a 3 ^ 27 

W 9“ 27" 3* “a* 


(n) T-5 + iS' - lte 
(iy) 12a? -6a 9 +9a, I 

(yi) 3* 8 -2a+l, 3®; -2® 


19 Multiply out 

(i) (1 +®)(1 -a) (u) (1 +*)*. (m) (1 -2®)® 

(iv)(a+26)= (v) (®+3)(®+5). (vi)(®-3)(a+2). 

(yu) (® -2y)(® -3y) (vrn) (3*+l)(3® -1) (ix) (5 -j»)(6 -p) 

(x) (a ! -3)(a®-*-3) (xi) (3a -5) (3® +5) (xu) (o**+l) s 

(xui) 2(* - 4)(® +4) (xiv) (a 8 +3y) (a? + 2y) (xv) (1 -2a) (1 +4®) 

(xvi) l(2a+46)(a-26) (xvu) ^(3+6*)(l +2®) (xvm) |(2a+2®)(2o-2®) 
(mx) 4(a-J)(a+$). (xx)9(® s -^)(® 2 +J) 

20 Give the following expressions in their expanded form 

(i) (3a -26)= (ii) (2a -y)= (m) (a* -2)= 

(IT) (*+*)' (T) 4 (l-})* (Tl) 9 (*-J)= 

(vu) (7 -®)(3 +a) (vin) 3(3 -a)(o +®) (a.) 2(a -y)\ 

M(*+e)<*-«) (a) o(g-l) (g- 1 ) M (•-!)(*+§) 

(mu) (a -2*) (a +4®) (xir) (a®-l)(6*-l) (xy) (3a-^)(3ar'-}) 

(wi) 9(2*+-\)(2®-^) (xmi) (5® -3) (2® +3) (xvm) (3®+7)(6*-2) 

(mv) (3®+2)(5®+1) (t\) (7®-3y)(2®+y) 

21, Read off the coefficient of ®* in the products 

(i) (a*+2x+l)(a+l) (n) (®=-3®+4)(2®-l) 

(ml (C®=-3®+2)(3® -2) (ir) (a 8 -2®)(®+4) 

22 Read off the coefficients of a m the abore products 
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23 Read off the quotients in the following 


("4 

< u) ^ 

. v 7a«6c 

w-tsr 

Wt£ 

W 6 fqr 

-27 W 
{Y1) 4pV 


(vm) ( — 9a; 3 — 3a:) 3a; 

, . 3a*x-4aa? 

(vn) (6a6-8a 9 )— 2a 

w « • 

. . 12af>*c -16a*5c 
& iabc 

, % cfi&-Mj+6c 9 

N _6 

4ar-9ar 
<“> 6z 

, X (a-x) a 
<“>(«-«)= 

(siv) 4(a-6) 9 — 2(a-6) 

9 


, . 5a* - lOafi 

I 1 "’ a-26 

' ' a+a; 

, . 27a 9 x-6aa? 

(”“) 27a -fix • 

, .W-VP 
^ 3a 2 -26 z 

(xx) {a ~ X)< 
w (a-*) 4 



REVISION PARERS 

VI. b 

1 What is the value of a£- 2*+l, 

(i) when x~l, (n) when a =2, (m) when x~ -2 1 

2 Arrange the following expression in descending powers of x, and then 

collect like terms 

3* -4a? +7** +7 +2® -3®» +2®* - 7 -b 9 - 10 
What is the coefficient of x 9 , and what is the coefficient of x i in the 
result’ 

3 Prove that 4 +2(6 -3) =10, by two different methods 

4 Find the sum of 6a- (2a -6) and 6-(3o-26), and subtract a -26 

from the result 

5 Multiply 2*+6o by 3® -4a, and find the continued product of a, x -a, 

x+a 

6 Write down the quotients m the following cases 

(i) 7**— •** (a) -9^-3« (in) (2a 9 - 3a*& +4 aP)-a 

7. Divide Bi 3 ~5xy+y i by 2 x-y, and (heck your result by multiplication 

VT. c. 

1 What is the value of x 2 +2$ +1, 

(i) when a?= - 1, (u) when r=2, (in) when x— -2 ? 

2 Arrange the following expression in asoending powers of a, and then 

collect like terms 

o*6 s -7o*6 +5afi 9 +4a 9 6 -3ub 8 +o 4 +6 4 +4o*6* 

What is the coefficient of a a in the result ? 

3. Prove that a -2(4 a - o) = - 5a by two different methods 
4 Subtract 4a 3 -5 from the sum of 3z* — (ar+ 1) and x+2& -5 
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5. Find the product of 3 - 3a and 3+ 3a , and the continued produot of 

a,z+a 

6 Write down the quotients in the following cases 

(l) -73 s — 7® (u) ( —Zax +IC 3 ) — x (in) a*6c— ( -a) s 

7 Divide 0a s -ab - 126 s hy 2a -36, and check your result by multiplication. 

VI. d. 

1 What is the value of a e - 6a6 + 66 s , 

(i) when a =0, 6=1, (ii) when a = - 1, 6 = 1, (m) when a =26 * 

2 Arrange the following expression m descending powers of x, then 

collect like terms, and mid the value of the expression when z—l 

N ®-7-8i a +4s 8 +2®-3* 3 +5± s +6 

3 Simplify the expressions . 

(i) 5(3-3) -3(x-2) -(23-9) (u) 

4 Take 4c -26 from the sum of 2a -36 -4c, a+26 -3c, and 56 -2a -2c 

5 State the results of the following multiplications 

(i) ( -a)*( -6) s . (n )(-a*x)' t (ax'p (m) (~a i bc)[~ab i c)(~abc t ). 

6. Multiply 3®+12a by 2z -3a, and divide the result by ®+4a 

7. Multiply 7p - 9q by dp +4g, and check your result by division 

VI e 

1 What is the value of (x + 1) 3 , 

(l) when ®=0, (n) when ®= -2, (in) when 3=3? 

2 Use squared paper to illustrate the following * 

to 7-5=2 (u) 7 -2-8= -3 

3 Simplify the expressions 

(i) 7a -2^3- +4 (n) 3* - (3 -2) +3(^-2 -5r) 

Fmd the value of the second expression when 3 = -2 

4 Subtract the sum of 2x 2 -3(i-l) and 2 ®t3(3 s - 2) from the sum of 

6a? -(*-2) and a?-2(r-rl) 

5 If X stands for x-a, and Y for 2 x+a, find the product of X+ Y and 

J+2 F. 

6 Dmdo as? ~5ax+Ga by 3-2 

7. Fmd the remamder when 14®* -27xy +3^ is divided by Ix-dy 

VI f 

1 Wliat u> the value of (2® - a) 8 , 

( 1 ) when 3 = 0 , a =1, (u) x= -1, a= ~2, (in) when 3=2, a =4 * 

2 Use squared paper to illustrate the following 

( 1 ) 2a -f- 5a- 3a =4a ( 11 ) a -7a+3a= -3a 

3, Simplify the expressions 

(l) (3 s -iS-21)-(34-3) ( 11 ) 4(3-1)— 1(3-1) — 1(3- 1),' 
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4 Find the value of the sum of x 3 - 3x(x-l), x a +2(x-l), and 

x -2x(x -&) ■when *=2 

5 if X stands for 2 x-a, and Y for x+2 a, find the product of 2X+3Y 

and X-Y f 

6. Multiply 5a;* -2 (x*-a) by 2a-3(a-2x t ) 

7. Divide 10(x* -2ax)-3(ax -4a 8 ) by 2x-3a 

VI. g 

1. What is the value of a* -36* -2ac, 

(l) when a=0,b= -1, o=l, (u) when a= -2, 6=2, c= -3 ? 

2. A man walks 4 miles East, then 7 miles West, then again 5 miles East 

How far is ho then from his starting pomt ? Illustrate with a 
diagram 

3 Simplify the expressions 

(i) (a? Sax 2 +3a*x -a 3 )— (x-o) 

(n) a (a -x) -g(2a -2 x) +|(3a-0x) 

4 If X stands for ax* +5bx+5c, and Y for ax* - G6x - 0c, find the value of 

GX+5Y 

5 Find the expanded value of ap -bp when p stands for 2a -36 

6 Wnte down the results of the following multiplications 

(i) (2* -a) (2®+ a) (u) (x'-3)(x*+3) (in) (a-p*)(a+p # ) 

7 Provo that [(x* -Gx+9)— [x -3)] +[(y* +y -0 )— (y -2)] =x+y 


VI. h. 

1 Find the value of (a+6 ~c)*+( 6+e - a)*+ (a+c- 6)*, 

(l) when a =6 =o=3 (u) when a= -b=c=2 ' 

2 What must he added to x 3 -3x(x-l)-l to make it equal to 

x*+3x(x+l)+l I 

3 Find the sum of 3(*-a)+2(y-a) and 2(x+a)-3(y+a) 

4 If X stands for *+-, and Fforx-^, find the product of 3X+2Y andX 

5 Find the values of 6x*+x-3 when x= -2 f -1, 0, 1, 2 Tabulate 

your work 

6 Find the continued product of (x - 2y), (x+2 y), (x - 2y) 

7 Divide 2ahfi+0apx+agx+3pq by 2ax+gr 

VI k 

1 Find the value of (2x ~y) a - {3 y -x)*, 

(i) whenx= -1, y=2 (n) when *= -1, j/= -2 

2 By how much does 5x* -2(x+3) exceed 3(x* -2)+x ? 

3 Subtract a (6+c -a) from the sum of 6(c +a-6) andc(a+6-c) 
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4 If X stands for a{x+y), and 7 for b(z-y), find the values of 

X 7 A X 7 
—+ T and - - , 
a 6 a o 

5 Emd the values of 3®* -&E+1 when z~ -2, -1, 0, 1, 2 Tabulate 

your work. 

6 Find the continued product of x-a,x+a t x+a 

7 Divide 46a* -5bx -16cs+20c by bx -4c 


CHAPTER VII 

SIMPLE EQUATIONS WITH ONE UNKNOWN QUANTITY 

40. When we express algebraically the fact that two ex- 
pressions are equal, that statement is called an equation 
Thus 2a -36= -Zb+2a is an equation 
Moreover, the above equation is true for all values of a and 6, 
the symbols used 

On the other hand, the equation a;-f-3=5, is evidently only true 
when x is equal to 2 , x — 3 =*0 is true only when x is equal to 3 
An equation which is only true when the symbols have certain 
partic ular values is called a conditional equation, or an equation 
of condition. 

An equation which is true for all values of the symbols used is 
called an identity 

Simple Equations of Condition 

The two parts of an equation on either side of the sign of 
equality are called its sides or members. 

We see that the equation sc -4=0 is true when 35=4 
The value 4 is said to satisfy the equation 
The process of finding that value of x which will satisfy an 
equation is called solving the equation 
An equation which, when simplified, involves one symbol m the 
first degree only is called a simple equation with regard to that 
symbol, and the symbol used is called the unknown quantity 
The value of the unknown quantity which satisfies an equation 
is called a root of the equation, a solution of the equation 
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41 It mil be seen later, that tbe solution of equations is a 
most important branch of Mathematics 
In the case of Simple Equations with one unknown quantity 
the process consists mainly in the use of four axioms 

(1) If equals be added to equals the sums are equal. 

Thus if x-a x-r2=a - L 2. 

(2) If equals be taken from equals the remainders are equal 

If x=b, x-o=b-5 

(3) If equals be multiplied by equals the products are equal. 

If x=a, 3z=3 a 

(4) If equals be divided by equals tbe quotients are equal. 

If 5jc®10, x=2 


Examples VII a 


Find the values of x which satisfy the following equations : 


1 

2z=0 

2. 

3z=9 

3 

5z= 

=20 

4. 

ix= -20. 

5 

171=71. 

6 

llz= -33 

7 

-Zi 

=6 

8 

7z=0 

9 

-3z= -15 

10 

5*1 

2 * 

11 

-=4L 

3 ** 

12 

-*=4 

2 4 

13. 

-4. 

-> 

24. 

-4z= 0. 

15 

2z= 

=5 

16 

3z=7. 

17 

2 x 

?-• 

18 

z 1 

&~S 

19 

3* 

4 ~ 

6 

8* 

20 

15z=10 

21. 

* i 

6“* 12 

22 

X 1 

"3 = 12 

23 

5z 

4 = 

40. 

24. 

-=-18 

25 

o 

II 

V) I,* 

25 

3z_15 

7 = 14' 

27. 

6z- 

Zz=12 

28 

2z-5z=9 

29 

-jx-7zz=7 

-o 

30 z-2z- 

Gz« 

o r 

31 9z 

~bx 

= -36+30. 

32 

-Ux-7x~ 

-8- 

12. 

33 

x~oz~4x= - 

13 



34. 7*-2z-z=19-3. 35 ^Zx-iz~7z- -48-1-20. 


35 13z-3z-*-z=37-ll. 

38 ~x-2z-3z= -7-4-10. 
40 *7z=l. 41 -2ras4i. 

44. jzssQj 45 7z=21 


37. lx~x~vx=2l -JC-4. 

39 11a ~3s+C®= -33+11. 
42 7a: =2 1. 43, 3**9. 

48 -8z=-24. 

V 
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42, Example 1. Solve the equation 3 * *■ 2 = 22 - 7 z 

3*J-2=22-7* 


Adding 7* to both sides. 

3* + 7* + 2 = 22 - 7* T 7*i 

(Ax 

1) 

le 10* +2 =22 



Taking 2 from each side, 

10*+2-2=22-2, 

(Az 

2) 

te 10* =20 



Dividing both sides by 10, 

, x-2. 

(Ax 

4) 


2isthereqd root of the equation 

To verify (he fact that 2 is a root of the equation 3:5+2=22 -lx 
When a:=2, 3*+2=3x2+2=S 

22-7*=22 - 7 x 2 =22 -14 =8 

3a;+2=22 -lx, t e the eqnation is then satisfied QED 


Examples VH b 

Solve the following equations, giving reasons for each step, and verifying 
each solution 

1 *=6-2* 2 3* =12-*- 2* 3 4z=42-2z 4 5=16-11* 

5 17-7*= -4 6. -5*= -6*+12 7 3a: -4=0 8 6ar-*-18=0 

9. 4*-6=3*-6 10 5* -13 =7* -13 11 5*+6=2*+12 

12 8*-12=*+2 13 2a: +5=35 -4* 14 13* -21 =12* -24 

15 -2*-4= -5* -*-11 16 17* -35 =13* -19 

-17 6* +15= 9a: +13-5* 18 5-6*-6=7*-l 


19 9-3*=6^2*-l2 


20 3* +4 +2* +6 =0 / 


[When denominators occur, multiply both sides of the equation by the 
least common multiple of the various denominators 
Tbs operation will dear away the fractions 

|*n - 3* -4 5 

Tta..f -ir = i2’ 

multiply both sides by 60, 

“,p*-4)=^eo, 

or 6(3* -4) =25, 1 8* -24 =25 J 


21 5=4 

3 2 

22 ^=- 
iL 3 6 

23 

£-21 

24 

" 3 4“4 

25 ;*=-£ 

2B 

26 

27 

3 * 

4“ “12 

» I-T-" 

on U* 19* . 
28 '13 ~ 31 ”° 

30 *4?-0 

31 

2 - 5 =0 

32 3(*-l)=3 / 

0 


1 


33. ^i=l 

4 

34. ~^=3 

35 

3*t 3 — n 

7 

» f -|=o 


37. G(*-3)=0 
40 3(2* - 7) =0 

43 J-J(19*-27*)=0 


38 3(*-5)=0. 
41 3(3* J -7)=0 


42 4(6*-13)=0. 


DBA 
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[OHAP. 


43. Let us consider tlie equation 2x+5=10-ix 
Adding 4x to both sides, 2x + 4® + 5 = 10 

[N B — The result of this operation ib that — 4® disappears from 
the right hand side, and appears on the left, with its sign changed ] 

le 6aj+5=10 

Talong 5 from each side, 6® = 10 - 5 

[AT B — Again, the result is that 5 disappears from the left hand 
side, and appears on the right, with its sign changed ] 

We therefore deduce the following most important rule 

Any term may be transposed from one side of an equation to 
the other by changing its sign. 


Example 1 Solve the equation 3a; -4 +5* -4=3* -10+7* +16 

Transposing so that we have all the terms containing * on the left, and 
the other terms on the right, 

3*+5*-3*-7*= -10+16+4+4, 
te 8* -10* =24 -10, 

-2* =14 

Dividing both sides by -2, *« -7, the required solution 

Verification When *= - 7, the left side 

= -7x3 -4 -7x5 -4= -21 -4-35 -4= -64 
When *= -7, the nght hand side 

= - ^ x 3-10-7x7 + 16 = -21 -10-40+16= -64= the left hand side . 

Q ED 


Example 2 Solve the equation ** - 8* + 23 =*(* - 3) - 2 (* - 4) + 3 
emovmg the brackets, *»-8*+23=* a -3*-2*+8+3 

* w V ma of *, to the to#, mid 

**-8*-* 2 +3*+2*=8+3-23, 

»e - 8* + 5* = -23 + 11, 

-3*= -12 

Dividing both sides by -3, *=4, the required solution 

Verification When* =4, 

the left hand side =4 x 4 - 8 x 4 + 23 
=16 - 32 + 23 =7 

When *=4, the nght hand side =4(4 -3) -2(4 -4) +3 

=4+3=7 
=the left hand side 


q E D 
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vn] 


Example 3. Solve the equation 

(z - 1} (* +6) =(* - 2) (* - 3) +3. 
Multiplying out, z*+5*-8=x*-5z+6+3 
Transposing, a^+6a? -a^+5a:=6+6 +3, 

10* =15, 
x=lV 

Examples. VII. c. 

[The beginner ts advised to verify each solution ] 


I 6* -18=4* -8 -3* +5 2 10* -10 - 6* -27 =3 

3 24*+10~20x+100 =5*+96 

4. 6*-18-12*+60=3*+3-8*+17 

5. 12*-18-3*a3-4* = o 6 6* +18=4* -8 +3* -2 

7. 7*+15-3*+4=2*-3 8 5(*-l)=4(*-2) 

9 3*-(2*-6)=12 10 3(3*+l)-(*-l)=6(*+10) 

II 3(2*+5)-4(z~3)=6(3*+l)-4 

12 11(* -2) -2(4 -3*) -4(1 -2*)=17{* - 1) +7 


13. *(*+4) =**+36 
15 a?+8=(*+2) 2 
17 2a* -7 =*(2* -3) 

19. (*+l)(*+4)=*(*+2) 

21. (*-3)*=**+4*+29 
23. (*-2)*=(*-6)*-16 
25. t(*-9)-4=(*-7)(z+7) 

26 2(*-G)(*+6)+12=(2*-l){*-3) 


14 (*+3)(*-2)=**-26 

16. *(*-2)=* s -4 

18 3**-5-*(3*+l)=0 

20. 2(*-l)(*+l)=2* s -4z 

22. (*-4)*=(*-l)*-3 

24. (* -3)(* +3) =(* +4) (* - 7) +40 


44. When the equations are in fractional form, the fractions 
should he cleared first. 

x 3 1 x 7 

Example 1 Solve the equation |+ g=| - g+g 

Multiplying both sides by 20, the l o m of 4, 5, and 2, 

5*+12=5-4*+70 
Transposing, 5*+4*=5+70-12, 

9* =63, 
z=7 

3 4 23 

Example 2. Solve the equation _ j- 

Multipljmg both sides by 10*, 

3 x2* +4=23x2 +10*, 

6* +4=46 +10*, 

6* - 10x=46 -4, 

-4*=42 

*= -iji=-^.= -10i 


Dmding both sides by -4, 
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Verification. When 
the left hand side 


- 4 + A -<-¥) 


_ •} 4 v 2 _ 1 _ 4 

~J~TG *7T — 7T5T 


_ 69—4 — fiP 

— nrs — rcnr* 


■When *= 


- 10|» the right hand side = ^—( +1 

_ 2 9 v a I 1 _ _ 40 4.1 

r x 7T +A “ nnr +1 

_- 46 + 105 _ BO 

nrs nnr 


=the left hand aide 


Example 3. Solve the equation — ~ 

Multiplying both sides by 24, the l c if of 4, 2, 8, and 3, 
6(*-3)-12(*-5)=3(*+l)-8(a:-4), 
te 6* - 18 - I2x+ 60 =3ar +3 ~ 8* +32 

Transposing, 6a; -12* -3a: +8® =3 +32 +18 -60, 

te ~x= -7, 

as=7 

Verification, When *=7, the left hand 6ide=-J-^--^A=l -1 
When *=7, the right hand 8ide=l^L 

= 1 - 1=0 
=the left hand side 


Useful facts to note in connection with decimals, 

4x25=1 JLgr — -4 
1 25 4x25~* 


Thus 


7x4 

' 1 = 

40 


25 
1 

025 ~ 40 x 025 


28 A]bo-4 = ^4«=8 

*125 8 x 125 


=40 


7x4 28 


75 4 x 75 3 


Example 4. Solve the equation ~~ - £^5=3 3 

8 {*+ 15 ) 4 (*- 25 ) „„ 

1 I 6 a ’ 


8*+I 2 -4*+l =3 3, 
4x=3 3-2 2, 

4*=1 1, 

*=275 
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4 k~*^IOfc + „ 12 
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Solve the equations 

44 ^ 8 t 5 +fo - 89 =^ 

46 g +4 a-3_„» a. + 2 
6 4 6 

48 

50 19-3(lte-81)=4^5i-^ 

52 ^-^,.2-^-H) 

54 78-§(2*-7)=fa+^-?^ 


43. 4{6a+I)+^(a!+3)=ar 
45 V t-T-H 
47. i(8J-i)-i(|-i)= 3 “i,(2»+3) 
49 *Ji + *£i=l 


51 


a+3 a+4 a+5 a+6 


4 6 “ 6 7 

53 *(*+2)-*(a-6)=3j-£M). 
2*+7 9*-8 *-H , 


f. T * i»“U 

55 -7 n 2 "r° 

- 56 |(a?-l)+^-^=~i+13 57 7a+5=5*+ll 

58 1 4+ 3*= 5a: -1 7 


60 031+ 02= 17 - 07* 
62 ^-^=46 

M Hr-Tir-** 


59 09*- 01*= 14 - 06* 
v 61 004*+ 412 = 007*- 008 

63 -m-TB +2 ° 

05 *L±J X I*1 + 24 
U * 2 5 12 5 + 


66 


25* - 025 2*- 45 


+ 8 


126 ”« 125 

67 What value of a will make (5 -3*)(7 -2*) equal to (11 -6a){3 - r) 1 

68 What value of * will make - + ^- - - Jw equal to the fraobon -tV 

* 2® 4* 12^ 

69 Under what circumstances is 


(a+3)(®+4) equal to (a+5)(®+7) ? 

70 Simplify the expression (* - 2)* - (* - 3) (a - 1) 

What do you deduce about the equation (a -2)* -(* -3)(*-l) = 0 7 

71 Go through the prooess of solving the equation 

(2* - 1) (3* - 4) =(6a - 5) (* - 1) What do you deduoe ? 

Approximate Solutions. 

45. In finding approximate values, 

One half, or more than one half, counts as unity, 
le 5 5 , 

05 05 and <1 1, 

005 005 mid < 01 01, and so on 
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Thus if 8=3 74526 

8=37 correct to one dec place, 

=375 * . two dec places, 

=3 745 three 

=37453 four 

In solving the equation 7x = 25, 
dividing both sides by 7, x = 3 571428 

.. 8=4, to the nearest integer, 

=36 correct to one dec place, 

=3 57 .. two places, 

=3 571 .. three 

Thus, m approximations, if the first figure neglected is 5 or 
more than 5, increase by one the last figure retamed 

Examples. VII. e 

Find approximate values of x in the following equations . 

1. 10(x -l)-6x -26=3, correct to the nearest integer 
2 5(z - 1) =11 (x -31, correct to one dee place 
3. 3a£ -7 -3x(x+3)=0, correct to two dec places 

4 (z-2) : =(x-5) 5 +5, correct to two dec places 

5 (x-3)(*+3)=(x-7)(*+7)+7x, correct to tno dec places 

6, correct to the nearest integer 

7 correct to two dec places 

8. correct to tno dec places 

9 _?_1§=0, correct to two dec places 

10 i(3z+5) - J(2*+7)=^r -2, correct to two dec places 

11 4J -£(14s -31) = 5 ~'Y2* correct t0 tw0 dec P laces 

12 + 262 correct to two dec places 

« 5 12 5 
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CHAPTER Vin 

SYMBOLICAL EXPRESSION 

46. Algebra is largely used for solving problems of various 
lands, but before attempting this the beginner must learn 
how to express given statements symbolically, te in algebraic 
form 

Let us take a few simple cases 
There are (3 x 4) ft m 4 yards 
Thus we see that there are 3® ft in x yds 

There are (20 x 5) shillings in £5 
Hence there are 20a; shillings in £% 

There are (12 x 7) pence in 7 shillings 
There are 12a; pence in x shillings 

Just as 2 x 6 is a number which is double of 6, so 2a represents 
a number which is double the number represented by tt 

The number which is 3 greater than 6 is 6+3 
The number which is 3 greater than a; is a; +3 
The number which is a greater than x\sx+a 

7 buns at 2 pence each, cost 7x2 pence 

Hence x buns at 2 pence each cost (a? x 2) pence, % e 2a; pence. 

235 shillings » (235 — 20)£ , 

.*. a? shillings = («— 20)£ 
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14 pounds and 6 shillings are the same as (14 x 20 +6) shillings 
In the same way x pounds +y shillings =(20z+y) shillings 

6 pounds+5 shillings +4 pence- (6 x 240 +5x12 + 4) pence 
. . x pounds + y shillings + z pence = (240a: +!2^+r) pence 

If 13 articles cost 54 shillings, each article costs shillings 
If* 64 - 

X 


x y 


y 

X 


An even number is a number which has 2 for a factor 

.* if & is any whole number, . 

2as is an even number 
if ac is any whole number, 

2a; +1 is an odd number 
2a; - 1 is also an odd number. 


47. Example 1 What is the cost of a articles at b shillings each ’ 12 
articles at 3 shillings each cost 12 x 3 shilling s 

by analogy, a articles at b shillings each cost ab shillings 

Example 2 A man walks x miles an hour How far does he walk 
in y hours ? If he walks 4 miles an hour, he will walk 4x6 miles m 6 hours. 

, by analogy, if he walks x miles an hour, he will walk xy miles in 
y hours 


Example 3 A man has x crowns and y florins, how many shillings has 
lie’ x crowns =5x shillings, and y florins =2y shillings, 

he has [5x^2 y) shillings 

Example 4 If I spend x shillings out of £y, how many pence have I 
left 1 £i/=240 y pence, and x shillings = 12x pence, * 

. 2 have (240y - 12x) pence left 


Examples Tin a 

1 One part of x is 20 what is the other part ? 
2. One part of 35 is y what is the other part ’ 



58 


ELEMENTARY ALGEBRA 


[otap 

3 What number is less than x hy 20 ? 

4 What number is less than 34 hy * 9 

5 What number multiplied hy x will give 66 9 

6 What number divided by x will give 35 ’ 

7 If 16 is less than x by 5, what is the value of a? * 

8 The sum of two numbers is x, and one of them is 23 nhat is the 
other 9 

9 The sum of two numbers is y, and one of them is x what ib tho 
other ? 

10 The difference of two numbers is 13, and x is the greater what is 
the other ? 

11 How many times is x contained in 78 9 

12 How many tunes is y contained in*’ 

13 How many times is 3a contained in 65 t 

14 1 have £x and give away y shillings how many shillings have I 
left 9 

15 The sum of three numbers is 96 One of them is x, another y vhat 
is the third 9 

16 The sum of two numbers is a +55, and one of them is 35 what is 
the other 9 

17 The difference of two numbers is x-y, and the greater is y what 
is the other J 

18 If a hook costs x pence, how many can he bought for y pence I 

19 If a penknife costs x pence, how many can he bought for y shillings I 

20. I gave * shillings for y pencils how many pence did I give for 
each 9 

21 If I spend x half-crowns out of a sum of £y, how many shillings 
have I left ? 

22 What number exceeds * by 4 ? 

23 What number exceeds 4 by a; 9 

24 By how much does 20 exceed z ? 

25 What number is less than 40 hy a 9 

26 If 73 contains x three times, what is the value of x ? 

27 If x oranges cost fourpence, what is the pnee of one 9 

2B I am * years old now how old shall I he in 7 years ? 

How old shall I be in y years f 

How old u as 1 11 years ago ? 

29 Find a number half as great again as a ? 

30 If I ualk x miles m 6 hours, how many do I walk in one hour 9 

How many do I walk in y hours ? 

Hon long do I take to ualk one wnlw ? 

How long do I take to walk y miles ? 

31 Hie sum of two numbers is o+5 , one of them is a-5 , what is 
the other 9 

32 I row x miles at the rate of y miles an hour how many hours do I 
take to do it ? 
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33. What is the value of x eggs at 3 pence apiece 9 
34 What is the value of x eggs at 3 pence a dozen 7 

35. By how much does x - 5 exceed x-7 ? 

36. If eggs sell at x pence a dozen, how much does each egg cost 2 
How many will you get for a shilling 7 

How many will you get for y shillings ? 

37. H 3 lbs of sugar cost 8 pence, what will x lbs cost * 

38 If a: lbs of sugar cost y pence, what will z lbs cost ? 

39 Write down three consecutive numbers of which n is the least 

40 Wnte down three consecutive numbers of which n is the greatest 

41 Wnte down three consecutive numbers of which n is the middle one 

42 The greatest of four consecutive numbers is it +3 what are the 
others 9 

43 Wnte down five consecutive numbers of which the middle one is n 

44 What is the cost in pounds of x cakes at y shillings apiece t 
45. By how much does Zx-y exceed x +y ? 

46 What number added to o - 36 will make a +b 9 

47 A bill is made up of £o, 6 shillings, and c pence what is the total 
number of pence in it ? 

48 A tram travels at the rate of x miles an hour how many yards 
does it go in a minute 9 

49 How far is it from A to 8, if a man, bicycling at the rate of 10 miles 
an hour, does the journey m x hours ? 

50 A horse eats x bushels a week How many days will it take him to 
eat 76 bushels 7 How many days will it take y hones to eat the same 
amount 7 

51 What is the number which exceeds one-quarter of x by 25 7 

52. Write down five consecutive numbers of which 2n-3 is the middle 
one 

53 Wnte down five consecutive odd numhen of which 2n-l is the 
middle one 

54 What is the area in sqnare feet of a room a feet long and b feet 
wide ? 

55. The area of a room is x square feet and its length is y feet what 
is its width 9 

56 A square has sides x feet long what is its area 9 
Express the following statements m the form of equations 

57 The excess of x over 20 is y 

58 Three times x exceeds y by 25 

59 The sixth part of x - 8 is equal to the se\ enth part of 2x +3 

60 Three times z -4 is equal to five times z - 1. 

61 There are x shillings m £y and r florins 

62 There arc a pence in £6, e half-crowns, and d shillings 

63 The product of two consecutive numbers, of which z is the 
greater, is y 

64 The product of three consecutive numbers, of which x is the middle 
one, is a*. 
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65 A is * years old, B is 6 years older The sum of their ages is y 

66 A man is * years old, and his son y years younger The Bum of their 
ages is a years 

67 A has £*, and B iy After B has given A £o, they have equal 
amounts 

68 When x is divided by y, the quotient is 15 and the remainder 7 

69 When a is divided by 5, the quotient is x and the remainder y 

70 The area of a room x feet long, and y feet wide u a square feet 
71, The area of a oourtyard, a feet by b feet, is v square yards 

72 The product of x and y is three tames the excess of a over b 

73 The excess of x over y is five times the excess of a over b 


Substitution is formulae 

48. If i is the radius of a oircle, and C its circumference, the 
two quantities f and C are connected by the formula 

C«2 an, where 

(This is only an approximate value of sr ) 

Thus if we know the radius of a circle, we can find its circum- 


ference 

Example 1 Find the circumference of a cirole whose radius is 21 feet 
If C denote the circumference, substituting the given value of r in the 
formula 6=2 vr, 

C=2rr x21 feet 
=2 x £?_ x 21 feet, for r=-- 2 -, 

=2x22x3 feet # 


=G x 22 =132 feet 

Example 2. Given that the circumference of a oircle is 99 ft in length, 
find its radius 

If r denote its radius, 2»r =99 , 


2x^4- =99, 


_ TXOP _ 7X0 
~ 4 


feet 


= feet 
=15 feet 9 inches 

The area, A, of the floor of a room whose length is l, and 
breadth b, is given by the formula 

A -Ixb 


Example 3 Find the area of a room 10V feet long and 10$ feet wide. 
If A denote the area, substituting in the above formula, 

A=10jX 10-V sq ft 

=3.1 x 2£.= £3pA (multiplying by factors) 
=173$- sq ft 
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Example 4 Find, to the nearest mch, the length of the circumference 
of a circle of ladius 6 mches 

Let C denote the oircumference m mches 

Substitutmg the values of ir and r in the formula 

C =2irr t 

C =2 x x 6 mches 
=4A x 6 mches 
mohes 

=37 7 mches 

=38 m (to the nearest mch) 

Example 5 Given that the area of a circle (A) and its radius (r) are 
connected by the formula A=irr a when t=^-, find, to the nearest tenth of 
a square mch, the area of a circle of radiuB 3 mches 

If A sq m denote the reqd area, substitutmg the values of v and r in 
the formula 

A=srr a , 

A =- 2 ^ x (3)* x 9 
=28 28 sq mches 
=28 3 sq m. (to the nearest tenth) 


Examples. VIII b 

Given that the ciroumference (C) of a circle and its radius (r) are con- 
nected by the formula C=2irr, where Tr=^f-, find 

1 The circumference of a circle of radius 7 mches 

2 9 mches 

3 The radius of a circle whose circumference is 110 feet long 

4 12 feet long 

5 The circumference (correct to a tenth of an mch) of a circle whose 
radius is 5 m long 

6 The radius (correct to a tenth of an mch) of a circle whose circum- 
ference is 16 mches long 

7 The radius (oorrect to a tenth of an mch) of a circle whose circum- 
ference is 20 mches long 

The area (A) of a circle is connected with its radius (r) by the formula 

A=rr s , where ir=^*. 

8 Find the area (correct to a tenth of a square mch) of a circle whose 
radius is 4 inches 

9 Find the radius of a circle whose area is 154 sq inches 

The area (A) of a room is connected with its length (?) and its breadth (6) 
by the formula A =15 

10 Find the area of a room 15* ft long and 12 ft wide 

11 Find, to the nearest foot, the length of a room whose area is 24G sq ft 
and width 11 ft 
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12 Find to the nearest inch, the length of a room whose area is 
112 sq feet and width 9 feet 

If A is the area of the walls of a room, l its length, 6 its breadth, h its 
height* A=2h(l+b) 

13 Find the area of the walls of a room, 10 ft high, 16 ft long, and 
12 ft wide 

14 The area of the walls of a room is 760 Bq ft , its length is 18 ft 
and its breadth 12 feet find its height 

15 The area of the walls of a room is 650 sq ft , its length is 18 ft and 
its breadth 12 ft find its height 

The volume (V) of a cylinder on a circular base of radius r, and of 
height h, is given by the formula 

V = irtVi, where ir=2f- 

16 Find the volume of a cylinder of height 7 feet on a circular base 
of radius 3 feet 

17 The volume of a cylinder on a circular base of radius 7 ft is 693 cubic 
feet find its height 

The area A, of a triangle of height A, on a base b, » given by the 
formula A =^66 

18 Find the area of a tnangle of height 3 feet and base 2 ft 3 m 

19 A tnangle of area 36 sq ft stands on a base of 10 ft find its height 
to the nearest inch 


If a body falls freely under the acceleration, g, of gravity for t seconds, 
the space (m feet) it falls through is given by the formula 

S=jpf*. where g = 32 

20. Find the space a body under the acceleration of gravity falls through 
m 6 secs 

21 Find how long a body under the acceleration of gravity takes to fall 
through 144 feet 

If a body, starting with a velocity of u feet per second, and moving under 
an acceleration /, acquires a velooity of v ft per second in t seconds, v is 
given by the formula v^u+fi 

t velocifc y ft body in 7 seoonds if it starts with a velocity 

of 3 ft per second and moves under an acceleration 4 

a, a +6, o+26, a +36 being a senes of numbers, the value, p, of the « Ul 
is given by the formula p= a +(n-l)6 

23 Find the twenty -first number of the following senes 

1, 3, 6, 7 

24 Find the twenty-fifth term of the senes 

-4, -1, 2, 5, 8 

If in a senes of numbers the numbers m or ense by reg ular intervals, their 
sum is given by the formula 

S=| (a+l), 
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where S denotes the sum, » the number of terms, a the first term, and l the 
last term of the senes 

25 Emd the sum of the first 25 natural numbers 

26 Emd the sum of the consecutive numbers from 9 to 31 inclusive 

Emd the sum of the senes 
27. 9, 12, 15, 18 to 11 terms 
28 6, 10, 14, 18 to 12 terms 

29. 97, 94, 91 37, 34, 31, 28 

Emd the sum of 

30. The first 43 even numbers 

31 The first 21 odd numbers 

32 All the even numbers between 5 and 51 

„ 33 All the odd 40 and 90 

34 The first 17 numbers each of which is divisible by 4 

35 21 3 

The sum (S) of the squares of the first n natural numbers is given by the 
formula £ - »(»+*)(*» +1) 

6 

Emd the sum of 

36 The squares of the firet 15 natural numbers 

37 Tho squares of all numbers from 7 to 21 inclusive 

38 The squares of all numbers between 12 and 35 

The volume (v) of a sphere of radius r, is given by the formula 
«=s^rr*, where 7r=-y- 

39 Find, correct to two decimal places, the volume m cubic feet of a 
sphere of radius 3 feet 

40 The volume of a sphere is 4851 cubic feet find its radius 

' 41 A clerk starting with a salary of I00£, has a salary of 105£ in his 
second year, I10£ in his thud year, 115£ m his fourth year, and so on By 
, means, of the formula in Example 23, find his salary in his twenty-first 
, jear of service 

If when A is divided by B, Q is the quotient and R the remainder, 

A=BQ,+R 

42 A certain number uben divided by 22 has a quotient 15 and a 
, remainder 4 find the number 

8l< ^ 8 °f a triangle, of lengths a and b, contain a right angle, the 
mra side c is obtained from the formula e* =a ! +6* 

[A J3— The above may bo written, c* ~a : =£ : , or c*-5*=a s J 

nghran 1 l°d * nan ^ cs w ^ os ® B,t * es 8X6 °f tk® following lengths will bo 

43 3, 4, 5 feet 44. 13, 12, 6 inches 45 25, 24, 7 centimetres 

<6 15, 2. 2 5 yards 47 13,12, 7 feet 48 30c, 24a, 18a. 
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FUNCTIONAL NOTATION 

When we speak of a function of x we mean an expression 
containmg x or powers of x It may also contam constants and 
various symbols of operation 

It is called an algdnaic function if these symbols are only those 
of the algebraic operations, addition, subtraction, multiplication, 
division and extraction of a root 

A function of x may be denoted by f(x), F(jc), i>[x) or a similar 
form 2-c 2 + 3x + 7 is a function of % so we might write 

/(&)= 2® a +3a+7, 

and /(4) would here mean the value of 2a? + 3s +7 when 4 was 
substituted for x 

Thus /(4)=2x4 a +3x4+7=51 
/(l)=2xl*+3x 1+7=12 
/(-l)=2x(-l) a +3x (-l)+7=2-3+7=6 
/( 0) =7, for 2x0 a =0 and 3x0=0 

Sometimes a function of x is denoted by another letter, usually 
the letter y 

Thus, m the above case, we might write y=2® 2 +3*+7 

In such a case the student must be careful to express clearly 
what is meant when he uses different values of x 

y =2 x 4 a +3x4 + 7 would not be sufficient 

Write ?/=2x4 2 +3x4+7 when x= 4, to make it quite dear. 


Examples. VUE b x 
1 If /($) =2* +3, find the value of 

(0/(6). (u)/(l), (in) /(-l), (iv) /(0) 
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2 If f(x)=Sx+7, find the value off(l) and f(2) 

3 If f(x)=a+bx, what does /(I) x/( -I) become 9 

4 If f(x)=a? ~4z+3, find the value of /( 1) +/(2)+/( 3) 

5 If f(x) =x prove that f(2) =/ Q j 

6 If f(x)=x> -2z, prove that f(x) +/( ~x) =0 

7. If f(x)=3z -4 and 0(;c) =5x 4-7, find the value of 
(i)/(l)+0(l), («)/(2)+0(3) 

8 If two sides of a rectangle are 3® +5 and 3® -5 respectively, and f[x) 

denotes its area, express fix) m its simplest form, and find the value 

°f/<10) 

9 If /(i)=12z -3, for what value of x is f(x) equal to 33’ 

10 If /(*)= 3z+9, find the value of x which makes /(z) equal to -2 


Examples. VIII c 

1 If f{x)=.3e t +‘i+l, find the value of 

(0 m, (11) /(!}, (m) m 

2 Uf{n)s=^-~^, find the value of 

(0/(5), (u)/(7), (in)/{-3), (iv) /(n+1), (v)/(»-3) 

3 If 0(z):=(z--l)('e-2)(z-3), find the value of 

(0^(0), (n) 0(1), (iu) 0(3), (iv) 0(5), (v) 0(-2) 

4 If 0(b) =(2n - 1) (2n +1) - (» - 1), find the value of 

(i) 0(0), (u) 0(3), (in) <P(2n), 

(iv) 0(2 rt 1), (v) 0(n+I), (vi) 0(1) 

5 If f(x) =2z® -5x j- 3, prove that 

(0 /(* x 1) +/(* - 1 ) - 2/(x) =4 
00 /(*+2)+/(z-2)-2/(z)slC 

8 If /(z)=2z® -Cz A 5 and 0(z)=2z s -Oz J-7, find the value of 
(0 0(0) -/(0), (n) 0(2) -/( 2), (in) 0(4) -/( 2) 


DBA 
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7. If and ^z)=z t -'2z i Ji nd the value of 

/(2-l)-*(2-lj 

8 If j(z)^az i -hz—c, and <f/(z)=Q 2 li -bj!~c, find tbs val jc of 

/<jc— 1> — 

9 If f<z}='v?-bz-c, and ‘plz)=a~bz^cz 1 , find tic -alue of 

<vm-4(‘j), (n//a)-sH4 


10 If =z*~3z 2 -Zz - 1, find tie *. alae of ^.{2 - 1; an its ‘■implert form. 

11* A man trJhed for '5/ hours at the rate of * miles an boor; then h 
•salted bach toward? In? Martini-point for 2 home at 2—1 unit 
per hour, and then for 1 hour at 4 miles an hour in his on .an si 
dnection. Express as a function of 2 ( 1 ) hie final distance from t^e 
startm^-pomt, (iij the total distance travelled. 

12. If $(tj denote the distance in feet fa’len hr a bod' in the tint i sec on Is 
of it- faH vlut * ill denote the distance fallen in the third Etcond v 
Bind also the numerical result if #(t)=l(t[ z . 
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49. We tjII no77 proceed to solve some easy problems : 



Let 2 be the number required. 

Three times the number dimini-hed bjlvis '5z-l 3, 
A 32-13=45; 

A 3*=43-13=<0; 

/. 2 = 20 , 

** the required number is 20 
Verification. *5/20-13=00-13=43 


01 vt* 
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Exampl e 2 A wan is twice as old as his son, and ten Tears ago he was 
three times as old Find the present ages of the father and son 
Let a he the present age of the son 
Then, by hypothesis, the present age of the father is 2x years 
10 years ago the son was a; -10 years old 
Also 10 years ago the father was 2x - 10 years old 

2x -10=3(a: -10), 

2* -10=3® -30, 

2* -3*= -30+10, 

-«= - 20 , 

*=20 

the father is now 40, and the son 20 years old 
The student should verify the result 

Example 3 A man paid a bill of £6 10s in sovereigns and florins If 
he used three tunes as many florins as sovereigns, find the number of 
sovereigns he paid away and the number of florins 

Let * be the number of sovereigns he used 
Then 3* is the number of florins he used 

x sovereigns =20* shillings, and 3x florins = 6* shillings 
Also £6 10a =130 shillings, 

20* +6* =130, 

26* =130, 
z=5, 

t e he U6ed 5 sovereigns and 15 florins 


Example 4 The number 65 is divided into two parts such that one- 
third of one part, together with one-fifth of the other part, is equal to 17. 
Find the parts 

Let a be one part Then 55 -x is the other part 


* 55 -* 
3 + ' 


Multiply both sides by 15, 

5*+3(35-a)=17 xl5, 
5*+165 - 3*=255, 

5* -3* =255 -165, 
2* =90, 

*=45, 

and 55 —*=55 —45=10 
• 45 and 10 are the reqd parts 


Example 5 A and B travel in opposite directions from two places 54 
miles apart, and meet in 6 hours If A goes twice as fast as B, hnd their 
rates of travelling 

Suppose B travels * miles an hour, then A travels 2* miles an hour 

Li 6 hours, B goes 6* miles 
A goes 12* miles 

But the total distance tr&^Ued by A and B in G hours is 54 miles 

6x^12*=54, 

x=3, 

i c. A travels 6 miles an hour, and B 3 miles on hour 
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Examples IX a 

1 One man has £x, another man £2x , and they together hare £30 
How much has each man * 

2 A hoy has a certain nnmber of apples, and when he is given 20 
more he finds he has three times as many as at first . how many had he at 
first * 

3 A certain number when trebled is 54 more than before * what is the 
nnmber 9 

4 A has a certain sum of money, and B has £10 more fh«n A They 
together have £40 how much has each ? 

5 To three times a certain number of apples I add 17, and then find I 
have 77 How many apples had I at first 9 

6 From four times a certain number I take 23, and obtain 61 as the 
result • what was the original number 9 

7 A man walked a certain number of wmIm, and then bicycled for 
three hours at 10 miles an hour He finds he has altogether travelled four 
times as far as he walked how many nuW did he walk 9 

8 A man has a certain number of shillings, and an equal number of 
sovereigns His total sum of money is 63 sbilTmoa How many sovereigns 
has he 9 

9 A man has a certain number of half-crowns, and double that 
number of florins If his total sum of money amounts to £3 18s, how 
many half-crowns has he * 

10 A man is 28 years older than his son, and the sum of the ages of 
father and son is 48 Fmd their ages 

11 Fmd the number which exceeds its sixth part by 30 

12 A man has five children, each three years older than the next one, 
and their united ages amount to 70 Fmd the age of the eldest 

13 Three persons A, B, C together have £144 B has £10 more than 
A, and C £10 less than A How much eaoh ? 

^ Two numbers differ by 18, and their sum is 42 Fmd them 

15 Fmd the number which exceeds its fourth part by 15 

16 Find a number such that its third part exceeds 24 bv as much as 24 
exceeds its fifth part 

li Out of a cask of wine i full, 10 gallons are drawn, and the cask is 
then =■ full How much can it hold 9 

18 Find the three consecutive numbers whose sum is 96 

19 Ten tunes a certain number exceeds 24 by as much as 102 exceeds 
four times the number find the number 

20 A man has a certain number of pennies, one half that number of 
shillin g s, and one third that number of florins, his total s um of money 
amounting to 2 2s 6 d How many of each com has he 9 

21 Two men have £49 between them If one has six tun es as much as 
the other, how much has each 9 

22 A has £3 less than B, and they together have £41 Fmd Hie share 
of each 

23 £500 is divided between A and B, so that A receives £172 more 
than B Fmd their shares 



EASY PROBLEMS 


67 


E] 


24 The sixth and seventh parts of a certain sum amount to £2 12s 
what is the whole 7 

25 A is 25 years older than B, and in five years he will be twice as old 
as B Bind their present ages 

26 A is 23 years older than B, and A’s age is os much below 90 as B’s 
age is above 13 Find them ages 

27 A is three times as old as B, and 9 years ago their united ages 
amounted to 66 Find their ages 

28 A is 6 tunes as old as B, and A’s age 32 years ago is equal to B’s age 
28 years hence find them ages 

29 Three boys A, B, C divide the apples on a tree A takes one third 
of the apples, B takes 21 and C the rest If A has 2 more apples than C, 
how many apples were there on the tree 9 

30. Find a number such that, if you divide it by 2 and add 11 the 
result will be three tames as great os that which you would obtain by 
multiplying it by 2 and adding 11 

31 The half of a certain integer exceeds the third of the next greater 
integer by three find the integer 

32 A man bought a house, and gamed five sixths of what he gave for it 
by selling it for £770 How much aid he give for it * 

33 The sum of three consecutive numbers is 105 find them 

34 The sum of three consecutive odd numbers is 135 Find them 

35 A sheep costs twice as much as a turkey, and I spend £1 8 Is inbujmg 
6 sheep and 7 turkeys Find the price of each sheep and each turkex 

36 A man walks a certain distance, bicycles twice that distance, swims 
half as far as he walked, and finds he has covered 14 miles How far did 
he swim * 

37 A and B divide a sum of £40 between them, so that A has £6 10* 
more than B What is the share of each 7 

38 Two persons have £4320 between them if the first has five tunes 
os much as the second, how much has each 7 

39 Divide £36 into two shares so that onB-third of the less is equal to 
one fifth of the greater 

40 The number 57 is divided into two parts, so that one third of the first 
and one-seventh of the second are together equal to 11 what are the pnrts ? 

41 In a milage consisting of 151 persons, there arc 17 more w omen than 
men, and 30 more children than women* how man} men, women, and 
children are there 7 

42 A man makes 304 runs in 15 innings at cncket how mam must he 
make in the next three innings to have an average of 20 7 

43 A, travelling half as fast again as B, and starting 9 miles behind 
him catches him up in 0 hours find their rates of travelling 

44 Two trams, one of which travels half as fast again as the other, 
start at the same time from two places 300 miles apart, and meet m 
5 hours Find their rates of travelling 

45 A and B run round a circular course of 1000 yard* Martins from 
the same point, at the same time, and m the same direction A, alter 
running 2* times round the course in 10 minutes, just overtake"; B find B s 
rate of travelling 
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46 A travels from P to Q, a distance of 30 miles, and book agam at the 
rate of 9 miles an hour On his way back, he meets B, who travels at tho 
rate of 6 miles an hour, and who started at the same time from P Find 
the distance of their meeting point from P 

47 A starts at noon to travel from P to Q at the rate of 6 miles an hour, 
and B starts at 1 p m to travel from Q to P at the rate of 5 miles an hour 
If they meet at 4 30 p m , find the distance from P to Q 

48 A man does one-third of a journey at the rate of 4 milos an hour, 
one third at 5 miles on hour, and the remaining third at 6 miles an hour, 
completing the journey in 6 hours and 10 minutes Find tho length of tho 
journey 

49 A man a oiks one-half of a journey at the rate of 4 miles an hour, 
bicycles one third at 12 miles on hour, ana rides the remainder on horseback 
at 9 miles an hour, completing the journey m 6 hours and 10 nwratos 
Find tho length of the journey 

50 In a journey of 72 miles, a man does one-quarter of the distance at 
the rate of 6 miles an hour, one third at the rate of 9 miles an hour, and 
does the whole journey in 7 hours and 40 minutes What is his rate of 
travelling over the last part ? 


USE OF SQUARED PAPER 

[The most convenient paper for beginners is that ruled to show 
inches and tenths of an inch ] 

50. To find the length of a sttaight hue joining the comets of any 
two sqmrcs, with the aid of a paw of compasses 



Take points A and B at corner of squares 

With centre A and radius AB describe an arc of a circle cutting 
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tlie horizontal line through A at C We see that the point C falls 
as nearly as possible at the middle point of a side of a small 
square 

Therefore, from the diagram AB=AC=2 15 mches 

51. A man travels 8 miles due east, then 9 miles noith, then 15 
miles west , and finally 14 miles south Find to the neatest half-mile 
his distune at the finish from the starting point 



Using a side of each square to represent one mile, with the 
accompanying diagrams, 8 m east takes him from 0 to A, 

9 m north A to B, 

15 m west BtoC, 

and 34 m south C to D. 

^ ith centre 0 and radius OD describe a circle cutting the line 
UW at F The reqd distance = OD = OF = 8] miles to the nearest 
wlf-mile, from the diagram 
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52. Two vertical posts, 16 ft and % ft high, are 40 ft apart 
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Taking one-tenth of an inch to represent one foot, one mch 
will represent 10 feet 

Mark the points A and B 4 inches apart, also the point C 2 6 
inches vertically above A, and the point D 1 6 inches vertically 
above B Join CD 
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AB= 4 inches and therefore represents 40 feet 
AC =2 6 inches 26 feet 

CD=1 6 inches 16 feet 

Therefore CD represents the wire whose length is required 
With centre D and radius DC, describe an arc of a circle to cut the 
horizontal line through D at E. 

From, the diagram we see that DE=4 1 mches 

DC =4 1 mches, and the wire is 10x41, te 41 feet long 

63. A ladder 30 ft. long has its foot at a distance of 10 feet from 
a vertical wall Bow far up tike wad does it reach % 



* 

Let A be the foot of the ladder, and, taking a side of a square 
®o represent one foot, take B 10 units in a horizontal line from A* 
so that B is the foot of the wall 
With centre A and radius 30 units describe a circle to cut the 
Vertical through B at C 
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AC represents 30 feet so that C is the point in the wall to which 
the ladder reaches 

From the diagram it is seen that BC the required dis- 
tance® 28 3 feet Here we estimate the decimal of a foot by eye 

54. Tioo sides of a inangle corUam a ngkt angle and are 1 6, and 
1 2 fed long lespectively to find, by means of squared pap&, the 
length of (he thud side 



Taking an inch to represent a foot, AB 1 6 m long represents 
the longer side, and BC at right angles to it and 1 2 in long 
represents the shorter side Join AC 
With centre A and radius AC, desonbe an arc of a circle cutting 
ho vertical line through A at D 
Ac® AD =2 m from the diagram 
the side required is 2 feet long 

Those who are familiar with the proposition in geometry which 
proves that “ the square on the hypotenuse of a right-angled 
triangle is equal to the sum of the squares on its sides” can 
readily verify the above as follows 

AC 2 -AB a =s2®-l G a =(2+1 6)(2 — 1 6) 

=3 6x i 
=H4®12 2 *BC 2 
le AC 2 =AB 2 +BC 2 . 
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Examples. IX. b. 

PROBLEMS INVOLVING THE USE OF SQUARED PAPER 

1. A man travels 9 males vest, then 11 miles south, and finally 4 miles 
cast how far from the starting point, to the nearest mile, is he at the 
finish ? 

2. A man after travelling 7 miles due east, and a certain distance due 
north, finds himself 15 miles from his starting point How far north did 
ho travel 9 

3 A ship steaming at the rate of 8 miles an hour due east, drifts at the 
same time with a current at the rate of 3 miles an hour due north Find 
its distance from its starting pomt m 2 hours 

4 A ship steaming at the rate of 10 miles an hour due west, and drifting 
due north with a current is found to he 32 miles from its starting pomt in 
3 hours Find the rate at which the current flows 

5. A balloon after sailing 5 miles horizontally from its starting point, 
is found to be at an altitude of 2 miles Prove that it is approximately 
5 4 miles from its starting pomt 

6 Two vertical posts, 6 ft and 9 ft high, are four feet apart find the 
length of the straight line joining their upper ends 

7 A ladder with its foot at a horizontal distance of 20 ft from a vertical 
wall, just reaches a pomt on the wall 30 ft from the ground find, to the 
nearest tenth of a foot, the length of the ladder 

8. A ball rolls 3 ft east, then 5 ft north, then 1 ft west, and lastly 
3 ft m a direct line towards its starting pomt How far is it then from its 
starting pomt ’ 

9 A man walks 2 miles east, then 3 miles north-east how far is ho 
then from his starting pomt ’ 

10 A man, having walked a certain distance in a north-westerly 
direction, finds that he is 25 miles west of his starting point how far has 
he walked ’ 

11 A hoy bicycles 2 7 miles east, and then 3 4 miles north how far is 
he then from his storting pomt, to the nearest half mile 9 

12 A man swims in a north-easterly direction until he is 2 miles north 
of his original position, and then 3 miles to the north-west how far is he 
then from his starting pomt ’ 

13 \ room is 5 0 metres long, and 3 4 metres wide find the distance 
between two opposite comers, as accurate!} as }ou can 

14 On a base of 3 inches, describe a triangle whose other sides arc 
1 inches and 41 inches long find the altitude of the triangle to the nearest 
tenth of an inch 

15 Tind, ns accurately os you can, the length of the diagonal of a square 
whose ados are three inches long 

16 Find, as accurately as possible, tho length of the diagonal of a 
rectangular board 2 ft wide ana 3 ft long 
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17 Rind the altitude of an equilateral triangle ‘whose sides are 3 
inches long 

18 Draw two circles of 1$ inches radius, with their centres 2 inches 
apart Find the length of the line joining their points of intersection 

19 With centres 3 inches apart, draw two circles of radu 2 in and 
24 in Find the length of the line joining their points of intersection 

20 A man walks due east from a town P which lies 4 miles due north 
of a town Q How far from Q is he when he has walked 5 miles ? 

21 A man walks south east from a place P which hes 3 miles north of Q. 
How far from Q is he when he has walked 4 miles ? 

22 Multiply 2 3 by 3 5 by means of squared paper 

23 Multiply 3 4 by 4 7 by means of squared paper , 

24 The road from A to B is inclined upwards at 30° to the horizon for 
2 miles, then at 20° for 2 miles, and then descends at an inclination of 27° 
to B, which is on the same level as A Measure the length of the descent 
toB 

25. A travels east at 12 miles an hour, and B, starting at the same time 
from the same place, travels north-east at 20 -milfw an hour Find, to the 
nearest mile, then: distance apart at the end of 1, 2 and 3 hours (Use 
one-tenth of an inch to represent one ) 

26 A and B are tw r o places 6 miles apart, B lying due east of A One 
man walks at 2 miles an hour from A towards the north-east, another man, 
starting at the same tame, walks north-west from B at 3 miles an hour 
Find their distances apart to the nearest tenth of a mill* in one hour (Use 
one inch to represent one mile ) 

27 A donkey tethered to a post can graze over a circle of 24 ft radius 
The shortest distance from the post to a st raight hedge is 17 ft Over what 
length of hedge can the donkey graze 7 

28 A man walks 2 8 miles north, then 3 4 miles west, and then 1 8 miles 
south east How far is he then from his starting point J 


55. Exhibition of Statistics by means of Graphs. The 
accompanying diagram gives a portion of a baromefcrio chart, 
from which we can read off the height cf the barometer at any 
hour of the dates given 

We determine the height of the barometer from the vertical 
lines, and the date and hour from the horizontal lines 
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Friday 14. 
Noon 


August. 


Saturday 15 Sunday iff. 

Noon Noon 



BIIHHgfHISBIBSSB 


Also we see that the barometer was falling from midnight 
Tliurs 13th to 8 p m. on Fn 14th, and rising from 8pm on the 
14th to 8 a m on the 16th 

86. Construct a graph to exhibit the following 
Premiums of Life-insurance at various ages (for 100£) 


Age In yearn 21 25 SO 35 40 45 | 50 55 o0 


Premium |£L1C/ j £2 | £2 6s £2.13* | £3 2* |£3 12 1 j£l 7 1 £5 10* \k~ 1* 
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From the diagram estimate the premium at the ages of 32, 51, 
and 58 



Measuring the ages horizontally, the premiums vertically, we 
plot the given points as shown in the diagram, the point 0 
denoting age 20, and premium 1 £ (not premium l£ at age 20) 
The dotted lines AB, CD, EF give the premiums at the ages 32, 
51, 58 respectively 
They arc £2 9s , £4 11s , £6. 8s 
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Examples. IX. c. 

1 Construct a graph to shew the following 
Premiums of Life-insurance at various ages (for 1Q0£) 


Age m years 

20 

25 

30 

35 

40 

45 

50 

55 

60 | 

| 

Premium m£ 

2 

22 

25 

28 

32 

38 

46 

55 

1 

60, 


Estimate the premium for £1000 insurance at ages 28 and 43 to the 
nearest £ 


2. Population of England and Wales 


Year 

1801 

1811 





1861 

1871 

1881 

1891 

Kumber in 
Millions 

89 

102 

120 

139 

159 





290 


Draw a graph to exhibit the above Estimate the population m 1837, 
and the year m which the population was 24 millio ns 

3 The temperature taken every two hours one day showed 


Midnight, 

46 0° 

2pm, 

66 7° 

2am, 

448° 

4pm, 

67 5° 

4am, 

44 6° 

6pm, 

58 5° 

Gam, 

47 5 ° 

8pm, 

54 6° 

8am, 

52 6° 

10 pm. 

514° 

10 am, 

56 8° 

Midnight, 

50 6° 

Noon, 

610° 



Draw a curve to show the variation of temperature throughout the day 
and estimate the temperature at 3 p m 


4 The following table shows a patient’s temperature at the given 
timre Construct ms temperature chart 


Moii 

Tues. 

Wed 

Tlinn 

Tru 

Sat 

Still 

I 

1'iu 

a.m 

pm 

am 

pm 

a,m. 

pm 

xm 

pm 

H 

pm 




m 


1011’ 

102 2’ 

100 i' 

100 0* 

100 2* 


rjrW 


ng 2* 

iUI 


5. Rainfall in 1003 at Greenwich 


Januan, 

februan, 
March, * 
April, 
Mai, 
June, 


Inches 

Avenge o( 
SOjuire 


Indies 

Average of 
SO years 

212 

199 

July, 

5 27 

2 47 

136 

148 

August, 

4 81 

235 

2 22 

146 

September, 

223 

221 

184 

106 

October, 

444 

2 81 

195 

200 

November, 

209 

2 20 

607 

2 02 

December, 

1 31 

177 


In the same figure and on the same scale construct a chart of the above, 
Rowing tbe actual rainfall in continuous lines, and the aicrage rainfall in 
dotted lines 
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6 If P ozfi is the we igh t required to stretch an elastic string until its 
length is x inches, show the Mowing m a graph 


Length m inches 

9 



12 

13 

i 

Weight m ozs 

09 

12 



21 

1 


Determine the weight necessary to stretoh the string to a length of 16 
inches 


7 The pnce on Jan 1st (in pence) of silver per Troy ounce m London 
was as follows 


1890 

1891 

1892 

1893 

1894 

1895 


1897 

1898 


45 

40 

36 

29 

|2| 

31 

28 

27 

27 

28 


Exhibit the above in a graph 


8 Table giving the boilmg-pomt of water m degrees Fahr at different 
heights above sea-level 


Height above 
sea-level in feet 

0 

1006 

2000 

a 

m 


Boiling-pt 
deg Fahr 

212° 

210 1° 

2082° 

206 3° 

2044° 

202 5° 

200 6° 


Exhibit the above graphically and read off the height above sea level 
where the boiling point is 203 6°, and the boiling point at a height of 3700 
feet 


9 Table giving the height of the barometer at various heights above 
sea-level 


Height above 
sea-level in feet 

0 


4000 

6000 

8000 

10000 

12000 

Height of baro- 
meter m inches 

□ 

27 8 

25 7 

238 

221 

a 

19 


Show the above m a graph, and from it read off the height of the 
barometer at an altitude of 3000 ft and 6400 ft A inn the altitudes when 
the readings of the barometer are 20 in and 24 4 in 


Diameter of circle 

10 

11 

12 

13 

14 

15 

Corresponding area 

78 5 

95 0 

1131 

132 7 

153 9 

176 7 


Show the above graphically, and deduce the areas of circles whose 
diameters are 11 7 m and 14 4 ft , also the diameter of the circle uhose 
area is 136 8 sq m 
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CHAPTER X 

SIMULTANEOUS EQUATIONS OP THE FIRST DEGREE IN TWO 

UNKNOWNS 


57. Take the equation 3$ - 4y = 12 


8&*=4y+12 


x= 


&y + 12 


For every value we give to y, we get a corresponding value of x 

A . TO 1C 


X~ 


X~ 


4+12 _16 
3 3 * 

8+12_20 
3 “3* 

12+12 =8 


x- 


-8 + 12 4 , 

xes — Z — and so on 


Thus, if y=l, 
if y-2, 
if y= 3, 
if y~ -2, 

w 

Hence we see that the equation 3®-4y=12 has an infinite 
number of solutions, i e an infinite number of values of x and y 
can be found which will satisfy the equation 
But suppose we are given two equations, 

3&-4y=12, 0 ) 

5a;+2y=46 ( 2 ) 

We can now find values of x and y which will satisfy both 
equations 

4v+12 

From(l) 3u«4y+12, . x ~ — g — • 

_ 46-2 y 

, (2)5*=46-2y, * * # ■* 

Hence, if the value of x is the same in both equations 
4y+12 46-2?/ 

5 ’ 

Multiplying both sides by 15, 5 (4y +12) =3 (16 - 2 y), 

20y + 60 = 13S - 6y, 

26?/ =78, 
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Snbstituting this value of y in equation (1), 

33-4x3=12, 

33=24, 

3=8. 

Thus the values 3=8, #=3, Trill satisfy both equations 

Verification. When 3=8. and y =3, 

33-4y=3x 8-4x3=12. 

/. equation (1) is satisfied. 

Again, when 3=8. and y =3 53- L 2y=5x 8 +2x3=16. 

equation (2) is also satisfied. q b.d. 

§8 We notiee in the above, that in order to find the value of y 
vre first get rid of x. 

This process of getting nd of an unknown quantify is called 
elimination. 

We might have effected the above solution by eliminating y 
and obtaining the value of x first. We should then obtain the 
value of y by substituting this value of x in one of the original 
equations. 

Also we notice that having first found the value of y. we may 
substitute that value in either equation. It is advisable, of 
course, to choose the simpler equation for this substitution. 

If we put y-Z in equation (2), we have 
53 - 2 x 3 =46, 

53=46-6=40. 

3=8, as before. 

Also we must observe that two simultaneous equations of the 
first degree have only one solution. 

59. Ihe following method of elimination is the most common 

Esasple 1. Solve the smraltaneons equations, 

3z-5y=2S, 0) 

2*C'- _ yy= 34 .. .. ... .... * • ■** * • W 

Unltiplving (1) bv 7, 21z— 35y =203 

(2) fy Z. 10x-35y=170. 

(X.B — The cocjjiricrts of y in ihe two equations are now equal ) 

Subtracting, lls=33. 
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Substituting this value of x m equation (1), 

3 >'3-5y=29 f 
oy =29 - 9 =20, 
y=4 

* j* — 

" y_4/ 15 *he solution. 

Verification. “When z=3 and y=4. 3z-5y=3 x3 -5 x4=29 
. . 2z~7y =2 x 3 -7 x 4=34. 

Example 2 Solve the simultaneous equations, 

3* -2 y=2, 

5z - 2y = -18 

(N B — -The coefficients of y are equal but of opposite sign ) 

Adding, Sz= -16, 

x= -2 

Substituting this value of zm either equation ire obtam the value of y 
This is left as an exercise for the student 

The work may often be shortened if the coefficients of x or y 
hare common factors 

Example 3 Solve the simultaneous equations, 

38x-17y=I27, (1) 

133* -Tip =470 (2) 

These equations may be written, 

2 xl9*-I7p=127, 

7 xl9z-7Iy=479 
266*-119y=889, 

2G6x-142y=958 
-23y= -G9, 
y=3 

Substituting this value of y in equation (1), 

3S*-51=127, 

3 Si =76, 
z=2 


Multiplying (1) by 7, 
Multiplying (2) by 2, 
Subtracting, 


* X | 

y_3l isthereqd solution. 


Examples £ a 

Eliminate * from the following equation® (1-6) . 

1 *-y=4, z-3y=S 2 3r-2y=l4 2 *-j y=2 

3 y-z =7, 3y-i=7 4 y=3 -It, 5r-4y=7. 

5 y=3 x-o, 2y— 3*=9 6 |-y=l. f-?=-4 
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Eliminate x from the following equations (7-10) 
7 2x+3y=7, 5x-y=9 • 8 x-^ 


9 5 . 3 =7) 5 + ! =4 

x y x y 


a _ 1% 2x+2y+l x-2y a 
8 T” 5 ’ ”6“ 8=2 

10 §-?=9. M-ll 

x y x y 


11 If x = 3 find the value of y when 3x + 4y = 17 

12 If x =G find the value of y when 7y-6r=5 

13 If y= -3 find the value of x when 3x-7y=30 

14 If y — -2 find the value of x when - -~- 2 *=3 

15 If r=-j find the value of y when Ox - 1 +^~ =4 


16 If y = - i find the value of x wl 
Solve the equations 

17 x+2y=12, 18 3x-y=20, 

x-3y=2 x-5y = 4 

21 4x-y=10, 22 7x-3y=3l, 

2x-y=4 9x~ Gy =41 

25. x+y=4$, 26 x-10y=5, 

x-y=4} 2x+10y=40 

29 7x-3y= -6, 30 5x~7y=20, 
x+5y=10 3x-2y=12 

33 llx+13y=23, 13x+llys25 
35 5x+y=5, 7x-y=13 
37 4r-oy=2, x+10y=41 
39 4x+3=3y+2, 6x+4y=22 
41 4x+3y=43, 3r-2y=ll 
43 8x -4y=9t -3y=6 
45 10y=7y-x=20 


6y + l 2a.-3 
3 * 4 F 

19 2x+ y=5, 20 3x+2y=7, 

o,+3y=6 5x+ y=7 

23. x+y+SssO, 24 x+y=3, 
x-y=2 x-y=li 
27 2x+3y=28, 28 4x-3y=14, 

3x+2y=27 3x-4y=0 

31 15x+2y=27, 32 7x-3y=41, 
3x+7y=45 3x- y=17 

34. 2&+3y=47, 4x-y=45 
36 5x-4y=8J, 2r+3y=l4 
38 4x+6y=ll, 17v-5y=l 
40 2x-3y=6, 3x+2y=l 
42, 6x-4y=x-y= -2 
44 3x+2y=2x-y-56=0 
46 5x-2y=7x+2y=T+y+ll. 


60, If necessary first simplify tlie equations 

Example 1 Solve the equations 

^=2+2n (1) (2) 

ikultipljing (1) by 3, and simplifying, 

x+ y=fl+6y, 

x-5y=G (3) 

Multiplying (2) by 5, and simphfying, 

2r-4y=23-5y, 

2x+ y=23 . (4) 

Wo non solve equations (3) and (4) m the usual manner 
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Example 2 Solve the equations, 

L! =s 

x y ’ 

-t 6 =48 
x y 

In such cases as this, it is advisable to solve first for - and | 

^ y 

Thus, multiplying (1) by 2, ; - “ =6 

x y 


Adding this to (2), 


?=«. 

x 

1 = 6 , 

X 


0 

Substituting this valne of x in (2), 5 x 6 + - =48, 

y 


—48 - 30=: 18, 


x ~b\ is the 
y=$f required solution. 


Examples X. b. 


5+|=l0 

3 4 2 5 

6 + 16~' 6 ' 12 9~ Z 
5 2y-|=22, 3y+*=14 

7 3xJIzi=:G, 4y+~==12 
®* ~~ir~-(y-3) ss 4, -3 


(1) 

( 2 ) 


2 *_?-o x ~y~~i 
2 5 3“°* 4 2~ 1 

4 , * + y =y x .y~ u 
8 + « *' 4 5~ W 

fi 5 + « +9 -o f _ y —S—O 

b 5 + 3+W-U, j j 0 


9 ^r_y_ 2a+3y _ ^ 
3 ~ o — 


10 f'H 4 ’ r-M 


11 J ~- 1 0-g _ y-10 2y+4 2a: -fy g+13 
5 “ 3 = 4 ’ 3 “ 8 = 4 


12 3ar+g as ny-^ T 2=22 13 *P=2~2y, 

2y . 4 .^ = ; 

15. S(2i-3y)-(2z+3y)=l, (2ar-3y)-4(2x-3y)-2 
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Solve the equations 

ir a jll — ^+3 _ 0 
16 y+2~2y+l- 2 

18 ^(3*-4y)=^(*-y-3), £(»-y+7)=^(4i;-3y) 

» r+T 8 “ 

21. 3x+4y=ll, &c+3y=S 

23 6i + 7y+3 95=0, -^+ ^+10=0 

24 03u+06y=05, 09?, - 03t = 05 

25 2v+ 4y=l 2, 3 4a,+ 02y= 126 


5x+6 lly-5 „ 53y-12_7a OIT 

17 "10 21 ~ n ’ 25 _ 5 61 


12 ~ 60 
22 1 2x + 6y= 6, *3x- 2y= 01. 


26 -H= 123 . H = 66 

27 If 3r +5y =16, and 2% - 3y =17, find the value of % +y 

28 If 3x+2y=S, and 2v+3y =2, find the values oix+y, and \ -y 

29 If 7v+ lly =2, and 8z + 13y = 1, find the value of 5z + 8 y 

30 Given that 13x-lly=17, and lla-13y=7, find the values of x+y 

and x-y 

31 -+-=5, --i=3 
x y x y 

33 -+i=5, -+ -=5 
x y x y 

35 7 - -=41, 3 --=17 
x y x y 

37. ---=2, M=2 

■ Se-D-iVs* 1 *- 


32 -+-=12, ---=4 
Ay x y 

34 ? + ?=28, - h-=27 
x y x y 

36 ’~ 6 =3, ? + *?=12 
x y ’ X 2y 

38 -+-=1, ---=9 
x y x y 


SIMULTANEOUS EQUATIONS WITH THREE UNKNOWN 

QUANTITIES 

*61. The method is similar to that for solving equations with 
two unknowns Here however we shall need thee equations 

Example 1 Solve the equations, 2*+3y- s=5, (1) 

3t-4y+2s=l, (2) 

4®-6y+5z=7 (3) 

First let us eliminate z from equations (I) and (2) 

Multiplying (1) by 2, 4T+6y-2s=I0 

Adding (2), 3a;-4y+2s= 1 

7e+2y =11 (4) 

Next eliminate s from equations (1) and (3) 
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Multiplying (I) by S, 10* + 16y -5z=25 

Adding (3), 4x-> 6y+5z= 7 

14*+ 9y =32 (5) 

Now let us solve equations (4) and (5) 

Multiplying (4) by 2, 14* +4y=22 

Subtracting from (5), 5 y = 10, 

y=2 

Substituting this value of y m (4), 7*+4=ll, 

7* =7, 

*=1 

Substituting/or both x and ym equation (1), 

2 + 6 - 2 = 5 , 

-z= -3, 
z= 3 


y=2 [■ is the reqd solution. 
z=3 j 


Example 2. Solve the equations ^.+-=7, 

x y 

* i 


M« 32 

V ‘ 


Here ee shall first solve for - and - 

x y z 

Enst eliminate - from (2) and (3) 

2 o in 


z 

Multiplying (2) by 4, 

i * » » 

§_L? = _36 
x z 

(3) by 3, 

2+-= 90 
y = 

Adding, 

§4.?« 60 

* y 

Multiplying (1) by 9, 

?+2= os 

x y 

By subtraction, 

u 

* 


,_i 

*“7 

Substituting for * in 

equation (1), 3+^=7, 


(1) 

( 2 ) 
(3) 
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Substituting for y in equation (3), 

3x4+-=32, 

z 

3+5=8, 


« 



2 = i 


is the reqd solution 


d* 1/ 2 

Example 3. Solve the equations -=^+1=^ ~3, 


2 


From the first equation 
Multiplying both tides by 24, 


V S _n 

2 5“ 2 

*J.x 

3 8 + ' 

8x=3y+24, 

8x-3y=24 


Also from the first equation ^ + 1 = * - 3 

Multiplying both sides by 8, y +8=4 z -24, 

y-4z= -32 

Multiplying both sides of ^ 1 =2 by 10, 


5y-2z~ 20. 

Multiplying by 2, 10y-4a= 40 

Subtracting (2), y-4z= -32 

9y= 72 
y- 8 

Substituting this value of y in equation (1), 

8® -24=24, 

8a; =48, 
x— 0 

Substitutmg for y m equation (2), 

8 - 42 = - 32 , 

-4z= -40, 

2 = 10 

.. *= Ci 

y= 8[ is the reqd solution. 

2=10 i 


W 

( 2 ) 

( 3 ) 
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^Examples, X. c. 

Solve the following equations 

1 3z+4t/-z=19, 2 x+2j/+z=16, 

5x+2«/+z=16, s-2y+3z=12, 

2*+3y+2z=ll 4x+2y+z=22 


5x+2y+z—15, 

2x+3y+2z=ll 

4. *+y+z=12, 

5x+Qy -3z= 2, 
3x+4y-4z= -14 


7. ®+y-z=2, 
3*+y-z=8, 

x-t/+2z= -0 

10 2x-jr=12, 
3z-4z=36, 
*-*=11 


5 3x-2y -z=l, 
4r -3y+4z= -3, 
2 x-ry-5z- -2 


8 *+y+z=18, 
x-y+z=12, 
x+y-z= 6 


3 5x-3y+4z=35, 
x+3y-4z= -23, 
2x -5 j/t62=43 

B “.Jx 2 -! 

6 * 2 3 + 4“ lf 

X J Z - q 
3 + 4~2~ ” 8, 

*JL£- 1© 

4 2 3“ iy 

9 *-2y=10, 
3y+4z= -26, 
y -4z=lS 


11 *+y+z=20, 12 5+7+o=24, 

8*+4jf+2z=50, iti 

27x+9y+3z=64 *+?xi=29 


Hr* 


10 _ Z+S « 

13. x - y = y - z =^-=2 

15. +-=9, 

x y z ’ 

* tf + z 3 ’ 

LL1-1 

S + 'J z ‘ 

17. g ^ 1 -?- 3 - 5 - 6 
2 “ 4 “ 6 » 
*+ y + z = 33 


H. x S 3 JL^ = ?£z^ =2 ( z - y ) 

16 ?+-=18, 

* y 

?+- =23, 
y * 

-+-=19 
s x 

ia 3x 4?/_5z 
18 2"~'3 “ 4 ’ 

*+2y-z=82 


CHAPTER XI 

BRACKETS 

62 When two or more pans of brackets occur uithw one 
another, the best plan is to remove the outermost first After a 
little practice, several pairs may be removed in one step 
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Example 1. Prove that 8a - {3o + (2a - 5)} =3o +6 
(In removing the curly bracket we must look upon all the terms in the 
plain bracket as a single quantity ) 

The given expression =8o-3o-(2o-5) 

=5o-2o+5 

=3c+5 QED 

Example 2 Simplify 3 {6s - 2 (2x - 1 )} 

[Every term inside the curly braokets must be multiplied by 3, and each 
term inside the plain brackets must be multiplied by 2 as well ] 

The given expression = 1 8a, - 6(2x - 1 ) 

=18x-12x+6 

=Gt+G 

Examples. XI a 

Brave the following 

(Remove one pair of brackets at a time ) 

I a-{b-(c+d)}=a-b+c+d 2 Ga-{2a+(a-6)}=3a+5 

3 4a-{3a-(2a-a)}=2a 4 7 x+{2x-(3t-4)}-Gx+4 

5 a-{a-[a-a)}=0 6 3-{4x-(2x+4)+I}=6-2x 

7 9x+{3x-(4x-2)+x}=9x+2 8 7-{4x+(2x-3)+7}“3-6x 

9 14 -{12 -(2x-6)-9x}=llx-4 

10 12x-{3t-(7x -9)+(2»-3)}=sl4x-6 

II 24 - {5t - ( 2r +5) - (3x - 7)} =22 12 2{x+3(x-2)}=8x-12 

13 3{7r - 2(3r -4)} =3x+24 14 4{3a-(a-2a)}=:16a 

15 2 -3{x-2 -5(x -l)}=12x -7 

16 6-2{x-3-(x+4)+3(x-2)}=32-6* 

17 7{2-3(x-4)+4(x-G)}=7x-70 18 6{x-A(x-l)}=3x+3 

19. 8{2x-i(6x+5)}=4x-10 20 6{v - $(2* - 7) + §(x -6)} =5x - 1. 

Simplifi the follow mg, removing both pairs of brackets m one step 
21 3x+{2x-(x+2)} 22 6-{o-(3-x)} 23 2x-{3x+(x-2)} 

24 Gx+{3-(2x-5)} 25 9-{-2 +(2x-7)} 26 a-{-6-(e-d)} 

27 a+[2a -(7a -1) -(9 -8a)] 28 Gy-[3x-(2y-x)+(3y -fix)] 

29 9a - [36 j- ( 2a - 56) - (3a +56)] 30 IIc+[-3d-(4e-3d)+e] 

31 «-[-(a-6)+(a+6)] 32 2{3x+3(x-l)} 

33 3{2x-3(2x-3)} 34 7{x-2(3-x)} 

35 3{6a-3(a-l)} 36 9{2(a-l)-3(«-7)} 

37 4{a-2(a-l)+3(a-2)} 38 5{2a-3(a-l)-(l -a)} 

39. 2x-7{3-(2x-l)-2(x-2)} 40 9r-3{y-2(3x+y)+(3y-x)> 

63 Example 1 Provo that a + [36 - {4a - (a - 6)}] = - 2a +26 
The given expression a# +36 - {4a -(a -6)} 

(In removing the square brackets [] we must look npon all the terms 
within the curly brackets as a single quantity ) 

—a +36 — 4a +(a —6). 
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(Regarding (a -6) as a single quantity as before ] 

=a+36 -4a+a-b 
—la -4a-3b-b 
= -2a±2b 

Or, more shortly, the given expression 

=a- u 36 -4cT-a -6 
=:2a -4a +36 -6 
= -2a -2b 

This is easy to understand if we remember that the plus 
precedmg the square bracket does not alter the minus preceding 
the curly bracket, whilst the minus precedmg the curly bracket 
changes the minus precedmg the plam bracket mto plus 

Example 2 Simplify the expression 

4[a - 3{a - 2(6 - e) + 2c} -4 (a - 6)] 

Every term inside the square brackets must be multiplied by 4 
Every term inside the curly brackets must be multiplied by 3 as tcell 
Also ( b -c) must be multiplied by 2 as well as by 3 and 4 
(o -6) must be multiplied by 4 a 4 
The given expression 

-12{o-2At2c-t2c} - 16(o -b) 

=*4a - 12a -1-246 -24c -24c - 16a + 166 
= -24a +406 -48c 

Example 3 

a-26-[3a-56-{2a -3c-(5a-2e-3a~6-2c)}] 
so -26 - 3a +66 T-2a - 3c T 5a - 2c -3a +6 -2c 
s=2a+46-7e. 

Explanation The minus preceding the first square bracket 
(D operating on the minus preceding the first curly bracket ({) 
makes it plus 

Thus the plus m front of the first plam bracket remams plus 
and the minus precedmg the vinculum remams minus 
The work of the above might be given m greater detail thus * 
The given expression 

- 26 - 3a + 56 + {2a - 3c + (da - 2c - 3a - 6 + 2c)} 

= a - 26 - 3a + 56 + 2a - 3c + (5a - 2c - 3a - b + 2c) 
■«a-26-3a+56+2a-3o+3cr-2c-3a-6-2c 
=a -2b-3a+ob-2a-3c+5a-2c-3a- i -b-2c 
as before. 
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Examples. XI. b 


Remove the brackets and collect the like terms m the following 
expressions 


1 4a-{3a-(2a-a)} 

3 a -{a+(a -o+i)} 

7 + [6 -2(3 + 1) - 4(* - 2)] 
a 8 + 6« _ [ n (Q +6) -6(6 -a)] 

6[a -2{6 ~4(c +d)}] -4 [a -2{6 -3(c -rf)}] 

4v-8 3t-0 I6 x+6 

2 5 s 11 ?(*+?) +£(*-?) 


5 

7 

9 

10 . 


2 a-[a-(a-ft-o)]. 

4. 2u-^-{6a.-(5t-b*.)+2a-}] 
6 4a-3[a-4(l-a)] 

8 M{l-£(l-a,)} 


12 *>(x+y)-li(x~y) 13. a(6 -e) +6(e -a) +c(a -6). 

14 -C-{~( :*)>] 

Prove the following 

15. 36 - {oa -[On +(12a -36)3 -a} =14 a 

16 9(6 - c) - [ - Jo - 6 - 4{e - 6 + n)}] « - 3o + 126 - 13c. 

17 5t s -(3T-x a -4)+2(v a -x-5)=8® a -5i:+6 

18 4a - [2a - {26 (a + y) - 26 (a, - y)] = 2a + 46y 

When a=l, 6-2, c =0, prove that 

19 o -2(6 -c) +3(2o -46) -G(c -2a -36) =27. 

20 36 - [5a - (6a + (14a - 36) - 2a}] * 13 

21 36c - [4a6 + {3a - (12a - 76) - 2a6c}] = -13 

22 4[a-2(6-e)-{a-(6-2)}] = -16 


Express tho follow mg in their Bunplest forms 

23 7a -[36 -{4a -(3a -26)}] 

24 a - (6 -c) - {6 - (a -c)} - [a - {26 -(a -c)}] 

25 a-[3a+e-{4a-(36-c)}+36] 

26 3a -[2a -2{a -(a -l)}+2] 27 6a -[36 -{2a -(6a -36)}] 

28 a-[36+{3c-2a-(a-6)}+2a-(6-3c)J 

29 3{a -2[6 -4(c -3)]} -4{a -3[6 +4(c+rf)]> 

30 a -[2a -{3a -(4a -3a -7)}] 

31 4a*-2x(.r-2y)+2y(2y+;r)-2rS 

32 2[3a6 -a{ -6+6(2 +a)} +3 {a(2 -6)+«m 

33 * s -2x(«s-a:(2-x)} + 3{j K a_ a .( a ._ 1 )] t 

34 3a-2[3a -2 (3a -2(3a-2a+6)+6}+6] 

35 3a - 4[2a - 3 {4a - 3a~6} - 46] a 24a 

36 4{4 -4(4 -a) +a} -3{a -3(a -3) +3} 

37 3[xy +r{y -y(3+g)} +2{x(3 -y) -x®y}]. 

38 x —xjx +r(x - 1 — a-)] 

Prove the following 

39 ^£"1 2 -# 1 1 

39 ~4 5“ +5 =2- when*s=l. 
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40 = z^2‘ rtEn:c = 7 - 

42 jrrj^4 =0 ’ ,rhe ° , ' = ' 12 

43 S -&+l)-8=S-l,wh«*=24 

o 16 

x-4 z-5 x-2 , .. 

44 —• **“ ** M 

45 ,-l-E±|=0,ri«nx=5 

» e Ci^-l 3— 6a? .« . 0 

46 ■?rr-^rr = - 4 S >' A “* =2 


19 


41 s — s'? — ?=0, whenx=2. 
3*-2 7z-l 


Insertion of brackets 

*64. In the preceding articles we have dealt with the removal 
of brackets Sometimes it is necessary to insert brackets, and the 
rules for doing so will obviously be the converse of the roles for 
‘ their removal 

Anynumbei of terms may be placed u ithin brackets with the positne 
sign (+) prefixed, without changing the signs of the terms included in 
the brackets 

Any number of terms may be placed rnthn brackets with the negatue 
sign ( - ) prefixed , provided that the sign of each term included in the 
hackets is changed 

Thus 2fl+36-4o-od=2a+(36-4c-5d)* 

Also the same expression = 2a + 36 - (4c od), 

ac~bd+bc-ad=ac-[bd-bc J -ad) 

=ac-{bd-bc) -ad 

When all the terms within a pair of brackets have a common 
factor, that common factor may be removed and placed outside 
the bracket as a multiplier 

4a -(on ~5d) s =4a -5(a -d) 
z 3_(2x 2 -4z+6)=r 5 -2(a?-2x+3) 

Example Collect m brackets the like powers of x m the expression 

car 5 -cx 5 -dx - 6i* -dr-ax 

The given expression 

—ax* -bx*—cxr -dr -dr —ax 

= 3^(0 -6} -r(c—d) -x{d-c) 
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^Examples. XI. c. 

Arrange the following expressions in descending powers of x, bracketing 
the coefficients of the different powers of x 

1 2a?-fa+a+a?+aa? -2ax-l 

2 tf-2ax+a i +ofl-2bx+b a +3fi-2cx+c a 

3 x?y-y a x+x? -y 3 -xz i -i-z s z 

4 a a -3a a 2+2ax i -a?+b i -'3b 2 z+3bz 2 -a? 

5 a-ax+ba?-baP-bx+c+aa? 6 pV +2px +p i - (px 1 - 2qx - q a 

Bracket the powers of a; in the following expressions in descending order 
and so that the signs preceding the braokets are all positive 

7 axP-btf+cx+d-bsP+cx? -ax-e 

8 2x i -3x 2 +fa?-7x+bx i -ax-axP-ax* 

9 a?+y 3 -3xy a +3a?y+Sxz a ~2si?z 10 ax* -bx+c-caP+cx-btf-bax 3 

11 a3?-ba?~ai?-p3?+qa?+n? 

12 3(m+n)x?y ~2mzy a -2 (m -n)s?y +2 nxy a 

Bracket the powers of a; in the following expressions so that the signs 
preceding the brackets are aU negative 

13 atf+px* -qx+c-ba? -cx a -dx-p 

14 ax- -bx-c-boc? -ba?+cx+d -ax? 

15 aa?-(a-l)x+2a+(S-2a)x~bx? 


65 Identities An equation which is true for all values of 
the symbols used is called an identity 

The symbol s is often used to denote that two expressions are 
identically equal, t e that they are equal for all values of the 
Bymbols used 

Thus when we write a —b = —b+a, we mmn that a—b and 
-b+a are equal whatever valuea we assign to the symbols 
a and b 

Examp le 1 Prove the truth of the following identity 


2 a-b ,4a+46 J . L 
4o g— + — - — =4a+6 

A „ 2a ~b , 4a+4b . 2a. b. 4a ,4b 

“ f~ + ~6- s4s -T 4 T , -¥ + T 

2a , 2o , 6 .26 

■ fa -y + v + * + T 


s4a+6 


QED 


To prove the truth of an identify when both sides of the equa- 
tion are somewhat complicated, it is often advisable to simplify 
each side separately 
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3* -y +4 jjc - [zy - x - Js 5 (x -y - 1) -4 (y -x) -4y - 6* - 3 

32 - y +4 |jr - (%y -x - J s 3r - y 4z - 4 (3y - x - x j-2) 

= 3x - y A 4® - 1 2y + 8® - 8 
sl5*-13y-8 


5(* -y - 1) -4(y - 3 ) -4y + 6* - 3s5® - 5y - 5 - 4y + 4x - 4y + (te - 3 

=152-I3y-8 (2) 

from (1) and (2), 

3*-y+4^*-^3y-a:-^iJJs5(*-y-l)-4fy-2)-4yJ-6T-3 

Example 3 Simplify the expression * - 5 - [3 {a; - (3 +x)}], and hence 
determine uhat value of z will make it equal to zero 

The given expression =2-5-3 - 3 + 3+2 


= 2 - 0 , 

. it is equal to zero when 2=5 
Example 4 Prove that -1 (43 r 2)=- 2 ^- 

5L2L I? -1(43+2) (The L c ai of 2, 3 and 5 is 30 ) 

_ 15 x 72 10(2 - 8) 6 x 4(43 + 2) 

“16x2 10x3 6x5 

lOox - lOz + 80 - 06r -48 

30 

_ 1052 - 102 - 98z + 80 - 48 
B 30 

_ 32-3 
~ 30 

Example 5. Find the simplest form of the expression 

3-1 2x-3 32-1 
o ‘ 4 + 2 
Tlie icm of 5, 4 and 2 is 20 
Therefore multiplying numerator and denominator 
of the first fraction In 4, 
second 5, 

third 10, 

_ 4(3-1) 3(2x- 3). 10(33-1) 

the given enpresion*-^-'-^ 

4z-4 -lOt-t 15 302-10 
“ 20 
242-4 
“ 20 
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Examples. XI d. 

Prove the following identities 


, „ Dii-b . 

1. C a g — s2a 

3 2a+2[a -2(b-c)]si(a-b+c) 
- 4r-3 8x-6 n 

5 j-sO 

_ x-2 2x - 1 x 5x- 10 


2 la-^4 

A 2a: -3 ft-Zx+y_4x-y 
* 4 2 “ 2 1 

e *-3 „ a?-l_ a;-51 
6 4 “ 2 " 6 ” 20 


4 


2' 


12 

72 - Or 


8 x-l- 


x~2 *+3_5*+6 
2 T 3 " 6 


9 


11 


7a; — 11 9a; -17 7 


^ a:+l 
20 40 


10 

12 10(*+3)+7(|-*)— V- s3t+23 


8 10 

13 4a;-3{5a;-8(a;+-*)}£l3a:+12 

. A x+ 7 3a? . lf4> ... 7*-35 

14 ,—*-<*-*)+}<*-*»>- -jj- 

i /o». i -i l /#_ , ff\ 3a; 88a; + 170 

15 - r (3a;+j)- 7 (2z+7)-^a= — 

1e V-3 7a: +9 8a;-|>19 21x+9 

16 4 io + - 8 ~ s -rr 

17 Sunphfv the expression 12 — [4a; -2(3 —a?) — 5 («- 3)], and henco deter^ 

mine uhat value of x mil make it equal to zero. 

18 What \alue of x noil make the expression 6(*-3)-4(a;-2) equal to- 

zero ’ 

19 What \ alue of x mil make the expression 

3a; -10 -(3a; -7) -{4 -2a -(6a; -3)} equal to zero 9 

20 What value of x mil make 

2z-3 4a:-6,0a: + lG 


"3- + - 


10 


equal to zero ? 


Simplify the following expressions 


21 

X ±1 

2 * 

2z+l 

i 


22 

a:-3 

3 

x-4 

4 


23 

a; , x-3 

g + “T 

24 

X X- 

l 


25 

3* 3 

:-3 



z-3 *-4 

~i~ 7 



6 

4 


<50 

~T + 3 ' 

27 

4 x -3 

x-2 




90 

3a; +5 

4a; +5 


b 

" 4 




«o 

6 

" 8 


29 

x-0 

2a; -1 

x+5 



30 

a: -8 

3a; -7 

2x+ 3 

j 

3~ + 

2 



4 

~0~ 

2 

31 

2a; -3 
G 

3a: -3 
“ 0 

, x +2 

4 



32 

3a; -8 
S 

2a?+7 

*~io~ 

to 

l 0 

1 
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CHAPTER Xn 

REVISION PAPERS 
xn. a 

i u „_*2*-3 3<E-5,5:e+3 7z+5_x 

1 Proreftat-g r t-, io-=g 

2 Multiply 3 z-5y by 5* +7 y, and find the remainder when the result 
is divided by 5x - 8y 


3 Solve the equation = hj 


Check your result. 


4 Find values of x and y which will satisfy both the equations, 
3s 


2 


-2y=7, 2z-f =7 


Check your result 

5 How many pence are there m £a+b half-crowns +c florins ’ 

How many pounds are there m a half-sovereigns +ft half-crowns 
+c shillings » 

6 On squared paper take two lines AB, AC, at right angles, such that 
AB =2 4 m , and AO =3 2 in. Find, without actual measurement, the 
length of BC 

7 Three quarters of a certain number exceeds two thuds of it by 4 
hind the number Check your result 


XU.b 

1 Simplify the expression g -- 

Chcck your result by puttmg x~5 

2 Divide 21a 9 -ab - 106 2 by 7 a -5b, and multiply the quotient by 3a - 2b 

3 Solve the equation ^(*-1) J-|(I -2z) - 2 s=0 Check your result 

4. Whkt values of x and y will make both 5x-2y, and 3 (y-z) equal 
*°3» Check your result 

5 A man walks a miles m b hours How manv miles does ho walk in 
an hour ’ How many minutes does ho take to walk one mile * How long 
uoes he take to walk x miles * 

6 Solve tho following problem on squared paper, without actual 
measurement A man walks 1 4- miles East, and then 3 miles North How 

u he then from his starting point ’ 

7 From a cask Xths full 36 gallons are drawn, and the cask is then 
jbund to be half full How many gallons does it contain when full 1 
'•neck your result 
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XU. c . 

L Divide 22s 3 - C7s - 35 by 2s - 7 Check your result by using s=2. 

2. Simplify (2s+ 3) (3s - 1) + (2s - 5) (5s - 3) - (4s - 3) 3 

3 Solve the equation (s~3) s - (s -4)*s:3 

4 What values of s and y will make both 

aJ -^— and equal to s- 10 ? 

w 0 i 

5 1 was s years old 5 years ago How old shall I bo 7 years hence ? 
How old was I 21 years ago ? In how many years from now shall 1 bo 
s +21 yearn old ? In how many years from now shall I be 45 years old ? 

6 A man walks 3 7 miles South, and then m a direction duo West, 
until he is 5 miles in a straight line from his starting point Find by 
means of squared paper, without actual measurement, the distance ho 
walked m a westerly dirootion, to the nearest tenth of a mile 

7. A man sold half his oranges and half on orange more, and then found 
he had 25 left How many had he at first ? Cheek your result 

XU.d. 

1 Simplify the expression B [3a -2(1 -3ar)+£{3-(4 - x )} +2] 

2. Prove that (3x-l)(3x+l)-(l -x)(l +*)+3(l -2z)(i +2*)sl -2x\ 

3 Solve the equation (x - 3)(x +l)-(x+ 2)(x - 5) =0 Check your result 

4 Prove that if X -^ - = 0, then z—2y Hence write doi/n 

three positive integral solutions of the equation 

5 If a lbs of cheese cost b pence, how much will 1 lb cost ? How muoh 
will x lbs cost ? How much cheese shall I got for a shilling f 

6 A straight wire joins the top cads of two vortical posts, 17 ft and 
24 ft high respectively, 35 feet apart By means of squared paper, without 
actual measurement, find the length of the wire to tho nearest foot 

7 A is 13 years older than B Also A is as muoh above 57 as B is below 60. 
Find their ages Cheok your result 

XU.e. 

1 Divide apz+qx-Bap-Bq by x-5 Cheek your result by multiph 
cation 

2 Provo that (x-a)*+(®+o) a -(2a!-a)(*-2o)s5(»!C 

3. What value of ar will make %(z~4)+2(x-3)-l} equal to zero 1 

Check your result 

4 Solve the equations 3, 

s~3y _ T 4y-x 
4 -1 8 * 
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5 Write down the number which exceeds one-third of x by 14 

one-quarter of 52 by x. 

x+1 by x-1 

— by 2 

6 A man walks 21 miles East, then 3 miles North He then walks due 
South-west until he is due North of his starting point How far is he then 
from home ’ and how far has he walked ? Solve the problem on squared 
paper without actual measurement 

7 A is 10 years older than B In 8 years B’s age will be £ of A’s 
Find then: ages Check your result 

xn.f 

1 Simplify the expression an ^ benco 

detcrmme what value of x will make it equal to zero 

2 Prove that 2{a:+3a) 8 +3(a:-2fl) a -5(a*+eo s )=0 

3 What value of x will make 6[34--^{2«-5(a:~l)}+2] equal to zero? 
Check your result 

4. Find the values of a and y if — ^ =^—=1, when x-2 

5. Eggs sell at a pence a score How much will 100 eggs cost ’ How 
much will a dozen cost * How many eggs sell for a shilling ’ 

0 A man walks 4 miles West, 3 4 miles North, and then straight 
towards his starting point until he is one mile from it How far has he 
walked’ 

7, If /(z)=3r J -2z+l, and <ft[x) =4** - 3* -2, find the value of 

3/(3) -2^(2) 


sn. g. 

1 Find the value of 1 - 3x - 4ar, when x= -3, -2, -1, 0, 1, 2, 3 
Tabulate jour work 

2 The weight (W lbs) of a square cut beam of ash is gnen by the 
formula W=4 5c ! /, where l feet is its length, and a feet the length of an 
edge of its square end Find the w eight of such a beam in lbs 

(1) 20 feet long and 0 in square 

(2) 13 feet long and 8 m square 

3 Solve the equation (z J -l)(x-2)(x-5)=(z-l)(a+2)(x~3) 

4 Divide 224 into two parts winch differ bj 10 

5 What values of x and y will mike both 

- and * equal to 3’ 
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6 Solve the equations 

3(a:-y)+5s-4s=0, 

®-*-6y-2s=9 

7 A donkey tethered to a post can graze over a circle of 40 feet radios 
The shortest distance from the post to a straight hedge is 25 feet Over 
what length of hedge can the donkey graze ? Solve ozTsquared paper. 

XU h 

1 Find the values of 3a£-4a?+7 when x— -3, -2, -1. 0, 1, 2, 3 
Tabulate your work. 

2 If a room is l feet king, b feet wide, and h feet high, the area of its 
walls is 2h{l-b) Find the area of the walls of a room 10 feet high, 13 ft 
6 in. wide, and 15 feet long 

3 Solve the equation 4(z-l) s -(2x~l)(2z~5)—5 

4 If 5x-y=S, and oy -x=20, find the values of x+y mdx-y 

o The sum of five consecutive odd numbers is 275 find them 

6 A man walks 2 6 miles West, then 3*5 miles Xorth, and then 
2 miles South-east How far is he then from his starting point ? 

7. Solve the equations 


2(z -y j- 2=) =12 -*-y -z, 
3{ar-y)=s-y-16, 
6(*-«-y)=2(y~2s-2) 



xitr.] 


CO-ORDINATES AND GRAPHS 


09 


CHAPTER xm 

CO ORDINATES, AND GRAPHS OP STRAIGHT LINES 

[All graphs should be drawn on squared paper It should be ruled to 
show inches and tenths of an inch, or centimetres and millimetres ] 

66. Take two straight lines, XOX', YOY', at right angles to one 
another Let P be any point in their plane, and draw PN, PM 
perpendicular to XOX' and YOY' respectively. 

Let PM=a, and PH-y. 

These values, x and y, determine the position of the point P ; 
i e if we know the values of x and y, we can draw the pomt P. 

For instance, if x=5, and y=Z , along OX measure ON =5, and 
along OY measure OM = 3 units of length Then PM -ON =6, and 
PN=OM =3, and therefore P is the point we required to find. 



x and y are called the co-ordinates of the pomt P , XOX', YOY' 
the arcs of co-ordumtcr, or, more shortly, the axes ; 0 the origin 
P is often described as the pomt (x, y) 
x is called the abscissa, and y the ordinate of the pomt P 
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If lines drawn in one direction are taken as positive, then lines 
drawn in the opposite direction must be taken as negative. 

Lines drawn m the directions OX, OY are usually considered 
positive, and therefore lines drawn in the directions OX', OY' are 
taken as negative 

For example, m the accompanying diagram, at Q the abscissa 
is negative, and the ordinate positive At R the abscissa is 
negative, and also the ordinate At S the abscissa is positive 
and the ordinate negative 

In practice, it is simplest to draw the point (5, 3) in the 
following way 

Along OX measure ON* 5, and at N draw NP perpendicular 
to ON in the direction OY, the positive direction, and make 
NP-3 We then have the same point as m the paragraph above 

Example 1. Plot the point (6, 8} and find its distance from the ongra. 



Draw axes XOX', YOY', and using a side of each square as rant, tale 
ON *6 units along OX 

Along the vertical line through N , and in the positive direction, take 
N A =8 units 
A is the point (0, 8) 
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With centre 0 and radius OA describe a circle cutting OX at B 

The distance reqd =OA=OB=10 units, as ire see from the diagram 

Example 2 Plot the points (6, 8) ( -6, 3), and find the length of the 
line joining them 

Plot the pt (6, 8) (See diagram in above example ) 

Along OX" take OM=6 units, and along the vertical line through M, 
and in the positive direction, take MC =3 units 

Cwthept (-8,3) 

With centre A and radius AC, describe a circle cutting the horizontal 
line through A at the pomt D 

The length reqd = AC =AD =13 units, as we see from the diagram 

We might also find the length of AC in the following manner 

Prom the diagram, AK=5 units, and CK = 12 units 
AC 2 =AK S +CK 2 =5 2 +12 2 =160 , 

AC =13 units 

Example 3 To find the area of the tnangle formed by joining the 
points (4, 8), (9, -6), ( -7, -5) 

[The area of a tnangle ib equal to one-half the product of its base and 
altitude ] 



M e see that the base BC=16 units 
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Also if the vertical line through A meets the base at N, AN is the 
altitude of the triangle, and is equal to 13 units 

the area of the A =£BC x AN x 16 r 13=8 x 13 =104 square units 

Example 4 To find the area of a triangle by counting squares. 

Find the area of (he triangle jomtng the points (7, 6), ( -6, 7), (3, -8) 



Plot out the points as shown in the diagram, and form the tnangle 

Xow let us count up the number of squares in the tnangle, counting as 
whole squares those which are equal to or greater than has a square, ana 
ignoring those which are less than half a square 

Beginning with the top horizontal row, the numbers m the different 
rows are 7, 12, 11, 10, 9, 9, 8, 6, 6, 5, 4, 3, 2, 1. 

Adding these up, the total number of squares is 93 
the area of the tnangle is 93 square units 

When one side of a rectilineal figure is drawn along a line of 
squared paper, its area can easily be found by dividing the figui® 
into rectangles and right-angled tnangles 


xm] CO-ORDINATES AND GRAPHS 

Example 5 Find the area of the figure ABCD in the diagram 
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BE F C 

i 


Draw AE and DF perpendicular to BC, and DG perpendicular to AE 
AABE=}BEx AE=£x 4 x 14= 28 sq units 
A AGO -$A 8 x GO -i x 4x10= 20 
ADFC=iDFxFC=ixlOx 5 - 25 
Fig DFEG= DF x EF= 10x10=100 

the area of ABCD =173 sq units 


Example 6 To find the area of the figure ABCD in the diagram 



AAED=*AE x DE= JL x 5x15= 37Uq unit* 
AAFB=4AF x BF=j x 9x10= 8 j« 
ABGC= i BGxCG=4x 7x 8 = 28 
*DHC=3DHxCH="jxllx 6 = 33_ 

184 

ABCD =EF x FG - 184 sq units 
=14x20-184 
=304-184 
=180 
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Examples SHI, a 

1 Write down the co-ordinates of the points P lr P g , P s , Bhown m 
diagram below 


linilllllllHNflHBIIII 

liBRRRBRRRRRRRRJRRRRBIR 

iirrrrrbrrbrrrbrrbrrbbr 

jia&RRRBaaaaiiRHiBaiHiH 

iiaSumHiiiaiiiRHiR 

iiaaaaaaaaaaaHBaaaaaaia 

iiaaaaaaaHHaaaaiiBHBaiB 

liaHBBHBBBHHHBBRaaBHHIR 

glBHHBBBBHBBBBBHaflflHHIB 

|IRBBRBBBRaBBRBRIBRgaaR 
ESflaaaaar>!RHBHHaBRHHHBgB 
■IRRRBBRiuBRBRRRRIRRRRIB 
iiBBHHaaaRaaaHflaaaaaaiB 
KiiiiiiiBaaaHHflRiHaBBiR 

■^■^■KRRBRRBRRBH 



IIRRHBRBHRRHRRBBIHRHHIH 

liHHRBHHBRHaaHBHaBBBHIB 

ifnflRBBRRBRBRRB^iaRRBIR 

IMRRRRRRRRRRRRalBRRRBIR 

IIIRRRHRHHRHHHHHBIIHRRIR 


iiiiiiiijiiiii] 

laaiaiaiiaaiiR 

IHHIHBHIIBHII 

IBRIHIBIIBIIII 

kBRiRaaitaaaai 

BHiaiBKBaaai 

BBIBIBIIRBBBI 

rbiririirrrri 

RBiaaRigagRi 

aaiaaaiiBBiai 

BHBBIBI BRBBI 

aaa|aB aaajj 
hhbIqrbiibrbbi 
BB 1BBBI BBBii 
BHIHRBIIBRBil 
aaBRBRIBRBH 
!■■■■■■■■■■■ 
IRRRRRBI RBRiy 
|BaBBRRIIBBBU 

M 


ilRBBBaBBRRkRBBBaBBBBaBRaaaB*2***5SS9 

iiSSSSSSSSSSiSiSSSSSSSSnSSSSSSSSj! 

iBssssssssssBiSKsgsisas ::g: 
bsssssssassssssssssssssssssss sssss 


2 Plot the following points on squared paper 

(2,3), (2, -4), (-3,3), (-2, -4} 

3 Plot the following pans of points, and detenmni 
he middle nomts of the lines loinins them 


(i) (2, 4), (-2, -4) (u) (3, 4), (3, -4) 

(in) (6, 8), ( -2, -4) (iv) ( -3, 5), ( -5, 3) 

4 Plot the points (5, 2), (5, 1), (5, -2), (5, -4), (5, -3) 

What do you notice about them f . 

5. Plot the points (0, 6), (4 0) Join them, and determine the area o 
the triangle this line forms with the axes of co-ordinates 

6 Plot the points (3, 4), (3, -4), ( -3, 4), ( -3, -4) 
number of square units m the area of the figure formed by joining 
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7 Plot the points (3, 4), (4, 8} Jom them, and wnte down the 
ordinates of the points on this line whose abscissae are respectively 2 and 5 
Write down also the abscissae of the points whose ordinates are respectively 
-2 and 6 

8 Plot the points (3, -2), (-3, -2), (0, 4) Join them, and, by 
counting squares, determine as accurately as yon can the area of the 
triangle so formed Verify your result by calculation 

9 Determine the perimeter of the tnangle formed by joining the points 

( 8 - 0 ), (- 8 , 0 ), ( 0 , 6 ) 

10 Find the perimeter of the tnangle formed bv joining the points 

(7, 9), (-11, 20), (-17, -5) * 

11 Draw the tnangle (10, 0), (-10, 0), (0, 18) Fmd its area bv 
counting squares and verify yonr result by multiplying half the altitude by 
the base 

12 Draw a semi-circle of radius 1 S in and find its area by counting 
squares 

13 Find the area of the tnangle joining the points (4, 2), (4, 7), ( -2, 3), 
using half an inch as unit 

Fmd the lengths of the hues joining the following pairs of points 
14(0,0)(1S,20) 15 (9, 8), (-10, 19) 

16 (7,13), (-16,3) 17 (15, -12), (-15,4) 


Fmd, to the nearest hundredth of an inch, the lengths of the lme3 


18 (0,0), (24,13) 19 (32 18), (-04,27) 

20 (23, 09), (-11, -14) 21 (05, -09), (-09,23) 

Fmd the area (in squares of your paper) of the figures formed by joining 


22 A 0), (2, 1), (8, 6), (8, 1) 23 (0, 0), (0, 9), (S, 0), (8, 9) 


24 (5, -6), (5,o), (-4, -6), (-4,5) 


25 (0,0), (10,0), (14, 7), (4, 7) 
»• (0,0), (17,0), (0,12) 

29 (10,8), (-0,5), (0,17) 

31 (3,12), (-13,8), (-4,17) 


26 (-9, 5), (7, 5), (10, 13), (0,13) 
28 (13,0), (0,8), (13, 8) 

30 (-9,20), (-9,5), (11,24) 

32 (10,7), (3,16), (-8,3) 


67. Draw axes XOX' YOY', and mark a number of points 
whose abscissae are equal to 6 taking any convenient unit of 
length 
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A, B, C, D, E, in the diagram, are such points 
We thus see that all points, whoso abscissae are equal to 6, ho 
on the straight line parallel to OY and distant 6 units from it 
Moreover, if we look at any other pomt not on dm hne, we see 
that its abscissa is not equal to 6 In other words, a? =6 for all 
points on the straight lrne CE, and for no other points. 


■■■■■■■■■■■■■■warn 

■■■■■■■■■■■■■■■■■■a 



■■■■I !■■■■■ 

■■■■■■■■■■■■■■■■SH 
^■■■■■■■■■■■■■■■■■1 


■■■■■■■■■■■■ 

■■■■■■■■■■■■ 

sshbsssssh 

■■£*■■■■■■■■ 

SSSSSSSSgg 

■■■■■■■■■■■■ 

■■■■■■■■■■■I 


■■■■■■■■■■■■■■■■■■I 


■■■■■■■■■■■■■■■■■■a 

■■■■■■■■■■■■■■■■■■a 

■■■■■■■■■■■■■■■■■■■ 

EsssssssssssKsaga 

■■■■■■■■■■■■■■■■■!! 


■■■■■■■■■■■■■■■■■■■ 

■■■■■■■■■■■■■■■■■IS 

■■■■■■■■■■■■■■■■■■■ 

■■■■■■■■■■■■■■■■■■a 

Eaaaaasssasaassags 

■■■■■■■■■■■■■■■■■■I 
[■■■■■■■■■■■■■■■■■■I 


■aasssassssgi 

!»■■■■■■■■■■■ 

aaaassggssg 

Issssssggs 
laasaassgg: 

mum 

SSSiSSSgSg 

sa:asissssas 


■■■■■■■■■■■■ 


The line CE is therefore called the graph of a =6. 

We notice too that the equation x-G is true for all points on 
the lme however far we produce it in cither direction 

In the same May, if we mark a number of points whose 
ordinates arc all equal to 8 and join them, ue get a straight line 
PQ parallel to OX, and it is the graph of y =»8 

68 If m a diagram uc mark the points (2, 2), (3, 3), (l, 1)» 
(3, 3} and bo on, and join them, wc get a straight line Also i 
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(x, y) be tie co-ordinates of any point on this line, we see that 
x-y Hence this line w the guvph of x-y 



It will be seen that the points (0, 0), (-1, -1), (-2 -2), 
(-3, -3), etc , all he on this graph 

69. Dtaw the giaph of y~2x. 


When 


When 



5C = 1 

2 

A 

4 ^ 

* 1 

y=2 

4 

6 

8 



a=0 

-1 

-2 | -3 

-4 


y=o 

-2 

-4 | -G 

-S 



Joining the points thus found, we have the graph required. 
It will be seen to be a straight line through 0 the origin 

■A B —The line is of unlimited length 
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Marking m a diagram the points thuB found, and joining them, 
we have the graph rcqd 

It will be seen that the graph ib a straight line of unlimited 
length 


71. Draw Hie graph 

UbyJZll 

0 


2x-3 

5 


When 



0 

1 

2 

3 

4 

v= 

- 6 

_ o 

M 

•2 

6 

1 


Marking these points m a diagram and joining them, we have 

i A Alin 


N B —It will he seen that all graphs of expressions of the first degree* 
i e graphs obtained from equations of the first degree, are straight lines. 

Ail A*, 

72. To draw the graph of (he expression — p — , t e the graph of 

„ 26 - 2 * 0 

(he equation — g — . 

(The equation being of the first degree, its graph is a straight 
lmc It will therefore be sufficient if we plot two points on the 
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graph, for only one straight line can be drawn through two given 
points] 
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Choose convenient points 
When x«3, 

. . the pt (3, 4) is on the graph 
Wien x--2, 

0 

the pt ( -2, 6) is also on the graph 

Joining these points, P and Q m the diagram, the 1 me PQ is 
the graph reqd. 

73. Sohc graphically, on squared paper, the following equations 
2s-iy*ll s-2y=*10 

In the first equation, when y® 1, x*6 Mark this pt on the 
squared paper. 

In the same equation, when ys=>3, x=7. Mark this pt also 


110 ELEMENTARY ALGEBRA [char 

The str. line joining these pts is the graph of the first equation 
In the second equation, when y=l, a =12 Mark this pt. in 
the same diagram. 

Also m the second equation, when y~2, a: =14 Mark this pt 
The line joining these last two pts gives the graph of the 
second equation. 



From the diagram it will he seen that the str lines meet at the 
pt. (4, -3) 

Hence x=4, y*= ~3, is the reqd solution. 

Verification. In the first equation, when 

«=4, 2x4-y*sll, 

~y=ll -8=3, y~ -3 
. *==4, y<= -3 satisfy the first equation. 

In the second equation, when 8=4, 

4-2«/=10, — = 10 — 4, 
y~ -3 

sc— 4, —3 satisfy this equation also 

74 The following are very important 

(1) The co-ordinates of the origin are (0, 0). 

(2) If a point lies on the ass of x, its ordinate is zero 

(3) If a point lies on the ass of y, its abscissa is zero. 

Thus we see that the graph of ®=Q is the ass of y ; and 
the graph of y =0 is the ass of x 
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i 

< (4) The graph of x-a, where a is constant, is a str line <f to 
the axis of y. 

, The student should illustrate this by drawing graphs of 
a<=2, *«=5, a* -7, and so on. 

(5) The graph of y~b, where b is constant, is a str. line (| to 
the axis of x 

Illustrate this by drawing the graphs of y = 3, y - 4, y = - 8 

75. It is sometimes advisable to work with other units than an 
inch, or a tenth of an inch 

3a-7 

Draw the graph of — . 

Note that hero we draw the graph of a function of z. 



3jc - 7 

Let y - - g - The graph is a str line since the equation is of 

the first degree When 


a?= 

0 

4 

y= 

7 ! 5 

~v 1 y 


Taking 6 tenths of an inch to represent unity, we have the 
graph as shown in the diagram. 

B.BJL H 
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76. To find the equation of the graph which passes thiough (he points 
(2, 3)(4, X S)(6, 0)(8, -1 B)(10, -3) 

[In the diagram 10 sides of a small square are taken to 
represent unity ] 
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When we plot these points we see that they he in a str line 
.* the equation of the graph is of the first degree 
Let ax+by~c be the equation reqd 
The pt (2, 3) is on the graph, 

x-2, y=3 satisfy the equation ax+by-c, 

te 2a +3 6=c . .(1) 

The pt (6, 0) is on the graph, 

. . ®=6, y=0 satisfy the equation ax+by-c, 
le 6a~c , 




.. from(l) 36=c-g 

h-je 
cx 2 cu 

W“* 



i e 3a -fit/ =18 is the equation reqd 
The equation might also be found as follows 
Let P (a, y) be any pt on the line 

As AMP, ANB are equiangular, and therefore their sides we 
proportional 
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Whence 3a+^=18, as before 

Before drawing any graph, first tabulate the values of 
% and f/ t and then choose a convenient unit 
Make it a rule to state, in a prominent position on the 
squared paper, the unit employed. 

Let your work be very neat, and do not use a pencil with a 
thick point 

Examples. BUI b. 

[In each case stale Ik unit employed Small units are inadvisable ] 

1. In separate diagrams draw the graphs of the following 

(i) z=4 (uj y=o (w) z= -2 (iv) y=-3 

2 In the same diagram draw graphs of the following 

(i) y=3i (u) y- ~2x 

Distinguish the graphs by writing their equations on each 

3 In the same diagram draw graphs of 

M ?=** 

Distinguish them as in the previous example 
Trace on squared paper the graphs of the following 


4 y+4=0 

5 *+2 

6 x-2 

7 y-x=5 

8 y=x+6 

9 y=2z+l 

10 2x+3 

11 4-3* 

12 C-Gx 

13 y=C+2x 

14 3t+4ysl2 

15 3*-4y=12 

in 3x-5 

16 — 

17 tb 

6 

18 

10 3 4 

“I-H 

20 15x=19y 

21 3r+4y=0 

22 7x-3y=0 


24 2y=4«-l 

25 x-3y=(! 

26 2y-x=6 

27 6x=3y-5 

28 0x=5-3y 

29 llx+lly=9 



Solve the following equations graphically, and verify yonr result by 
Algebra 

30 i +2y=12, i -3y =2 (Use half an inch, or a centimetre, as unit ) 

31 4x -y=10, 2r-y=4 (Use an inch as unit ) 

32 4x- )t/=14, 3z-4y=0 (Hall-inch unit ) 

33 ix-7jf=20, 3?-2v=12 (Half-inch unit ) 

34 x=5, y-x=3 (Half inch unit ) 

35 y=3, |+0=1. (Half-inch unit ) 
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Solve the following equations graphically, and verify your result by 
Algebra 

36 x=2 8, (Half-moh unit ) 


w ~ 2 3 \ ****** ***“** u 

37 y-2x= -3, 2y+*=14 
39 5»+9y=188, 13*-2y=67 

41. t- S ~=6, 4y-^=3 


38. 2«+7y=52, 3«-5y=16 
40 2y~iz=0, y+»=21 

42 — +5=10, 2^+7=£ 


In the following, plot the points given, and find the equation of the 
graph in each case 
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CHAPTER XIV 

PROBLEMS INVOLVING SIMULTANEOUS EQUATIONS 

77 Example 1. Find two numbers such that twice the first added to 
three times the second is equal to 45, and also such that five tunes the first 


added to four times the second is equal to 74 
Let x be the first number, and y the second 
Twice the first +3 tunes the second =2 z + 3 y, 

2a +3y=45, (by hypothesis) . (1) 

5 times the first +4 tunes the second =5x +4 y (2) 

5x+4y=74, (by hypothesis) 

Multiplying (1) by 4, &e+12y=180, (3) 

(2) by 3, 15z+12y=222 (4) 


Subtracting (3) from (4), 7* =42, 

£=6 

Substituting this value of x in (1), 

2 x6+3y=45, 

3p =45 -12=33, 

If =11. 

6 and 11 are the reqd numbers 
Verification 2 x 6+3 x 11 =12+33=45, 

5x6+4x11=30+44=74 

Example 2 Five years ago A was twice as old as B, and 6 years hence 
their united ages will come to 82 Find their present ages 
Let x yean be A’s present age, and y yean B’s present age 
5 j can ago, A ’a age was * -6, and B’s age y - 5 


by hypothesis, 

x-5=2(y-5), 

x-5=2t/-10, 



x-2y= -5, 

(1) 

jean hence, A’s age will bo x+C yean, and B’s agey+0, 


by hypothesis, 

x+O+y +6=82, 



zi y=70, . . 

(2) 

Subtracting (1) and (2) 

-3y= -73, 

23 


Substituting in (1), 

x — 50 = — 5, 



x=43 

A’s present age is 45, and B's 25 

In representing numbers of more than one digit algebraically, we must 
remember that 23 means 2 x 10 t 3, and not 2 x 3 

Thus the number, whose tens’ digit is x and units’ digit y, is lOx +y, and 
not xy, for xy denotes x xy. 
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Example 3. The sum of the digits of a certain number, less than 100, 
is 11, and if the digits oro reversed, the number is diminished by 0 Find 
the number 

Since the number is less than 100, it htus two digits 

Let a: be the tens* digit, and y the units’ digit 

By the first hypothesis, *+y=ll . . . (1) 

The number obtained by reversing the digits is lOy +* 

. by the second hypothesis, 10 * + y - {10y + *) - 9, 

10*+y-10y-*=9, 

9? -Sty =9, 


Adding (1) and (2) 

Substituting this value in (1), 
the reqd. number is 

Verification. The sum of the digits 


x-y-l 
2 * = 12 , 
*= 6 . 
y=5 
10x0+5=65 

=0+5=11, 

65-50=9 


Example 4. A man walks two thirds of a journoy at 4 miles an hour, 
then bioycles back for one quarter of the whole journey at 8 miles an hour, 
and turning round, runs the rest of the way, taking 9 hours over the whole 
journey fi he had run the whole distance at the rate at which he did the 
last part, he would have taken 4$- hours find his rate of running 

Let a miles be the whole distance, and suppose he ran * miles per hour 
He walks 4 miles m 1 hour , 

1 mile in ^ hour , 

~ miles m ~ x | = g hours • W 

He bicyolea 8 miles m on hour , 

1 mile in £ hour , 

| miles m ^ hours ( 2 ) 


His distal \ now from tho end of his journey 

' On n In 


1 2a , a 7» 

= “"T + i“Iz 

He runs * miles an hour , 

. X mile in - hour , 

* 

miles m ~ hours 


From (1), (2), (3), 


6 32^12* 


Sunplifymg this, 


19a +56 -=864, 
x 
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He runs x miles in an hour , 
a miles in - hours , 



Substituting this value of - m (4), 

X 

19a +8 x 32 = 864, 

whence a =32 miles 

7a 

From (5), *=—=7 miles an hour 


Examples XIV. a. 

1 The sum of two numbers is 29, and their difference is 5 find them 

2 Three times the sum of two numbers is 61, and their difference is 7 
find them 

3 Find two numbers such that three tunes the first and twice the 
second together make 34, and three times the first together with five times 
the second make 68 

4 Half the sum of two numbers is 11, and half their difference is 2 
find the numbers 

5 Si\ pounds of sugar and three pounds of cheese cost 4s 3d , and five 
pounds of sugar and six pounds of cheese cost 6f 2d find the cost of sugar 
and cheese per pound 

6 I have 10 corns consisting of half-crowns and florins, together 
amounting to 23s 6 d How many corns have I of each sort ? 

7. At a meeting of a cncket club to elect a captain, 75 members were 
present, and the captain was elected by a majority of 13, all voting How 
many voted for ana against 7 

8 Si\ vears ago I was three times as old os my brother, and now I am 
tw icc as ofd find our present ages 

9 The daily wages of 10 men and 7 boys amount to £2 2s if a man 
cams in two days as much os a boy earns in seven days, find wbat each 
earns per day 

10 Four times A’s ago exceeds B’s age bv 16, and one-fifth of A’s ago is 
equal to one sixteenth of B's age Find their ages 

IX Ten xeare ago a father was se\en times as old as his son, two jeans 
hence twice his age will be equal to five times his son’s What are their 
present ages ? 

12 When A and B begin to trade, B's capital is four ninths of A's 
Each of them gams £30 and then A’s capital is twice B’s Find the 
or gmal capitals 

13 A man s ago is three times that of his son, m fifteen years it will ho 
double that of his son How old is each now ’ 

14 A man rcccn es Is 6 d for cvcrj day that he works, but is fined ono 
shilling for e\erx daj that ho is absent* After 20 dajs he receives the 
snmc wages that ho would lia\e earned by steadily working for 11 days. 
How many daj«, was he absent from work 7 
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15. A sum of £2 15s Od is noid in florins and half crowns , ilioro being 
26 coins m all how many arc thoro of oach ? 

16. Tho sum of two digits of a number is 0, if tho digits arc lovorsod, 
the now number is four-sovonths of wliat it was before Find tho number 

17. A man travels tho first half of a journey at a uniform speed, and 
tho second half at double the speed, completing the journey m 10 hour) 
48 minutes He travels tho whole way book at n mile an houi faster than 
ho originally started, and does tho return journey in 12 hours. Ifad tho 
length of tho journey, and tho man's stalling paoc 

18 Two men start from two places 48 miles apart Wiien thoy travel 
m opposito directions, thoy moot in 4 hrs 48 minutes , when thov travel in 
tho Hame direction, one overtakes tho other in D hrs 36 minutes, Find 
their rates of travelling 

19 If A wore to give B twolvo shillings, A would havo half the sum 
which B thon has, but, if B woro to give A thutoen shillings, B would 
have ono-third of what A thon has How much money has each originally ? 


20. A is threo times as old as B , in cloven yoars ho will bo fonr times 
as old as B was tho year before last What aro them ages t 

21. A bag contains £5 in shillings and sixpences If there wore twice 
as many shillings and half os many sixpences tho amount would bo 
increased by half-a-crown How many oouib aro tlioro m tho bag ? 

22. At an examination, A obtained 11 marks loss than B , if ho had 
gamed half as many marks again as ho did, ho would havo booton B by 1" 
How many marks did oach rocoivo T 

23. If £2 11s. Gd is paid in flonnB and half-crowns, the number of 
coins bomg 24, how many aro there of oaoh f 

24 A number is oomposod of two digits of which one is throe times tlio 
othor, but if tho digits woro transposed, tho numbor would be reduced by 
54 Find tho number 

25 Two persons starting at tlio some time from places 40 miles apart, 
ride towards one another, and moot at a distance of 1 8 milos from one end. 
U tho faster one had gono 1 milo an hour slower, and the sloivor ono 
1 mile an hour faster, they would havo mot half-way At what rato was 


each riding ? 

26. A merchant has two sorts of wmo worth respectively Os. 8d and . is. 
a gallon , how mnoh of oaoh must ho toko to obtain a mixture of 40 gaiioi 
worth 4s 8 d a gallon 

27. At a certain oloction there wore two rival candidates, and their 
supporters wore convoyed to tho polling-booths in carnages oopaMO 
accommodating 8 and 12 voters respectively If tho votcre, 740 m all, | 
filled 75 camagos, find by what majority tho election was won 

28 A traveller walks a cortam distance Had ho go no half a mile an 
hour faster, ho would havo walked it in four-fifths of the timo , hau 
gono half a mile an hour slower, ho would havo been 2{ hours longer 
tho road Find tho distaneo, and his rato of walking 

29 A’b ago is twice B’s Four years henco B’s will bo twice C's, on 
12 years after that A's will bo twico C’s Find their present ages 

30. Certain annual parish oxjwnscs woro met by collccfionaon^Kf^^ 
Sundays with an annual donation of £15 . It JggJ 
collection on o\cry Sunday, with tho result that, though each collect 
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Mas one-fourth less than before, there was enough without the donation to 
meet the expenses and £3 to spare Find the expenses 

31 Some smugglers discovered a cave, which would exactly hold the 
cargo of their boat, consisting of 13 hales of silk and 33 casks of rum 
Whilst they were unloading, a Custom House cutter coming in sight, 
they sailed away with 9 casks and 5 bales, leaving the cave two thirds foil 
How many bales or casks would the cave hold ’ 

32 On two successive days a man bought a shilling's worth of eggs 
and a shilling's worth of oranges On the second day the number of eggs 
was 25 per cent greater, and the number of oranges "was 15 per cent less 
than tiie numbers of those he got on the previous day On both davs the 
number of eggs and oranges united was 32 How many eggs did he 
receive on the nrst day * 

33 If the floor of a room were 9 feet longer and 6 feet narrower it 
would take 4 square yards less carpet, but if it were 6 feet shorter and 6 
feet wider, it would not change its area Find its dimensions 

34 At a Bchool treat it was calculated that if each teacher gave 5s 
there would be 3d for each child and 3d over but two more teachers 
arrived bringing a thud as many children as there were before, and it was 
now found that each child would receive 3Jd if each teacher gave 5s Gd 
How many children and teachers were there at first and at last ’ 

35 A certain dole was 25s more than would give the recipients a 
florin apiece, and there were fifteen too many to receive half-a-croivn 
apiece What was the amount of the dole ? 

36 The difference of the perimeters of two square fields expressed in 
linear yards is one fourth of the difference between their areas expressed 
m square yards, and the sum of the perimeters of the fields is eight times 




37 A’s age is equal to the combmed ages of B and C Ten years ago 
A was twice as old as B Show that ten years hence A will be twice as 
old as C 

38. A bill of 25 guineas is paid with crowns and half guineas, and 
twice the number of half guineas exceeds three tunes that of the crowns 
by 17 • how many of each are used ’ 

39 The united ages of a man and his wife are at present six times 
those of theu children , two years ago thew united ages were 10 times, 
and six years hcncc they will be 3 times, the united ages of their children. 
How many children haic they ’ 

40 A man doc 3 a journey at a certain rate, and finds that if he bad 
tnu died C miles an hour faster, ho would base done the journey m 
one thud of the time What was bis slower rate of traiellmg ? 

41 A man does a joumcv in a motor car at a uniform speed in 6 hours 
On his return ho is delated at half-way for half-an-hour, hut quickening 
he pace by 3 miles an hour docs tho journey in the same time Find his 
original speed and the length of the journey' 

42 In going the shortest way from A to B, a man bad to go hack one 
mile to pick up something he had dropped, and took 3 l hours over the 
walk He went bick by a route wlucli was balf-a-milc longer, and took 
1 hours oi cr the return walk Find his rate of walking, and the shortest 
distance from A to B 
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in walking from A to B a man meets a friend and rides back with 
him in his motor-car for 3 miles at the rate of 12 milaa an hour Res uming 
his walk he arrives at B 7 hours after his start If he had walked 
straight through, he would have taken 6 hours over the walk Find his 
rate of walking, and the length of the walk 

44 Two men run a course of 4000 feet at uniform rates One starts 
30 seconds after the other and arrives 10 seconds before him "Where 
does he pass him ? 

45 A man pays a certain tax on the whole of his income If his 
income had been one-tenth more, and the tax Id m the £ lower, the 
tax paid by him would have been exactly £1 less , but if his income had 
been one-fifteenth less, and the tax Id in the £ higher, the amount of 
hie tax would have been exactly £1 more. Find his income and the rate 
per £ of the tax 

46 The road from A to B ascends five miles, is then level for four miles, 
and finally descends six miles A man walks from B to A in four hours, 
the next day he walks half-way to B and back again in three horns 
fifty-five minutes, and returns on the third day to B in three hours 
fifty-two minutes What are his rates of walking (a) uphill, (6) downhill, 
(c) on level ground, if these rates do not vary from day to day 7 

47 Two ships (Si, S z ) start at the same time in the same direction from 
two stations (A x and A* respectively) on the same route After a certain 
tune S* overtakes $ v when it is found that they have sailed 1500 miles 
between them, that Si passed A s four days ago, and that S« is now nine 
days’ sail from A x Find the distance between Ax and A x ana the average 
rates of sailing of the vessels 

EASY GRAPHICAL PROBLEMS 

78 A man, starting at noon, walks at the rate of 6 miles an hour 
Diaw a gtaph of his motion, and ftom the diagram , lead off, as 
accurately as you can, the tune when he is 22 miles fiom hs starting 
point, and the (kstmce he has tiaveUed m 2 hows 24 minutes 

Measure distance along OX, taking a side of each square to 
represent a mile Measure times along OV, at nght angles to OX, 
taking 10 sideB to represent an hour, so that each side represents 
6 minutes 

Taking OA along OX equal to 30 miles, (30 squares), and AB at 
nght angles to OA equal to 5 hours, (50 squares), B represents the 
man’s position in 5 hours, for he travels 30 miles in 5 hours 

Join OB OB is the graph of his motion 

By this we mean that any ordinate PN represents the time 
taken to walk the distance represented by the abscissa ON 

To find the time when he is 22 miles from the start, take ON 
equal to 22 miles and draw the corresponding ordinate NP 

This ordinate represents the time reqd. 
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KV of the side of a square, we see that the reqd time is 340 pm 
To find the distance travelled at 2 24 p m , take OM along OY 
equal to 2 hours 24 minutes, and draw MQ parallel to OX Draw 



the ordinate QL at Q, OL represents the distance reqd., and is 
equal to 14£ miles nearly 

man's 

motion by taking simple distances, and reading off the correspond- 
ing times ; e.g. 6 miles (tune 1 hour), 12 miles (2 hours) and so on. 
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79. Given that 62 of an English mile=l kilometre, construct a 
graph from which you cm read off any number of miles in kilometres 
and any number of kilometres tn miles. Fiom it wile down the 
number of kilometres tn 420 miles and ike number of miles tn 680 
hilometi es Calculate the results to the nearest 10 kilometres or miles. 

If x miles* y kilometres, gg 

Take an abscissa ON = 62 units (31 sides of a sq ), 
and an ordinate NP=100 units (50 „ ) 

y 

Join OP OP is the graph °* gjj 588 joo 

taking each horizontal side of a sq to represent 20 miles, 
and each vertical side of a sq to represent 20 kilometres, 


Kilometres 




lliuiimiiin 


■HiiuumiHimmiiii'iiH*!!!!!'*!*' 

»i->»!«»!s!!s!s:!:s:±::!sssss:us:s:ss 


hrjiiuni 

vivAm 


Q 100 200 300 * 400 BOO 0 00 


ooo Miles 




the abscissa of the pt Q represents 420 miles , 
its ordinate represents 420 miles in kilometres 
*. from the diagram 420 miles *080 kilometres nearly 
Abo from the diagram 580 kilometres *300 miles 
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80. Construct a graph which will enable you to convert , at sight, 
degrees Fahrenheit into degrees Genhgrade , and wee versa 

Let x° in the Centigrade scale be the same temperature as «° m 
the Fahrenheit scale. 


Fahrenheit 
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*■«■■**■*■■■■■*■■■■■■■■■■■■■■ 
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>«■■■■■■■■■■■■■■■■■■■!■■■■■■■■ 

!■*■■■ inia ■■■■■■■■■■■■■■■■■■■■ 
■■■■■■■■■■■■■•■■iBaifcBBaBBBBiB 
*«■■■■■■■■■■■■■■■■■■■■■■■■■■■■ 
■■■■■■■■■■■■■■■■■■■■ ■■■■■■■■■■ 


0 to 0 ao° uf Centigrade eo a 

t ^ ^he Centigrade scale, freezing pomt stands at 0° , in the 


Li the Centigrade scale, boiling pomt is at 100°, in the 
Fahrenheit at 212°, u-32 

■** 100 = 212^32’ 

***** 9a?=»5y-160. 

Therefore if we draw the graph of this equation, the abscissae 
give us temperatures in Centigrade scale, whilst the corre- 
sponding ordinates will give us the corresponding temperatures in 
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Tims from the graph, 

80° F =26 7° C and 40 a C =104° F 
A graph may often be drawn without the use of an equation, 
but the student must realize that every graph has its corre- 
sponding equation, and wee veisa , every equation will have its 
corresponding graph 

81. Tm men start at noon to icaXk the one from A ft) B, the (Alter 
from B to A If A and B are 20 miles apart , and the men mVi at the 
rate of 3 miles an hour and 2 miles an hour respectively , construct a 
graph which will enable you to determine when and where they meet 


find at what time they ai e first at a distance of 6 miles ft om one another 
R D T 



On squared paper, take pts A and B on a vertical line 20 units 
apart Horizontally take AC =60 units (10 units to an hour) and 
vertically CH = 16 units Join AH Then since the first man 
walks 13 miles m 5 hours (50 units), AH is the graph of the first 
man’s motion , % e the ordinate of any pt on AH denotes the dis- 
tance he has walked in the time denoted by the abscissa of the pt 

Considering the second man, take BD horizontally 30 units in 
length, to denote 3 hours, and DE vertically downwards 6 units 
m length. Join BE 

Then BE is the graph of the second man’s motion if wc read 
Ins times along BD, and his distances walked at nght angles to 
BD and dowmvards 

Hence if AH and BE meet at O, AN denotes the time when 
they meet, and ON, OT denote the distances walked by the two 
men in that tune 
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Thus from the diagiam, wc read off that they meet at 4 o’clock, 
that the hist man has then walked 12 miles and the second 8 miles 
If AK denotes l\ hours, and KML is drawn vertically, LM is their 
distance apart at 1 30 p m From the diagram LM = 12 5 miles 
To find when the men are first 6 miles apart, take a pt P on 
BE where it passes through a comer of a square, and take PQ 
vertically downwards equal to 6 units 
Draw QR |j to BE to meet AH at R If the ordinate through R 
meet BE at V, VR=PQ,=6 units 

. the abscissa of R gives the time reqd From the diagram we 
read this off as 2 8 hrs after noon, i e at 48 minutes after 2 o’clock 
*82. A ualhs a distance of 24 miles at the rate of 4 miles an how , 
and B, starting an houi later, does the distance in 3 hows less Draw 
graphs of their motion, andfiom the diagram determine (I) uhen and 



vhne B oicrtalcs A, (2) their distance apart after B has been ualhng 
21 hours, (3) the times uhen they are 2 miles apart 
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Measure distances horizontally from 0 along OX, laMns 10 
sides of a square to represent 4 miles. 

Measure times vertically from 0 along OY. taking 10 sides of a 
square to represent one Lour. 

Take the point D whose abscissa is 24 miles and ordinate 6 
hours. 

Join OD. OD is the graph of A’s motion, for he walks 24 miles 
m 6 hours 

Take the point E at the one hour point in OY. This is 3*s 
starting time 

Take the point F. whose abscissa is 24 m. and ordinate (reckoned 
from the level of E) 2 his less than the time represented bj the 
ordinate of D. Join EF. 

EF is the graph of B's motion, for he walks the 21 mils in 
2 hrs. less than A. 

The co-ordinates ON, HN of the pt H. where OD and EF 
intersect give the place and tune of meeting. 

Thus we see that B overtakes A 8 miles from the start, and one 
hour after B's start 

Looking at the horizontal line PQM. we see that 

PM represents the distance walked by B m time OM, 

Qtf * • « * *m * #* A • ■■■• 

PQ, represents their distance apart at the time OM 

.*. taking K in OY so that EK=24 hrs and drawing the hori- 
zontal line KRS RS represents their distance apart when B has 
been walking 25 hours From the figure we see that RS -6 miles 

To determine when they are 2 miles apart, we have to find 
the point or points where the horizontal distance between the 
graphs represents 2 miles 

Taking EL horizon tall y equal to 2 miles, draw L\V to EF to 
meet OD at W. Draw W7V horizontally. 

WT=EL=2 miles. EV represents the time after Bs start 
when they are 2 m apart 

From the figure EV=half an hour. 

Taking the point G. 2 m. horizontally from F. draw 6Z , to EF 
to meet OD at Z. 
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Draw the horizontal line UZ to meet EF at U 
UZ=GF=2 miles and we see from the diagram that the 
corresponding tame is 1$ hours from B's start thej are 

again 2 m apart in 1| hours after B s start 



half an hour at the end of each hour, Q, stariwj at 2 30 pm motors, 
without stoppages, at 40 m an hour 1 There, and at what lime does 
he pass P? 



From 1 to 1 30 p m he stops, \ AB is his graph for that time, 
an i 
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11 The top boy in a form gets 88 marks, and the last boy 33 These 
hare to be scaled so that the top boy gets 100 and the last boy 0 Diaw 
a graph which will effect this, and read off (to the nearest integer) the 
scaled marks of the boys who get 65, 54, 49. 

12 Given that 1 inch =2 54 centimetres, construct a graph to convert 
centimetres into inches Read off the value of 5 6 ems m inches, and the 
value of 4 9 inches in centimetres, as accurately as you can 

13 Given that 1 centimetre- *39 inches, draw a graph to convert 
inches into centimetres Read off the value of 3 6 in in centimetres, and 
the value of 8 6 ems in inches, as accurately as you can 

14 On an examination paper of maximum 69 the marks gamed by 10 
candidates were 60, 54, 46, 35, 32, 29, 27, 26, 25, 12 Bran a graph to 
raise the maximu m to 100, and read off (to the nearest integer) the raised 
marks of the candidates 

15 50 articles cost 4s lOd Construct a graph from which you can 
read off the cost (to the nearest halfpenny) of any number of articles up to 
50 Write down the cost of 23 things, and the number you would get 
for 3s. 

16. The first 100 copies of a pamphlet cost 27s to pnnt, but every 100 
in excess of the first costs only 3s , make a graph to show the cost of any 
number up to 800, and read off the cost of 370 copies Wnte down the 
number of copies you would get for £2 2s 6 d 
17 A clerk is paid at the rate of £120 a year make a graph to deter- 
mine (to the nearest pound) his wages for any given nnmber of weeks 
Write down his wages for 23 weeks 

18. I want a ready means of finding approximately 0 866 of any number 
up to 10 I select a pomt O at the comer of the squared paper where two 
thicker lines cross, and find a second pomt P by going 10 inches to the 
right and then 8 66 inches np (or 5 to the right and 4 33 up), and join O 
to P The two thick hues passing through O are scaled off in inches. OX 
to tho right, OY up Explain clearly why the distance from OX of any 
pomt m OP is 0 866 of its distance from OY Read off from the scales, 
and mark on the appropriate places on the paper, 0 866 of 3, 0 866 of 6 5, 

0 8GG of 4 8, and ^ | & of 5 

19. For a certain book it costs a publisher £100 to prepare the type and 
2s to pnnt each copy Find an expression for the total cost m pounds of 
x copies Also make a diagram on the scale of 1 inch to 1000 copies and 

1 inch to £100 to show the total cost of any number of copies up to 5000 
Read off tho cost of 2500 copiCB, and tho number of copies costing £325 

20 A starts walking at the rate of 4 miles an hour, and 15 minutes 
later B starts at tho rate of 8 miles an hour Find, graphically, when and 
where B overtakes A 

21. Two ships 72 miles apart sail towards one another at the rates of 7 
and 9 miles an hour Find, graphically, when they meet 

22 A walks at 4 miles an hour, hut takes a rest of half an hour at tho 
end of evcr> 4 miles B storting at the same time and walking at a 
uniform rate, without onj rests, catches A up just as he is starting after 
lus third rest Find, graphically, B's rcto of travelling 

23 A travelling at 4 miles an hour, walks 4 miles, then rests for half au 
hour, then walks 8 miles further, and then walks straight back at tho 
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same rate He meets 5, who walks uniformly and without resting, a 
mile and a half from home Find B’s rate of travelling, if he started at 
the same time as A 

24 A travels at 5 miles an hour, but takes a zest of half an hour at the 
end of each hour B starting 2 hours after A, and travelling uniformly, 
without resting, overtakes A 17$ miles from home Find, graphically, B's 
rate of travelling 

25 A and B, travelling at S and 12 miles an hour respectively, bicycle 
towards one another from two places 50 miles apart, starting at the same 
tame Find, graphically, when and where they meet, and when they are 
10 miles from one another 

26. Solve the above problem graphically, as accurately as you can, when 
B starts an hour after A 

27 A motorist starts to do a journey of 8 miles m half an hour, but 
after travelling for 22 \ minutes finds himself behind time He quickens 
his pace to 24 miles an hour, and just completes his journey m time Find 
his initial rate of travelling 

28 A motorist does a journey of 80 miles m 6 hours During the first 
part of the journey he travels at 10 miles an hour, and during the latter 
part at 18 mules an hour How far does he travel at each rate ? 


♦CHAPTER XY 

LONG MULTIPLICATION 

84. Further examples of the use of the formulae 
(a±b) a =a a ±2ab+b a 

Example 1 Find the expanded value of {®+{o+6)} s 
Regarding (o -*-6) aa a single quantity, 

{®+(o+6)} , =a s +2(o+6)*+(o+6) # 

=a a +2o*+26a+o B +2o&+6 a 
(if we wish to expand the expression fully) 

Example 2 {o+6-c} a 

={(o+6) -c}» 

=(o+6)*-2(o+6)e+c a 

=o 8 +2a6+6*-2oc-26c+c 3 (expanded fully). 
Examples. (o+26+2c+d) a ={(o+26)+(2c+d)}* 

=(o+26)*+2(o+26)(2c+d)+(2c+d) a 
= o* + 4a6 + 46 s + 2 (&«> + od + 46c + 26d) + 4c s + 4cd + # 
=a s t4o6 +46* +4oc +2oi + 86c +46d T 4c* +4«f +d*. 
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Examples XV a 


1 {xHa-b))' 

4 {a J -(6+c)} 2 . 

7 {(e-4)-2}* 

10 (a- L 26+3c) ! 

13 (2*J-3a-6) s 
16 (a*xz-8) { 

19 

22 {l-jxjf 

25 (5-2*-*-3i a ) a 
28 (a-b-LC-if 
31 (z-f-yx:-3) ! . 

34 (3a-26-2c-<f) ! 
37 (»*-a?-*-a:-l) 8 


2 {*-(«- 6 ))» 

5 {a-(4^d} 2 
8 { 2 r-(y- : )} s 

11 (a-26 i 3e) ! 

14 (2** — l) 9 
17 

20 (z-y-3) ! 

23 (2 7 

26 (aJ-4-c-td) ! . 

29 (8+4^2c-i) s . 

32 (*-y-s-3) s 
35 (a*-*-* 9 -*-!) 9 
38 (a?-at»^3*-l) ! 


3 {{a-4)-2} : 

6 {a-( 4 -e)} ! 

'9 {z-(2y-i)! s . 

12 ( 3 zifl- 5 ) s . 

15 (Sa^-x-I) 9 
18 (a*-z-4) ! 

21 (2e- ff -4P. 

24 (3-z-2z : ) ! 

27 (a-«-4»e-i) ! 

30 ( fl xi-2c-2i) : 

33 (2z-y~2:-l) ! . 
36 (z*-2* s -2z-I)-. 


(a+bjfa-bjssa 1 -^ 


Example 1 M-e)(« -4 -«)»(« -6) s -e s 

[Looking upon e-4 as a single quantity.] 
*a s r2a6— 6*—c*. 


Example 2 (xxa-26)(z-e-26) 

=(z~o-26)(z-s^26) 
=z=-(a-2i) 8 
=* , -n !j -4a4-4i ! 


Example 3 (a T 6-«+(0{a-6-e-(]) 

=(a^-« 13 ){?l-e“rf) 
=(a-4)s-(exrf)! 
=a i -2a6--4 ! -«4-2a?-<P 


Examples 

I (o~4xe](a-4-e]. 

3 (*xy+l)(z-y-l) 

5 (a-4T*)(e-6-z) 

7 (2rxa*4)(2z-c-6) 

9 (a-4axy){ax4z-y) 

II (4-ari)(4x 0 -4) 

13 (1 -a-4){i -0*4) 

15 (p-2jx7r)fp-2j-3r) 

17 (*+3y-4){ix3y-4) 

19 (1 -2r-7y){l -2*-7y) 


XV. b 

2 (ax4-2c)(a-5-2{) 

4 (i-2p-4)(z T 2y-4) 

6 (a-24-e)(o-24-e) 

8 (7y-a-6)(3px«-5) 

10 (lx s x4)(l-a-4) 

12 (a ! -a5-5 ! )(o ! -c4-4 ! ) 
14. (z-2yxi)( r -;_a-i) 

16 (I-2z~3y)(l~2r-3y) 
18 (r-i-l)(i*-*-l) 

20 (2*-3y~5)(2f-3y-5) 
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21. (3a 5 +» -2){3;t 2 -a+2) 

23. (6a -2d +3)(6a +26 +3) 

25. (1 -2v+3x s )(l +2® +3**) 

27 (2«+y*i-a+6}(2&>{-y-a-6) 

29 (2x-a-y+2b)(2z-a+y-2b) 

30 (3x - 2a +2y- 3b) (3x -2a-2y+3b) 
,31 (l-*+y-s)(l-&-y.i.s) 


[chap 


22. (2a?-4y-5)(2T+4y+5) 
24 (o*-2ab+b i )(a*+2ab+b i ) 
26 (a-5+c-d)(a-6-e-fd) 
28. (®+a+y-6)(i+a-y+4) 


32. (2“®-34 , fc)(2“B+3i’'C) 


86. When wo have more than two terms in the multiplier or 
multiplicand, the process is similar to that in simpler cases 

Example 1. Multiply a-+ab +4* by a-b 

o s +o6+5* 

a-b 

fl*+fl s 4+o4 s 

-q3ft-gfl 8 -& 8 

a 3 -b* , 

Example 2 Multiply a? -2xy +4y® by **+2^ +4y s . 

&-2xy + 4y 8 
sP+2xy + 4y 3 

x*-2x*y+4a 8 y* 

2r‘y-4xY+8xy s 
4x i y a -8xy 3 +16y* 

®* +4a s y a +16y* 


Example 3 Multiply 4y=-3xy-2x:+x 5 +y 5 -:r by -y+2x-z 

Here \re first arrange both multiplier and multiplicand in order o! 
porters of x t and during the multiplication place line terms under one 
another 

a? -3xy -2xz +y 8 +4ys - s* 

2x-y-s 

2a a -0aty-4:p s s+2&y a + 8xys-2as? 

- x'y +3xy 3 + 2zys -y*-4 y*s+ ys 8 

- aftz + 3xy;+2xz* - y^-dyzHs 8 

2x* - 7x : y - 5a£: +oxy s + 13xy; -y 3 -Sy^-Sy^+z* 


87. By multiplication it will he found that 
l (a+b) 3 =a 3 +3a 2 b + 3ab 2 +b 3 , 

1 (a - b) 3 - a 3 - 3a 2 b + 3ab 2 - b 3 

These results are useful and should be committed to memory. 


88. Analogy between Algebraical and Arithmetical methods of 
multiplication 
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xv ] 

Multiply 213 by 23 213 

23 

426 

639 

4899 

This is an abbreviated form of the following * 

2 10 2 +1 10 +3 
2 10 +3 

4 10 3 +2 10 2 +6 10 

6 10 8 +3 10+9 

4 102+8 102+9 10 +9 = 4899 
If we now multiply 2a^+rc+3 by 2* +3 we at once see the 
analogy between the two methods 

2a? + * +3 
2x +3 

4z 3 +2x 2 +6x 

6a?+3s+9 

4a?+8a?+9:c+9 

89. Detached coefficients. The work m the above example 
is much shortened if we omit the powers of x, just as we omit 
powers of 10 m Arithmetic 
The multiplication then stands thus 

23?+ z +3 
2a: +3 

4 +2 +6 
6 +3 +9 

4a?+8a?+9x+9 

inserting the requisite powers of x m the last line 

Example 1 Multiplv 4I 3 -3*® -ll*+2 by 2a 3 -Sx+9 
•Jr 3 - 3r*-n* + 2 
2 x : - 5» + 9 

8 - 0 -22 +4 

-20 J-15 +53 - 10 
30 - 27 - 99 -‘■18 

8x» -20*< +29r» +32r* - 109x* 18 

When powers of x are missing, 0 must be inserted as m 
Arithmetic. 
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Example 2 Multiply' Bar - 7ar-9 by 2a4 -3 

3s 3 -Or 5 - Tar - 9 
3a4— 0® - 3 

6 -0 -14 -IS 

-9 - 0 -21 -27 

fir 5 -232 s - 1ST 1 -:21z-27 


jCEir 


Examples. XV. c. 

peariy c7Z {hefolhomng examples are bed done by the mdhod of debated 

coefjictenis'} 

Multiply 


1 ar-i-Sar-r ~4 trr-2 
3 ax-^xy-^hy x-y. 

5. zr-t-Sx-S by x s -3x J -6. 

7. a 3 -3a*5 -3a5= by fl=-5fl£-2Z4. 
9. a z -5ab-$b- by Bob- 2a- -lr 
11. z i -2r~4 by z-2 
13. js-2y by a?- r 2xy~4y s . 

Emd the product of the foUoumg : 
15. **-*— 1 and 2 - 1 . 

17. 2-2 and ar— 22 — 4. 

19. ar-Si*— 4x-5 and z-3 
21. (f-Scd-ScF and <r—5od~5cF. 


2 c^SoS-^bya-S. 

4 a*-4i4byjr-3y 
6. 24-22-3 by 34-;2 t-5. 

8 2 2 -5y-jrbr -jr-jy-/. 
10. 2 £ - 2 -l by x-1. 

12 434-22—1 by 2r-L 
14 9s : -6ob-4^by3a^2b. 

16 ar-cb-fc and a-b. 

18 a4-3p*andar-4y. 

20 2-24 -5 and ar - 2 -7. 

22 as-ay-jranda^-ay-ir* 


23. cb-ed ~ac~bi and ab—cd-ac-^-bd. 

24 2a s ~3ai— 4b* and -5a*— 3ai— 4b*. 

25 2 s - 32-1 and 2= - 02 -2 26 3z*-7z-5 and4x*-2x~l. 

27. 4-r3z-2z*and5-.x-2ar-:r ! 28. 2 -*-3a4y and 3-22-3%’. 

29 2 *- 22 y— y-J-z-y-l and x-y-1 

30 **-5a4-6andr*-3r-4 31. 3®- l-4a4-5ar and 2z -4 -a4. 

32 l — 2a s -3a 4 -a and 3a -5— 2o s . 33 32*-2r%-J34 and Tay-SjA 
34 2(a4j-2^-»-y a )a3id3(z-y) ! . 35 3(a*-ab~h*) and l(a-bf. 

36. dr-ir—cr-bc-'ca-ab and a-b -a. 


* CHAPTER XVI 

LONG DIVISION 

90. Example 1. Divide 834 - 62 *- 3x- 18 by 2® -3 

22-3)Sa4-6a4-32-I$(4a4J-3®-6 

&4-12Z* 

6a4-*-8® 

62 * -to 

lto-18 
12® -18 
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Before starting the work of division both divisor and dividend 
should be arranged in the same order (ascending or descending) 
of powers of one of the symbols used 

Example 2 Dmde5x-3+a?+x 4 -4x* by 2* -3+*® 

Arranging the expression m descending powers of x, 

a*+2x-3 )x* + x 8 -4x s +5x-3(x 8 -x+l 

x«+2x 8 -3x s (1) 

-a 8 - x*+5x (2) 

-ar»-2t 2 +3 z (3) 

a* +2* -3 (4) 

x*+2x-3 


tjfK 

=x* , s? is the first term of the quotient 
x*(x 8 +2x-3)=x*+2x s -3x*, 
and we thus obtain line (1) as in Anthmetio 
Lme (2) is obtained by subtraction, and by bringing down the term +6x 
-a? 

-^- = -x, -a is the second term of the quotient 
-a(* a +2*-3)= -x*-2r 1 +3x, 
and we thus obtain line (3) 

Lme (4) is obtained in the same way as line (2) 

jgS 

jj=l , 1 is the last term of the quotient 

There is no remainder, as we see by subtracting the last line 

91. The analogy between the Algebraical and Arithmetical 
methods of division is at once seen if we compare the following 
Arithmetical method Algebraical method 

121)14883(123 

121 10* +2 10 )10 lx 4 10* J- 8 10*+8 10— 3( 10“— 2 10+3 


121 

278 

242 

3C3 

363 


10* +2 10 * + 10 * 

2 lO’J-7 10* +8. 10 
2 10*^4 10* +2 10 

3 10* t 0 10x3 
3 10*+6.10x3 

a* + 2x + 1 ) x 4 + 4x* Sx* + 8x +3 ( x* +2* + 3 
x*-«-2x a + x* 

2x*+7x*+8x 

2x 8j -4x*+2x 

3x*4-Gx-«-3 

3x**Gx+3 
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Example 1 Divide a* -p 3 by a -y 
*-y)* 8 -y*(* s +*y+y a 

a 3 -xh j 

ity-f 

&y-xy- 

xif-y 3 

ay*--V 


Example 2 Divide **+1 by a+I 

a+1 )a*+l (a^-a^+a 8 -*-*-! 
a 5 -He 4 

-a*+I 
-a* -a 3 

**+1 

a^+a® 


-a*+l 
-a® -a 

a+1 

a+1 


92. Detached Coefficients. From the preceding we see that 
m Division as m Multiplication we can shorten the work by using 
the method of detached coefficients 


Example 1. Divide 6**-7a?+7a£+I8*-24 by 2a*-3*+0 

2-3+8)6-7+ 7+18 -24(3**+* -4 
6-9+18 

2-11 +18 
2 - 8 + 6 

- 8 + 12-24 

- 8 + 12-24 

FrflHipfe 2 Divide 6a 5 -23a 3 + 18a® + 21a -27 by 2a 3 -3 

2 +0 -3 ) 6 +0 - 23 + 18 +21 -27 ( 3a* - 7a+0 
6+0- 9 

-14+18+21 
-14+ 0+21 

18+ 0-27 
18+ 0-27 


Examples XVI, a. 

[AH the following divisions may be done by the m ethoi of Detached Coefficients] 
Divide 

1. a a -3**+4*+28by*+2 2 a 8 -9a 8 +13* +16 bya-3 

3, 2r , -3**+7a-3 by 2*-l 4 6* 3 +2* ! +ll*-10 by 3*-2 

6 24a 3 - 36a 2 -3G* ^6 by 8* - 1 6 15 -17* -30** -28** bj 3-7* 

7. a*J-3**+3*+l by a*+2*+I 8. a 3 -3x=y+S*ir-y s by a*-2xy-*-if 

9 a*-0* a +12*-8 bya*-4*+4 10 8**+12**+6*+l by 4**+4*t1 

11 27a* -64e*6 J-30o6* -86* by 9a*-I2a6+46 s 

12 125a 3 -27jr> -223**y vl36*y* by 26**+9y s -30*y 

13 9** - 18** ■‘•26* -24 by 3* -4 14 **-4* s +5*-2 by a*-3*-2 

15 a* -y* by * -y 16 a*-27by**+3*+9 17. 27** -I by Sr- 1. 

18 e* -6* by a +6 19**-lbj*-l. 20 * , -lby*+l 
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21 tf+aP+z+l by «+l. 22 a?-a?+x-l by a-1 

23. 8W-16 by 3*+2 24. **+**+1 bya^+ar+l. 

25. »*+a®J-l by **-*+1 26 a 4 +43 3 +6a: s +4*+l by o a -f2** r l 

27. a? -6**+ 12a; -8 byas-2 28 12ar»-38ai 2 +38z-20 by 6 i s -7*j-6 

29 6fl s -2a-a 4 -4a*+a s by a? -4a +2 

30 -141a;*-180x+5a^-32-68* s +24* s +92a^ by 2i s -4-3a; 

31 6ar*-a^+10a?-14a: s -25 by 3a^+4a;+5 
32. a*-3a*+a?+358a;-357 by a?+2x-3 


Harder Examples in Division. 

93. Example 1. Divide 9a ! -45 s -c s +46c by 3a -26 +c 

3a-26+e)9a*-46 s -e Sj -46c(3a+26-c 
9a 3 -6a6+3ac 

6a6 - 3ac - 46 s + 46e - c* 

6a6 -46 s +26c 

-3 ae +26c-c* 

-3q 6 +26c-c s 

Example 2. Divide a 3 -6 3 +c 3 +3a6c by a -b+c 

Arranging divisor and dividend m descending powers of a, 

a-b+c )a s +3a6c-6 s +c s (a*+a6-ae+6 s +6e+c s 
a? -arb+cfic 

arb -a-c+Zabc (ran arranged m descending powers of a) 
a* b-ab s + abc 

-a^;+a6*+2a6c ( ) 

-q*c +• abc-ac 8 (placing like terms under one another) 

ai*+ e6e+oc*-6* (bnngmg down -6 s ) 
a6 s -6 3 + 6*c 

a6e+ae s -6*e 
abc -b^+bc* 

oc s - 6c ! «*•«* (bringing down c*) 
ac s -6c*+e s 


Example 3 Divide Ja?y- J**y ! +^a;^ 8 +-V r B .y* by ^>?-xy-^y- 





’-z* S**v 2 zw 
'T“~T‘ x s 3 k_ T 


-|* 3 y-^jr+4ay l 

-&i+ 



n A 


ix~ i 


- 

- affi-f jjay^yy* 
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Examples. XVI. b. 

Divide 

1. a*+4a6+46*-c 8 by «+26-<s 2. o*+46 < by a*-2o6+26* 

3. c 8 +6 8 +c 8 +2a6+26c+2ac by a+b+c 

4. 9» s -46*-c B -46cby 3a-26-e 5 *•-«!* by a^+oas+o® 

6 a B -6 8 ~c B +26e by o+ 6 -c 

7 2®*+* s -3Iv+9* 8 +10+4 * 3 by 2aj+as*-3 

8 ar , -y 3 + 6 y*- 12 y +8 by a:-y +2 

9 l+o s +o u by o a +c+l 

10 Ga 4 +5y 4 - 13ay(a* +y s ) +23a*y® by 3** +y* -2ay 

11. a 3 +6 3 +eP-3a6c by a+ 6 +c 12 « 9 +6 3 -c a +3a6cby o+ 6 -c 

13 a? - 1 ^+ 8 + (toy by *-y +2 14 a^-lbys+l 

15 a ? 4 +**y s +y* by a£ -ay +y B 

16 o^+^+^-Sokby fl B + 6 B +c B -a 6 - 6 tf“flc 
17. a*( 6 +c)+ 6 *(c+a)-c B (o+ 6 )+c 6 c by a+ 6 -c 

18 **-y*bya£-y 2 19 64a , -lby2a-l 

20 . o 9 ( 6 -c)+ 6 8 (c-a)+c 9 (a- 6 ) bya -6 
21 ar , +§a**+i}a B a:-a 3 by x-^a 




24 l 3 -^ by?-^ 

** 8 27 y 2 3 

oc a*aWV . a 8 06 6 ® 

26 16 + 36 + 81 by 4 + 6 + 9 

a 3 30*6 3(16* 6* 




27 aS - a ^ + ^. 2 -— by™ 
27 27 21 + 49 343 y 3 7 


28 125" 100 + 80 


L ^ 06 , 6^ 
”64 y 25 ”10 10 


Remainder Theorem. 

94 Ij Q3?+bx+c is divided by x-p until the remainder is 
independent of x, (hat remainder will bcap*+bp+c 

x-p)aa?+bz+c(ax+(ap+b) 

atf-apx 

[ap+b)x+c 

(ap+b)x-(ap+b)p 

ap*+bp+c 

This proves the theorem 

It should be observed that this remainder may be obtained by 
substituting p for x in the dividend 
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The above is true for all values of the symbols used, and hence 
when 3s 2 -4a; +5 is divided by a?-2, 
the remainder =3 x 2 2 - 4 x 2 +5 
=12-8+5=9 

This of course can be tested by actual division. 

Again when 4s 8 - 7«+ 9 is divided by 3+5, 
the remainder = 4 ( - 5) 2 - 7 ( - 5) + 9 
= 100+35+9 
=144 

95. If aaP+hfi+cx+d ts divided by x-p until the remainder is 
independent of x, that remainder mil be 

opP+bj^+cp+d 

First method Performing the actual division, 

x-p)a3?+fa?+cx+d(aa?+(ap+b)x+ (i ap 2 + bp + c) 
aaP-a px* 

(ap+b)i?+cx 
(ap +6)s 2 - (ap+b)px 
” (apP+bp+c)x+d 

(ap* +bp+c)x - (ap* +bp+c)p 
ajp+bp*+cp+d 

This proves the theorem 

As before, the remainder may be obtained by substituting p for 
* in the dividend 

When 4Z 3 - 3X 2 + 7x - 9 is divided by x - 11, 
the remainder =4 xll 3 -3xll a +7 xll -9 
=5324-363+77-9 
=5029 

When a?-4a? +6a;-4 is divided by 3-2, 
the rcinamder=2 3 - 4 x 2 2 + 6 x 2 -4 
=8-16+12-4 
=0 

a? - 4xr + 6x - 1 is divisible by x- 2 without remainder 
We thus have a ready means of testing whether any expression 
is exactly divisible by a given binomial expression 
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Second method Wlien aa?+fo?+cx+dis divided by x-p until 
the remainder is independent of x, let P denote the quotient, and 
R the remainder 

Then aa?+ba?+cx+d-(x-p)xP+R (1) 

[Just as in Arithmetic when we divide 57 by 9, 57=9x6+3] 

Considering the equation (1), R is independent of as, by hypo- 
thesis Also the equation is true whatever value we assign to x 

Let x=p. Then the equation becomes 

i 

apP+bp i +cp+d=R i for {x-p)P**(p-p) P=0 
This proves the theorem 

96. For what value of p w a^-(p+2)as+6 divisible by x-p 
without tmamdei 2 

When the division is performed the lemamder, by the pre- 
ceding articles, -(p+2)p+6 

=p a -p 2 -2 p+6 
« -2p+6 

the reqd value of p is obtained by equating this remainder 
to zero, m which case _2p+6 =0, 

2p=6, 

p=3 

97. For what value of p is xP-(p+6)a?+(6p+o)x+d divisible 
by x-p without remainder ? 

When the division is performed the remainder 
=*p 3 - (p + djp 2 + {Bp + c)p +d 

asp 8 -p 3 - 6p 3 + 6p a + cp + d 

-cp+d 

the reqd value of p is obtained from the equation 

op+d- 0, 

i e. cp- -d, 

d 

pss 

r 0 


Examples. XVI. c. 

Without actual division, find the remainder when 

1 v 3 - 7**+ 11a: -6 is divided by *-3 

2 2a? +1a? - 0* +2 is divided by x -2, 

i 
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3 **-335® -4* +6 is divided by *+2 

4 4a? -5*® +11* -7 is divided by z+9 

5 5z-6a?-7+2a? is divided by 2z-3 

6 4a? -3a?+8 is divided by a? -3 

7 For what value of p is 3a?-pz+10 divisible by 3* -5 \uthout 

remainder ’ 

8 For what value ofpisa?-7*+p divisible by * - 2 without remainder * 
9. For what value of p is 3a? -7a? -9* -p divisible by *-3 without 

remainder ? 

Employ the second method of Art 95 to find the remainder when the 
following divisions are performed . 

10. (a? - 7a? - 11* + 16)— (* - 3) 11 (4a? -5a? +7* -3) -{2* +3) 

12 (9a? -4a? +16)— (a? -2) 13 (4a?+5a?-4a?-7)-(2a?-3) 

Employ the second method of Art 95 to prove that there is no remainder 
when the following divisions are performed 
14 (a?-p*)-(*-y) 15 (x^-y n )-(x-y) 

16. (a?iY)-(*+y) 17 (a u -6 ls )-(a s -5 a ) 


CHAPTER XVII 

REVISION PAPERS 


xvn. a 


1 In the following expression, first remove the brackets, then rebraoket 
the coefficients of the different powers of *, making the first term m each 
bracket positive 

(* -p)(x - q ) -(*+?)(* J-r) +(* -r}(* -p) 

2. Plot the points (10, 5), ( -5, 15), (10, 22) and find the area of the 
ti tangle formed by joining them 

3. Draw the graphs of ^+^=1, and 5y-6z Hence solve these 

simultaneous equations, and verify your solution by algebra 

4 A bill of £1 3s 3d is paid in half-crowns and three-penm pieces 
If there were 12 coins altogether, how many were there of each kind 

5 Multiply **-*+2bya?+*+2 Check your answer by using z=2 

6 Divide a?-4a?y+3*y®-12y* by *-4y 

7 Find tbc remainder when 2a? -a? J -10a?-2*+18 is divided by 
2a?+* T 5 

XVH b. 


1 . 


A is x sears old, and B is y years younger 
(i) What is the sum of their ages * 

(n) What will be the ram of their ages 10 years hence 
(m) What was the sum of their ages 10 years ago * 

(is) Wlmt was the dill "nee of tneir ages 10 j ears ago 


9 

9 
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2 Plot the points (10, 4), ( -7, 4), ( -7, 13), (10, 13) and £nd the area of 
the quadrilateral formed by joining them 

3 In the same diagram draw the graphs of 

jg+j|=l, 4s-3tf=0, y-x=2 

What do you deduce as to the three simultaneous equations ’ 

4 The sum of the two digits of a number is ten By reversing the digits 
the number is increased by 36 Find the number 

5 Multiply a s +2a6-6 8 by a s +2a6+6 8 Check your result by putting 
o=6= 1 

6 Find the continued product of 2o -6, 2o+6, 4o a +6 3 

7 Divide 6a* 3 - x 4 - Sara? + 4a 4 by 2a ! + 3ax - x 2 

XVH c 

1 I buy apples at the rate of x apples for threepence 

(i) How many do I get for half-a-crown ’ 

(u) What will 100 apples cost me ’ 

2 Find the length of the line joining the points (1*6, 3 6), ( -1 6, 1 2) 

3 Make a table to show six pairs of corresponding values of x and y 
which satisfy the equation 3* +4# =13 Choosing a suitable unit, plot the 
points accurately, and draw the graph 

4 Find the value of (x 3 + 1) 4 Check your result by using x 8 =1 

5 Express the following in the form of an algebraic equation The cost 
of x things at half-a-crown each, y things at M each, and z things at 4 \d 
each is £a 

6 Find the continued product of aflSy 1 , afi+3 y\ x*+9y* 

7 Divide Gx 1 - 21 - 5x- - a; - 1 Ox 3 by 2X 3 - fix - 7 

xvn d. 

1 A man runs at the rate of x yards m y minutes 

( 1 ) How many yards does he run m an hour ? 

(u) How long does he take to run a mile ? 

2 Plot the points (0, 0), (8, 5), (12, 18), (0, 23) and find the area of the 
quadrilateral formed by joining them 

3 Draw the graphs of 3x-4y=10, and 3x+5y=15, and hence find 
approximate solutions of the simultaneous equations Verify by sub- 
stitution 

4 Multiply r 1 - 3s 3 + 1 by x*-3x+2 Check your result by putting 
*=10 

5 Find two consecutive even numbers such that 73 times their difference 
u equal to their sum 

6 Simplify (a^+ax+ftp-fa^-ns+ft) 8 

7 Divide a 8 -5a6+G6 s -a+6-2 by a-26+1 

XVH e 

1 How far does a tram travel 

(i) In x hours at y miles an hour ’ 

(u) In x hours at y miles a minute 9 
(in) Li x minutes at y miles an hour ? 
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2 Plot tl» point© {15, 0), {19, 6), {10, 14), { - 14, 8) and find the area of 
the quadrilateral formed by joining them 

3 Find the area of the tnangle formed by the graphs of y=8, *=18, 
a:-y+8=0 

4 If C is the circumference of a circle and 0 its diameter, C=£aD. 
Draw a graph and from it read off the circnmferences of circles whose 
diameters are 4 in , 11 in , 20 in , and the radii of circles whose circum- 
ferences are 47 in and 31 4 in 

5 Fmd the value of {** -*+l) s . Check your result by putting x—1 

6 The sum of any number which has an even number of digits and the 
number formed by reversing its digits is divisible by 11 Prove this u? 
the cose of a number of two digits 

7. Divide 6o s +u6 -6 s - a+7b - 12 by 2o +b -3. 


XVH. f. 


1 Write down the cost of 

( 1 ) * things at y pence each 
{uj x things at 3 a penny 
{m) * things at y a penny 
{iv) * things when y things cost 3 pence 

2 Solve the equation (3* - 1) 4 +{4* -2)*=(o* ~3) a 

3 Plot the points given by the table below, and dedace the equation of 
the graph which passes through them 


*= 

0 

* 

2 

3 

4 



35 

625 

9 

1175 


4 A walks at 4 m an hour, and 4 hours after lus start B bicycles after 
him at 10 m an hour Fmd, graphically, as accurately as you can, how 
far from tho start B catches A up 

5 Multiply 2**-5x+3 by *®-3*+l, checking your result by putting 
x=2 

6 Simplify {2x+a)(2x+6) -(2z+a){2x+c)+(2*+c){2*-6). 

7 Dk ide a-~ab~ Ob 5 +ac 176c - 12c 5 by a +26 -3c 

XVH. g 

1. From the sum of 36 -3a -4c, 4«-26-|, and +5e, subtract 

a be 
2 ~ 2 + 2 

2 StmpUfv {3(*+w)-2{y-s)-{2*4-c))[2(*-2)-{*-y)j.-] 

3 Solve the equation 2(i-3)+(*-2)(x-4)=x(*J-l)-33 Testyour 
result 

4 Too men bicvcle a joumev of 43 miles in opposite directions ono 
man dome the journey in 0 hour?, the other m 4 hoar? Whcro do ther 
meet ? Solve the problem graphically, and to«t j oar result m anv wa\ job 
phise 

nut 


K 
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5 Solve the equations 5(x - 1) + ll(y - 4) =97, 

ll(*-6) + 5{y-ll)=0 

6 Divide the sum of 6*(*-l)* t (3a +1)*, and -2 (8a* +3) by 2a -5 

7 Divide 104 into two ports, such that four tunes their difference may 
exceed by 2 the sum of one-fourth of the greater and one-third of the Iobb. 

XVII. h. 

1. From the excess of 5 over a - 3, subtract a® - 2a + 8 

2. Emd the product of a[x - b) - a(l - b ) and (a + 3)(a - 1) - («+2)(a - 1) 

3 Choosing a suitable unit, draw accurately the graph of 3y=2®+7 

4 A does a journey at a uniform rate in 6 hours B starting at the 
same tame, but at twice A’s rate, is delayed for 2$ hours when he has 
gone half way He, however, reached the end of the journey at the some 
tame as A Prove graphically that if B travelled at the pace at which he 
did the second half, he would do the oomplete journey in 4 hours 

5 What values of x and y will make both 

3(*-4)-2(y+3) and 2(*-15)+3(y-4) equal to unity f 

6 Simplify [27(*~y)(*+y)“8y(6s+y)]--(0a?+5y) 

7 A certain number of shilling s, and two-thirds of" that number of 
heif-crowus, are together less than four guineas by two thirds of the same 
number of florins What is the number ? 

XVII. k. 

1 From the excess of 2x(x - 5) over 5(1 ~2x) 

take the excess of x(x-3) over 3(4- t) 

2 Find the values of 4® -3** for integral values of x from -3 to 3 
Tabulate your work 

3 Solve the equation 8(®+I) , -10(*+2)(6®-7)=(2®-3)*-150® Test 
your result 

4 A does a journey of 42 miles m 54 hours, and B starting an hour 
later does the reverse journey in four hours Find, graphically, as , 
accurately as you can, how far their meeting place is from A’s starting 
point Test your result 

In how many minutes after B’s start were they first 20 miles apart i 

5 Solve the equations Test your result 

6 Simplify [2®(®-l)(*-2)-(*+9) a +70]—(®-5) 

7 A debt, which might have been paid exactly with 6a? half-sovereigns 

and x half-crowns, was paid out of a £10 note, and the change was found 
to bo equal to 16* half-crowns and x half-sovereigns Find x and tne 
amount of the debt , 

xvn. 1 . 

1 Find the continued product of 

*+y, x-y, a^+y 8 , a^+y 1 

2 A is * years old, B y years old, C z jears old what was the sum of 
their ages a years ago * 

3 Solve the -nimtmt, /*4-i)(‘e+3)(s+5)=(*+7)(a;+9)(s-7) Test 
your result 
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4. Taking 7 cms =2 76 mches, draw a graph which will enable von to 
convert centimetres to mches and uc& versa 

From the fignre read off the value of 

(l) 4 3 cms in mches, (n) 5 7 cm s in mches, 

(in) 1*5 m in cms (iv) 22m in cms 

5 Simplify [6z(z-2) s -5(z-2)(z-2) J-2z-l]— (3z-7) 

6 A man buys a case of oranges at Sd a dozen He finds 54 spoiled, 
and selling the Vest at 7 for 5d , lie loses 2s 6 d on the transaction How 
many did he bay * 

7. Solve the equations 7y-2z=l, 2w- z=lo, 

2y- r=7, lOy - t -3z=19. 


CHAPTER XYHI 

RESOLUTION INTO FACTORS 

98 When an algebraic expression is expressed as a product of 
its factors it is said to be resolved into factors and the process 
of finding the factors is called resolution into factors. 

We have already dealt with some of the simpler forms of 
factorization , thus we have seen that 2r-6=2(z-3) 

In other words the factors of 2x - 6 are 2 and (x-3) 

Example 1 Resolve 4a s - 3a into factors 
c 13 common to both terms, 

4a s -3a = a (4a -3), 

or, the factors of 4a s -3a are a and (4o - 7) 

Example 2 6r> - 7a~ - 2x =x(Gx I - 7x - 2) 

Example 3 3a s i>c-5a6 s e-4a&c ! =a6c(3a-35-‘*4c) 

Example 4 15xy -ory* - 20r l «/ i -5xy z [3xy -y* -4j?) 

X B — The above results should be checked by removing the brackets 

Examples. XV ILL a 
[ChecI result* by removing braelels ] 

I Resolve the following expression into factors 
1 tur^-ab 2 ax -a 1 3 T*-3or 

4 x 3 -oar? 5 a: tP-arz-ifi. 6 3a 4 -3 ab 

7 8 z=-xy 9 21 - iOr 

10. 21x s -20xy 11 az-tx-cx 12 -2z*-4z 

13 -ay—by~cy 14. jflst-apxyu-pbxy 

15 7Ga*x s -57aVr ! 16 3p'-x? 

17 z^i/z-xirz -xyr 4 18 7c6 -Ibc -2lbx 

19 1 lx 3 -Tr 1 ?/ -G&nr 20 3Cz s yx-54zy ! 2-4Sxys s -IP 
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TRINOMIAL EXPRESSIONS 


99 An algebraic expression of three terms is called a trin omial . 
Examine the four multiplications given below 


8+2 

8+3 

a ?+28 

+38+6 

8?+58 + 6 
(8 +2) (8 +3) 
«a^+58+6 (l) 


' 8-2 
8-3 

X 2 -28 

-38+6 
8 ®- 68+6 
(8 -2) (8 -3) 

=8 2 -58+6 „(u). 


8 + 2 
8-3 

a?+2x 
-3% -6 

x 2 - 8-6 

.. (8 + 2) (8 -3) 


8-2 

8+3 

a?-2x 

+38-6 

x*+ 8-6 
(8 -2) (8 +3) 


= 82-8-6 (ill) —X? +8 — 6 . (IV) 

The results are different forms of the expression 

a?+px+q 

In each case we notice m the product that 
(1) the coefficient of x is the algebraic sum of the second terms 
of the factors. 


(2) the third term is the product of the second terms of the 
factors 

In (l) 2+3=5, 2x3=6 
In (n) -2-3= -6, (-2){-3)=6 
In (in) 2-3= -1, (2)(-3)= -6 
In (iv) -2+3=1, ( — 2) (3) = -6 

Reversing the process, in order to find the factors of an ex- 
pression of the form x^+px+q, we must seek two numbers whose 
algebraic sum is p and whose product is q 
Examples 

a*+7aj+12=(af+4)(as+3), for 4+3=7 and4x3=12 
s 2 -7*+12=(*-4)(a:-3) l for -4-3= -7 and ( -3)(-4)=12 
(a 8 -4® -12)= (as -6) (as +2), for -6+2= -4 and ( -G)(2)= -12 
(a5®+4a!-12)=(*+6)(®-2), for 8-2=4 and (6)( -2)= -12 
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100. la more general form the above results may be expressed 
thus 

a? + {a + b)x + a b = (x + a) [x + 6), 
a? - (a + &)a+a&= (x -a)(x - &), 
a?+(a~b)x-ab- (x+a)(x - b ), 
a? - (a - 6)a; - ab = (a; - a) (x + b) 

All the above can of course be checked by multiplying the 
factors 

We also see that 

a&a? + {a + b)x + 1 = {ax + 1) {bx + 1), 
a&a? ~(a+b)z+l*=(ax- 1)(&3 - 1), 
aba ? + (a - b)x - 1 = (ax - 1) {bx + 1), 
ah? - (a - b)x - 1 - (aas + 1) (bx - 1) 

Thus 3a?+4a;+l=(3a;+l)(a;+l), 

10a? - 3a; - 1 = (5a; + 1) (2a; - 1), 
10a?+3a;-l={5»--l)(2a;+l) 

Also a? - llxy + iOy * = (s - lOy) (x - y) t 

a?-4a$-21y*=(a;-7y)(a;+3y) 

>v Examples. XVIII. b. 

Resolve into factors 

1 **+9*+20 2 a? -10* +21 3 *=+10*+24. 

4 **+10* +21 5 **-10* ■*•24 6 **~8*+7 

7 a?+3*+2 8 **-4*+4 9 **-*-2 

10 **+*-2 11. **+2*+l 12 **+4*-5 

13 *®-4s-5 14 ** + 12* +36 15 **-6*+9 

16. a?-llx+10 17 a? -12* +27 18 a* +20* +61 

19 **-18*+C5 20 **-10*+23 21 **•*■* -42 

22 **-*-42 23 **+4* -45 24 **-2*-35 

25 a? +14* +49 26 **+2*-63 27 **-22*+120 

28 **-3*-130 29 **+*-72 30 1 -3*+2*» 

31 21 +10* t x 1 32 **+(pj-g)*J-j)g 33 **-(m T n)x+mn 

34. ** +(»n -«)*-«in. 35 i* -(m -n)x-tnn 36 * s -‘-(2a+fc)*+2a&. 

37 **-(a+36)*+3a& 38 **-(2a-36)*-Ga6 

39 * s +(4c-55)*-20a6 40 **-(5a-36)*-I5a& 

41 **+7*-18 42 **-*-110 43 l-5*+6**. 

44 5-1*-** 45 **j>16*-17 46 40-13*-** 

47. 1 -3*-130x* 48 **-14* -15 49. 40 - 3*-** 

50 **t*-110 51 42-*-** 52 66 - 3*-** 
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Resolve into factors 
53. l-7a+0a» 

56 aP-rQxy-JQy* 

59. 5a? -4x1/-]/* 

62. a*~30a*j 225 
65 a? -103* +102 
68 54a 8 -3ay-y 8 

71. 43a*-42a-l 
74. 156a* -a -1 
77 42o?b 2 -ab-l 
80 W-Vsxy-y* 

83 *^*-13^-48 
86 a? +34a+289 
88 8Ia*+82*+l. 


54 72+x-a? 

57. a*+16a5+156*. 
60 o?-2ab-24b 9 
63 o? -73x4-12 
66. 733* - 74a +1 
69 20a* + 11a -1 

72. l-Sab+WP. 

75 1 -10ay+25ay. 
78. 17a s +10ay-y J 
81. 57 -22a -ra* 

84 a* -93a +92. 


55. a 1 -35a +21 6 
58. a® -23a +132 
61 a*-22ay+121y® 
64 a*-20ay+l(% 2 . 
67 a*-14aa+45a* 
70 240a* +a-l 

73. x i y t -4xy~32 
76. 51aV-20ay+l 


79 54a*+21ay+y® 
82. aty* -18a y+56 
85. 167 -160a -a® 
87 1 -30a+225a® 

89 a*-10ay~39y*. 


101 An expression of four terms can often be factonzed by 
grouping the terms in pairs 


Examples. ax-bx+ay-by 

s=(a-b)x+(a-b)y 

ss(a-6)(a+y)[jU8t as c x+ey-c[x+y)] 

3 ax -2by -3bx+2ay 
— (3 ax ~ 36a) + (2oy - 2 by) 
sz3x[a-b)+2y(a-b) 

=(a - b)(3x+2y ) 

Wo might deal, with a*-{a+6)a +ab m this way 

a* - {« +6)a +a6=sa* - ax - bx +ab 
szx(x-a)-b(x-a) 
=(x~a )(x-b) 

a 3 - aa* + cfla - a* - (a 3 - as?) + (o*a - a 3 ) 
=a*(a-o)+o*(a-fl) 
=(a-a)(a* +o*) 

15a t -0ab-5aa?+2ba?=15a 9 -5aa?-0ab+2ba? 

=5a(8a -a?) -2b(3o -x?\ 
= (7a -a?) (5a - 2b) 
a?-2a?-3x+6=a?(x-2)-3(x-2) 
=(x-2)(a?-3) 

v| Examples XVIII. c. 

Factorize the expressions . 

1 ax-rbx-*-ay+by 2 az-bz-ay+by 

3 ax-2x-ay+2y 4 8x-ax-5y4roy 

5 a?±xy+xz+yz, 6 afl-xy+xz-yz 
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7. aW-acd+abc-bd 

8 

a?-2x+*y-2y. 

9 3z-3y+ay-az 

10 

cP+bc-ab-ac. 

11. bc-a? -ab+ac 

12 

aW+bd+abo+acd 

13 ore + b~i + 6®c + a ! d 

14 

a*e-a 5 d-6 s d+6 ! c 

15. *»-3z*+2*-6 

16 

a? -xy -2a?+2y 

17. **- 15+5*»-3* 

is *y+**+jf*j-i 

19 xy*-l-p*+* 

20 o6(** +!)-*(»* +6*) 

21 a?-y s ~4z+4y 

22 

a®+m(m+l)o+»»*. 

23 j?+i?+®+I 

24 

s? J -x‘+«+l 

25 2x? -**+2x-l. 

26 

aa? -ba?+a -b 

27 2a? -3a?+4x-6. 

28 

3a? -a? M2* -4 

29. 7a? -3**- 21* +9 

30 

2a?-a?-l0x+5 

31. 2a?+14a?-3*~21 

32 

Ua?+5oa?±lx+35 

33 a* -be -b +0*0 

34 

x- -cP+x -ah; 

35 2a-a?-2a?+ax 

36 

2a?+0x*-c*-3c 


102 Difference of two squares. We know by multipli- 
cation that a 2 - b 2 = (a + b) (a - b) Hence we see that if an 
expression can be written as the difference of two squares, we 
can at once resolve it into factors 

Examples x* -4=zr -2 2 -(x+2)(x-2) 

ar -1 =(*+l)(*-l) 

25*= -9y*=(5*}* -(3y)*=(5x+2y)(6z-3y). 

10 s - 7 s «(10 7)(10 - 7) = 17 x 3 =51 
25* -24®=(25 +24)(25 -24) =49 

s * Examples XVIII d. 

Resolve into factors 


1 1-** 

2 

1-4** 

3 ** -4a* 

4 a* -49 

5 9 c?~a? 

6 

9**-l 

7 21** -16 

8 *=~9 

9 25** -49 

10 

a* -25 

11 121 -6* 

12 fl*-0 

13 **-169 

14 

4 -a* 

15. 16 -121a? 

16 (Pb’-cW. 

17 9*V»-Nfci*&* 

18 

101* -I 

19 11* -3* 

20 **y*-l 

21 04-e*rf= 

22 

1 -9£* 

23 D -4a* 

24. 9a*6* - IG 

25 173* -152* 

26 

*=-10,000 27. 1(1,000**-! 

28 **y*-8I««. 

29 

30 

b*-23 

31 **-c* 

32 3G* 1: -y* 

33 a'bY-x*. 

34 

1-100** 

35 e*6*e*-rf s 

36 1 -121a 4 . 

37. 49**-30y* 

38 

pY-4 

39 \44t? 

40 o*- 2256* 

41. 81**-64 

42 

4m*n* - 1 

43 9*= -492*. 

44 *=-169/. 

45 8!«*6*-l 


46 

** ! -y» 

47 a* - 2896* 

48 121«*-144A*. 


49. 

25*»-IG9a» 

50. a?y~ - 100 

51 *y-144p* 


52 

1 - lOOx'y*^. 

53. 12I*y-I. 



ELEMENTARY ALGEBRA 


Bind by factorization the values of 
54 385* -285* 55. 95* -85* 

58 1001*-! , 59. 237*-37* 

62. 825* -176* 63 97* -94* 

66. 1896* -1892*. 67. 97* -9 

70. 99999* -1 71 116* -10 

74 249* -49* 75 384* -64 s 


56 999* -1. 57. 37* -27* 

60 8275* -8273* 61. 35* -33*. 
64. 673* -373* 65. 998* -4. 

68 2763* -2745*. 69 109* -81. 
72 125* -25* 73. 125* -26. 


103. Wien the terms have a common factor this Bhould 
first be taken out The expression can often then be further 
factorized 


Examples. a*-ax*=a(a* -s*)=o(a+z}(a~s) 

12s* - 75 =3(4** -25) «3 (2* +6)(2s -6) 
27a*6*s* -147a*6*=3a*6*(96*s* -49) 

=3o*6*(36s+7)(36s-7) 


^Examples. XV 111. e. 

Resolve the following expressions into then* simplest factors 
1 3a? - 12a 1 


4 45*y-80**a* 
7 64a*6® -24e*d*. 

10. 75x*-48. 

13 13a* -136* 

16 27ap*-147aj s 
19 17-68py. 


2 7 -7s* 

5 3a* -3s* 

8. 141o*6 7 -564a*6* 

11. 11-996* 

14. 7s* -1575a* 

17 605s*c-7206*c 
20. 7*V-28sY 


3 2s* -288 
6 H2a*sy-175a*y 
9. 7a* -3436* 

12. 46a*6*-80 ’ 

15 3s 1 -300 
18 13a6c*-52a6d* 


104 Expressions m the form of the difference of two squares* 

Example (s+6)*-(e+d)*. 

= [a+F + c+d] [a + 6 - c+?3 

={a+6+c+d)(a+6-c-d) 
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1 (a-i) ! -o ! 2 o a -{6+c)» 

4 (*+2jr) J -16i s . 5 **-{2a-6} 8 

7 (2i+3y) 8 -(*+y) ! 8 o*-{4*-t/) s 

10 16a 8 -25(*+yl ! 11. (*+l)*-(*- 

13 (o-24) 8 -(c+d) 8 14 

15 <3i-y) 8 -(*+2y) ! 16 

17 (5p+j) 8 -(5p-?) 8 18 

19 4(*+a}*-9(y+6} s 20 

21 3(o+6)*-12{c+d)* 22 

23 (a+6)*-(a-6)* 24 

25 (3*+2y) s -(2*+3y) s 26 

27 l-(3z-2y) 8 28 

29 100 - (2a -36)* 30 

31. (o a +6*) s -4fl*6* 32 

33. c’4 ! -(a5-l) s 34 

35 (a? - 2®+3) a -{x* +2* -2)». 


3. (z-yf-ia* 

6 (*+yj 8 -(fl+5) 8 
9 25**-(«-5) ! 
l) 1 12 (2i+fl) ! -(2z-s) 5 . 

(o + 6 +c>* - (« +z) s 

(2z+5) ! -(2r-3) f 
9i*-(3i-y) 8 
9(* T y) ! -4(*-y)‘ 
64j*-(j-4)* 
(2i+3y+a) 8 -(*-y+a) ! . 
(4i-3b) 8 -(4i+3b) 8 
l-4(i-y) 8 
16a 8 -(4a -5) 8 
(o*+25*) ! -4n*6* 
(3»-2) s -(2b- 3) s . 


105 Haider Examples 
Find the factors of 

* 8 -o 8 +4yM 8 +4jy+2Bi 
The given expression may be written thus 

a? + 4XJ/ + 4y® - (a* - 2ai + 6 s ) 
=(x+2 yf-(a-b) 1 
=[*+2y +7^][*+2y - b^F] 

=(a:+2y+fl-6)(i£+2y-8+&) 


Examples XVIII. g 


2 e*-o a -2a6-6* 3 * 5 +2fli T a‘-4 !l . 

5 a a -6*-c 5 +26e 6 l-a*+2 ab-liK 

8 jp-ixy+iif-itV-. 9 a?-2xy*j( s -9 
11 1 -4a s -6*J-4a* 


Resolve into factors 
1 a ! -2ai J -5 ! -c 5 
4 y 8 -a 8 +2oi-i 8 
7 a?-jf , +o s J-2a* 

10 lG-a*-6*-*-2fl6 
12 eHSai+i 8 -^-^-^ 
14 a ! -2ai'4 ! -e ! +2ed-d* 
16 ?»-ir*-2i-l 
18 0<j*-4e*-«-fi 8 -* s -CaB-4cr 


13 4a ! — 4<i& —a? - 2cx — e* 

15 a ! +e J -5 s -d 1 -2ae-2H 
17 cMW+’ae 
19 5a ! -10ai+56*-20^. 
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106. Factorization of trinomial expressions when the co- 
efficient of the highest term is not unify. 

This can often be done by inspection, but if the factors are not 
readily seen, the method described in the next article should be 

employ'd. 10s?->-©*-21=(5&-3H&5+7). 

fe-3 

Arrange the factors thus : x 

lastly. "We see that the first term of the product is the 
product of the first terms of the factors, and the last term of 
the product is the product of the second terms of the factors 

Thus if 62 ? - 112-35 has factors, 

their first terms must be 62 and x or Zx and 22 . 

Also, their second terms must be 35 and 1. or 5 and 7, trith 
proper signs prefixed. 

Secondly. We see that the coefficient of 2 is formed by the 
products 52/7 and 22/ (-3) [Xoface the crossed lines (*0 
above-] 

We aLo notice that if the last term of the product is positive, 
the ^wond terms of the factors have the same sign : if the last 
term of the product is negative, the second terms of the factors 
have different signs. 

Let us take a few cases. 


Ezzaple Jaetonw 3z*- 172-10. 

Thefirei terms of the factors most be 3z and x 

The second 10 and 1, or 2 and 5. 

* « •««#• are of the same sign, and negative. 

We laerefore haTe to choose from the following 
z —101 

>" r the coeS. ofas-aonld be -(1-3/10). 

«z — 1 } 

sSiVf -f 0 -^ 

| -(3/2-5) 

3z-2 I . -1 

*-■» J 

31c Ia*t case is therefore the only poaible one, and rc see that the 
factors are 3z-2 and 2-5. 
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After a little practice it will easily be seen which cases may be 
rejected 

Example Factorize 7*® +32® -15 
The first terms of the factors must be 7x and x 
The second have different signs 

7*+15) 


*-i f 


coeff of® would be -7x1+15x1-8 


7® -15 
x 

®+l 

7®-l 

X 

®+15 

7«+l 


1 
} 

to ? +1 1 
®^15J 

®-3 J 

} 

+3 \ 

-5 j 


7® -6 

x 

®+3 

7*+3 

X 
* 

7* -3 
®+5 


7x1-15x1= -8 
7x15-1=104 
-7x15+1= -104. 
-7x3+5= -16 
7x3-6=10 
-7x5+3= -32 
7x5-3=32 


7® -3 and® +5 are the reqd factors 

Example. Fartonzo 3®® - 8x - 3 

3 is not a factor of each term 3® - 3 cannot be a factor, 

the factois must be 
3®-l and x+3, or 3® + l and ®-3 
The second pair are the factors, for -3x3 + 1= — 8 


107. When the factors cannot readily be seen by mspection 
the following method is recommended 

Example 1 Find the factors of 2®® -5® J -2 

2** -5® +2 = \ {(2*)* - 3(2*) +4}. 

(This is the same ns multipljing bj +) 

(Writing y instead of 2®) =^[y®-5y-4] 

=r(y-4)(v-i) 

=I(2®-4)(2*-l) 

=(*-2)(2®-l) 
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Example 2. Factorize 12a? -3-20 

12a? -*-2&=^[(12*) 8 -(12») -240} 
(Writing ? instead of 12®) =j^(y 2 -y -240) 

=^(y-i6)(y+i6) 

' =^j(12* -16)(12*+15) 

^L2z-16 j ^ 12*+15j 

=(3*-4)(4 as +5). 


[OSAP.j 


Example 3 Factonze 28a? +*y - 45y*. 

28a? +a$ [(28*)* +(28*)? -28 x45? s ] 

(Wntmg o instead of 28*) = -^(o® + o? - 28 x 45?*) 

We now have to find two numbers whose product is -28 x 45, and 
whose algebraic sum is 1 This can easily be done if we put the product 
-28 x 45 into its prune faotors 

-28x45= -2x2x7x5x3x3 
-7x5+2x2x3x3= -35 +36=1, 
the given expression =^(o + 36?)(o - 35?) 

=^(28* + 36?)(28* - 35?) 
=(7*+9?)(4*-6?) 


Examples 

be 


xvm, 


.hS* 


Fmd the factors of . 

• 

1 5a?-12*+4 
4 2a?+ll*-21 
7 2a?+19*+9 
10 9a?-18*+8 
13 9a?+6*-8 
16 6a? -11* +3 
19 20a? +41* +20 
22. 24a?-5Q*+25 
25 2**+5*y+3?* 

28 14a? +29* -15 
31. 10a?-13*y -Qy 3 
34. 26a? -41* +3 


2. 3a?+14®+15 
5. 3a? -13* -30 
8 3a? -22* +7 
11 16a? -8* -15 
14 4a?+4*-63 
17. 6a?-* -2 
20 12a? -7* -12 
23 3-8*+ 4a? 

26 2a? +3*? -2?* 
29 9a? -9* -28 
32. 7a?+4a??-3y* 
35 13a? +41* +6 


3 3a?-7*+2 
6 5a? +42* -27 
9 4a?-16*+15 
12 49a? +21*+ 2 
15, 6a?+ll*+3 
18 12a? -25* +12 
21 18a? -9* -2 
24 5 +9* -2a? 

27 12a? + 8a? -15?* 
30. 14a? -29*+ 12 
33. 12a?+17*y+5y* 


108. By Multiplication (a+b)(a 2 -ab+b 2 )=a 3 +b 3 ) 
and (a-b)(a 8 +ab+b 8 ) = a 8 -l^ { 
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Example 1 . x 3 -l=z 3 -l’=(* -I) (**+*+ 1) 

Example 2 27a’+86’=(3a)’+(26)’ 

^-•^[(Sa) 8 -(3a)(26)+(25)®] 

=(3a +26)(9a 8 - 6a6 +46 8 ) 

Example 3. 1 -27*9=1 -(3*)* 

=(1 -3z)[l +(3*)+(3*) 8 ] 
=(l-3*)(l+3*+9z*) 

Example 4 8*® +729^* =(2*) 3 + (By*) 3 

=(2*+9y*)[(2z) a - (2*)(9 y 3 ) +(9 y 8 ) 8 ] 

~(2z + 9 y 8 ) (4 «* -18xy a + 81 y*) 

Examples. XViil. k. 

Resolve into factors 

I. a?+y* 2 **-y® 3. 1 -a? 4 l+a? 5. z’+y’ 

6. 7 8**-i 8. l+8y* 9 8o*+6* 10 1+27**. 

II. a*+27 12 y»- 27. 13 a 3 +125 14 125a’ -1. 

15. 8r ! -27y 3 16 8a’+276’ 17 o’- 216 18 343**- 1. 

19 jr»-64 20 64+y 3 21 1000*9+1 22 a’6»-l 

23 l+a’6 3 24 0*6® -64 25 8*y~l. 26 *°+l 

27 64a 3 -1256’ 28 27* 3 +2>Y 29/21 6a 8 -6 3 30 512*9+1. 

31. 729a’ -S* 3 32 1+729* 3 . . 35. a 6 - 6 * , 34*® -64. 

\, Miscellaneous Factors (Easy). Examples. XVILl. L 


1. -8r +10z 

2 a s -lla6 + 306* 

3. -3+3*9 

4 3a 5 6’c=-21aW+18aW 

5 3a* -27 

6 5a’ -40 

7. 10a 8 +9a6-6 8 

8 3(a-l)9-3(a-2) 8 . 

9 x^y-3xy s 

10 7a 8 -175 

11 -**-**-*-1 

12 llac s -33a% 

13 3-21Z+18* 8 

14. 3a*6* -3a ! -36 8 +3 

15 12-3** 

16 p'q'r* -Zp'tfr* +2p*q l r t 

17. 3x119-3’ 

18 13*9-36* + 12 

19 X* -px+qz-pq 

20 4**-30ry-40y* 

21 3-43y9 

22 20**+30*y-20y* 

23 ll* 8 - 233;ry + 1432y* 24 3-81* 3 . 

25 4 -(3-*)’ 

26 (*-y) s -5**5y 

27 15^-ljy® 

28 3*9 -0**3 

29 3<i6-G6-3ac*6c 

30 117*9-13 

31 2*9-270 

32 pqx* -i-px+qz-t-l 

33 2**-16*+14 

34 7*9 -14* +7 xy 14y. 

35 2a* -50 

36 a s +a6 - 426 s 

37 18a£-8y s 

38 15/jY-12/Y-rlS/j*j 

>* 39 3G3 -3*9 

40 Ox* +36* -45 

41 21**-2*-l 

42 2-*’-2x s ** 

43 3*9 -Oy 8 . 

44 3r* *27* *G0 

45 3^-3 

46 20fq--o 

47 Sa6’c’-a 

48 17*9-1-51**34 

49 9(a-6)*-4(a-c)*. 

50 try* -700 

51 2(x-y)*-2 

52 3-3(*-y) 8 . 

53 1-5*— G** 

54 a*-9*y+20y* 

55 3a* -36’ 
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56. 1-4 (z-y)K 
59 3-3(2*-l)*. 

62. 3** -12 
65 (te*-ar > -2»* 

68. 4a*6e-6fl6*c+8a6c s 
71. a?+xy-42tf 
74 3z-8z 3 +4x 3 
77. 13^+41^+fl** 

t 


57. 39**-26z 
60. x B -30x+22B 
63. 5z+9;e a -2z 3 
66 7 a^-Sar+l 
69 7^-7 
72 9a* 5 -18* -316 
75 4a 9 +4a6+6* 

78, aP+px-qx-pq 


58. 2* s +24*y+7O0* 
61, lS^-Oa^z 
64 15o s 6-30a6* 

67. 200-lSx-ox* 
70. * , -27x 
73 a 3 x-125x 
76. 7a a +7fl-770 


*>109. The Remainder Theorem (Art 95) is often useful for 
purposes of factorization 
Factorize the expression aP+4aP+x-6. 

When this expression is divided by x -l, the remainder 

*=» 1 +4+1 — 6 *=0, .. 0) 

i e the expression is divisible byx-1 without remainder , in other 
words *- lisa factor 

Knowing this we write the expression thus 
a?*-l+4(x z -l)+a ?-l 

=(x-l)(so > +x+l)+4(ss-l)(x+l)+x-l 

=* (x - 1) + x + 1 + 4a? + 4 + 1} 

*=(a?— l)(£c a + 5®+6) 

• =($ — l)(a;+2)(®+3)# 

From the above [see (i)J we observe that m any algebraical 
expression where x is the only symbol used, if the algebraical sum 
of the numerical coefficients is zero, x-Z is a factor of the 
expression 

Example Eactonzo the expression 0®® + 13z a +2aJ-6 

When we divide by $4*1, the remainder is . 

-6+13-2-6=0, ' 1 

x + 1 is a factor of the expression 
Knowing this we wnte the expression in tho form 
6(z 3 +l)+13(* 2 -l)+2($+l) 

=6(j:+l)(» s -fl?+3)+l3(*+l)f*" 1 ) +2 f iC+1 ' 
=(* + l>(6m* - 0* +6 + 13* - 13 +2) 
ss(x + l)(fo* + 7* - 6) 
ss(x + 1)(3* +5)(2x-l) 

Hence, comparing (i) with the given 
that in any algebraical expression where a 
if the algebraical sum of the coefficients 


expression, wo observe 

is the only symbol used, 

of the even powers of s 
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is equal to that of the odd powers of x, x+1 is a factor of the 
expression. 

*110 Prove that ( a-b) t {b-c), (c-o) are factors of the expression 
o 3 (& - e) + 6®(c - o) + c?(u - 6). 

When we arrange the given expression in descending powers 
of a and divide by o - 6, the remainder is equal to the value of 
the expression obtained by putting a-b (Remainder Theorem ) 
This remainder - ¥(b - e) + 6®(c - 6) *■ 0 , 

*. a-b is a factor of the given expression 
In the same way we may prove that b-c and c-a are factors 
of the same expression 

*111. Miscellaneous factors 

Example 1. Factorize the expression x* -a 1 

z* - a* « (z* + a a ) (z* - dr) 

, ={3fi+a~)(x+a){x^a) 

Example 2 Factonze the expression z* - a® 

*®-a«a(*»*a®K*»-o») 

«(a s+a)(a? -ax+e 5 )(* -a){3r+ax+ar) 

In a cusp of this hind it is advisable to consider the expression as the 
difference of tao squares first, as above 
Example 3 Resolve into factors 3x* -3 t?y - 18*^* 

3** - 3 r>y - IS&tf =3x ! (* s - xy - Gy'-) 

*3x s (z-3y)(z J -2y) 

Example 4. Resolve (a +6} 1 - 1 into factors 

(a +6)* - 1 =[(a +6) - 1 J[(a +&)* + (a +b) 1 1] 
=(a+6-l)(<i s +2fl6+6 5 +fl+6+l) 

Example 5 Resolve 32(x+y) 3 -2x -2 y into factors 
32(x +yf -2x-2y =32(z T y)* -2(x +y) 

=2(z +y)[16(z+y) ! - 1] 

»2(* T y) [4<* + y) T 11 [4{z -<-y) - 1] 
s2(*-y){4z+4y + l){4*T4y-l) 

Examp le 6 ResoUe Ox 3 -49y* -9x+21y mto factors 

Pz* - 49«r - 9 x -r21y ~(3z 7y)(3x - 7 y) - 3(3* - 7 y) 
=(3x-7y)(3x-*>7y-3) 


* Examples XVIII. m. 

Rc«ol\c the following expressions mto their simplest factors 
1. a*-t« * 2 I6a*-1 3 32*<~2 y* 

4 x*~ r J 'r2r-l 5 3aa'-3fl' 6 7{a~bf -~,{a -b)\ 
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Resolve the following expressions into their simplest factors 
7. (a-6) a -4(c-d) 2 8 (o s -b s ) s -(o-b)* 

10 4a 3 -12*2 -s+3 
12 06(3 2 +y s )-3y(a s +& a ) 

14 4a* -23^- 3a® 3 -9y*. 

16 aW+a'b 5 17. o(o-6) a -oc 8 

19 84a 2 -8a-l 20. 4{2a+3) a -9(x-3) 8 


22 a 2 5-6(5-e) 8 23 a*-10&* 

25 a 4 -5a 8 +4 
27 a 2 +(l -a)a-o. 

29 a s +3oa-3o6-6 9 . 

31 a 7 +a # +a+l. 

33 (a 2 -y* -2 s ) 2 -4y*£ 

35 a 4 +4X 3 -7a 2 -10a 
37. 2a s -9a 3 +4a+15 
39 15a 2 -4a -35 

41 (1 -ab) s (a+b) a -(1 +a6)*(a-6) s 
43 ® 4 -3a s -2a 2 +12a-8 
45 6a 3 - 13a*y - 9ay a + lOy 3 . 

47. a(fl+2)a*+2a-o 2 +l 

49. 16a 4 -(5 -c) 4 

51 15 , r?-4a s y-13ay a +6y 8 
53 (a 2 -ay) 2 - (ay -y 3 ) 2 , 

55. 6p a -19pg+12g® 

57. 27a* -48y® 

59. 2a*+7a-30 
61. a^-ya 5 
63 5(6-2)-(o a -l). 

65 (2a+6) 2 -(3a -6) 2 


9. (a-y)*-a+y 
U 2a 3 +a s -18a-9 
13 a{6+c-d)-c(a-6+i) 

15. a 4 -13a 2 +36 

18 a 9 -3o ! a+2a 2 
21. l+2a+a 8 -a* 

24 o*-l 
26 (a a +ay) 2 -(ay+y a ) a 
28 a a +(2fl+5)a-o6-3a a 
30 (o a -5 a )(a a -y a )~4a5ay 
32 2003® + 10a -21 
34 (a-2y)*+(2a-y) s 
36. (a s +a 2 )6+(a s +6 2 )a 
38 (aa+5y) 2 +(oy-6a)*+cn(a s +y ! ) 
40. (a 2 -a s )6+{o a -6 a )a 
42 a{o+l)a 2 +a-a(o-l) 

44 5a*-4a 3 -6a s +4a+l 
46 a 3 -4a s +4a-3 
48 a 2 (l+6)-6 s (l+cr) 

50. (Z+2b-cJ -^- b + 2c J 

52 a s -6a+4 
54 a a +(a-6)ay-fl5y 2 
56 3+80*3®* 

58. a* -a 2 -4 
60 o 2 a+a(l -a 8 )-a 
62. 4a 2 -123 -432 
64 (a a +3) 2 -16a s 
66 (a* - a) 8 - 8 (a a - x) + 12 


CHAPTER xrx 


HIGHEST COMMON FACTOR 

112. When a tenn is the product of several letters, each of 
the letters is called a dimension of the product Also the 
number of letters, when expressed without indices, denotes the 
degree of the product 

a?bc-a a. a b c, and is therefore of five dimensions 
Numerical coefficients aie considered as of no degree 

9 j &y Z} 13 x z ip are therefore of the same degree, the fourt 
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The highest common factor (hcf) or highest common divisor 
(hod) of two or more integral algebraic expressions is the 
integral expression of the highest degree which will exactly 
divide each of them 

Consider the expressions 27a a 6 3 c, lba^c 4 3 is the h c f of 
the numerical coefficients 27 and 15 
The highest power of a which will divide both expressions is a 2 
6 , 6*. 
> c • « c 

the h c p of the two expressions is 3 a*l?c 

Example. Find the h c f of lSo 5 ^ 6 , 60a*6*, 25a 4 6 ! c* 

The hcf of 16, 60, 25 is 5 

The highest power of a which divides all the expressions is a 3 . 

b 6 s . 

ho power of e divides all three expressions 
the reqd ucf =5a*6 2 

Examples ZEE a 

Find the highest common factor of 

1 barb, lOafi* 2 zry*, aty* 3 a6e, 3a*6. 

4 dry':, 8**ps* 5 9a'b-c\ I5a s 6c« 6. 9 a*x', 21 bV 

7 Gx-y, Zxy 2 , 9x*y* 8 z*j/, y 7 z, zy- 9 3oV, 27aV, 18a 3 c* 

10 26r>j r, 13**: 3 , 39^=* 11. ZWb'c'iP, 20flVd‘, ioa s b-d, \Qa-b'c<P 

12 Zabc- t baric, 7aftc s , 9abcd 

113 In compound expressions the h c f can be determined by 
inspection as soon as the expressions are resolved into their 
simplest factors 

Example 1 Find the n c f of 

orbx+ab-x and a 7 b -6 s 
a t bx+ab i x=abx(a t b), 

a*6 - fc 3 -b(a 7 -b*) *b(a +b)(a -b) 

B\ inspection the reqd ucr w b{a ±b) 

Example 2 Find the hcf of **-17* +60 and r* +7* -00 
x 5 - 17r J-€0=(r-12)(x-3), 

I s J-7z-G0=(r-*-12)(r-5) 
thewqd hcf is r-o 





160 


ELEMENTARY ALGEBRA 


[cay 


Example 3. Find the h o f of **-4, a^+S^+S, ar'+a, -2 

x s -4=(x-2)(x+2), 
x i +3x+2=(x+l)(x+2), 
ap+x -2=(x -l)(x+2) 

.. *+2istheHOF reqd 

Example 4 Find the hot of f 3 - aap + a a * - o a and 'P-crP-tPt+a 1 
sP-aaP +a 8 tf- a°-iP(z- a)+ a a (x -a)=(r- a)(aP +«'-), 
z* -aaP-a^+a 3 =x i (x -a) - a s (x ~a)=(x-a)(a?~ a®) 

=[x +a)(v-a) 3 
the reqd BOF is x-a 


Examples. XIX, b. 

Find the eof of 

1 a a -ax,a a +ax 2 6a? -10, Ar-8 3 ap+xy, xy+y 3 

4 x a -4, 3ar-6 5 aP+2ab, ab+2b* 6 x 3 +xy,v 3 ~y 3 

7 x a ~2xy, tP-4y a 8. aP+2xy+y a , T a -y a 9 X s -3az s , 2t 3 -0tu! 

10 15a, -45, 3a* -27 11 3* 3 + 12xy, 4aP-6iy s 

12 4aP-8xy,3zy a -6y* 13. x a +3x+2, Tp+6t+5 

14 1 -2x+aP, 1 -aP 15. 1 +2x+aP, 4*-4ar> 

16 ® a -7*+12 l * 8 -8T+15 17 aP+y*, 5aP-By a 

18 aP -x-20> a? +3x -4 19. **-121, a^+^t+ll 

20 a, 8 +17ar+60, *®-7a:-80 21 3®* + 3o s , 2aP+4az+ 2a a 

22 a a +6 3 , <Pb-db a +IP 23. x a +x- 42, x a - 9x +18 

24 4x i +]2x-72,3z 3 -3x-18 25 24a t b a (a+b) a ,21a 3 b i (a a +b a ) 

26 12a. 3 -a;-l, Ga^-S-c+l 27 2*H5*-3, 7®»-63 

28 aP -2a; 8 -aj+2,* 3 -aP -4*+4 29. (6+c) s -o fl , (c+a) 3 '-b a ,(a+b) 3 -P 

30 10a,® + 13* - 3. 6*® - 11® +2, 5* a - 16a, + 3 

31 aP-7x+10, x a +2z-8, 3x > -3x~0 

32 (a -5)* -c 2 , (o+c) 3 -b 3 , ( c ~b) a -o* 

33 a^-10*+25, aP-25, aP-126 

34 r I -(a-c)*-ac l * 2 -(a+o)*+a<5 

35 2*®+*-l, 2aP-5x+2, QaP+x-2 

36 10x i +36aP+81 f 8aP+27 

37. **-a^-3*+3 f aP-3aP+2 

38, aP-aP-2x+2,2aP-x-l 

39 15r 8 -10i! a +4, Oa^-Oa^-to+A 
40. a^-Te+lO, 4r 8 -25* s +20*+25 


*1X4. When compound expressions cannot readily he factorized 
we find their hop by a method analogous to the Arithmetical 


method 


Before attempting any such, the student must grasp the 
principle underlying the Arithmetical method 
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Let us find tie h c f of 782 and 5451 

782)5451(6 

4692 

759 ) 782(1 
759 

23 ) 759 ( 33 
69 

69 

69 

23istiereqd hcf 

This method depends upon the fact that if any two numbers 
have a common factor, the remainder,’ when one is divided by the 
other, has the same factor 
, Thus m the above, 

any factor common to 782 and 5451 is a factor of 759 

759 and 782 23 

This principle, a rigid proof of which will be given later, being 
true for Anthmetical numbers must also be true m Algebra, since 
the symbols stand for numbers 
Let us now apply it to some examples 

Example 1 Find the hcf of jP+GtP-Sz-I and x 3 -*- 8^+10*+ 21. 

X s + 6x* - 8x - 7 ) x» * 8x= r 1 Ox + 2 1 ( 1 
r> T (pr- 8z- 7 

(a) 2)2 * s + 18x t 28)x s + 0* ! - 8x- 7(x-3 

x*+ 9x+l4 a^xO^+Hx 

-3x ! ~22x- 7 
-3ar -27x -42 

(6) 3)5 x+35 (^ t 9xt 14) x+2 
* + 7 x= -7 x 

2x-14 

2x-rl4 

x-7 isthcreqd ncr 

(«) Hero wo Fee that 2 is a factor of 2x Sj -18x-*-28, but no' ‘a /actor of 
x s - t»x ! -8x -7 we therefore reject it 
(b) We «ce that 3 n a factor of 3x T 33, but n ol a factor of x*t9x~ 14* 
ve therefore reject it 

Iho work will be considembh simplified if factors not common to both 
diUiorand diudend nrc rejected in this way 
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Tune will be saved if the work is arranged as below : 


2 ?+ 6a?- 8s- 7 

a? + 8a? + 10s +21 

a?+9a?+l4 

a?j-6a?- 8s— 7 

-3a? -22s- 7 

2 ) 2s?t18s+28 

-3s 8 -27s -42 


a?+ 9s+14 

5 ) 6s J- 35 


a?+ 7s 

sj-7 


2s+14 



2s +14 


At the stage (c) we might have shortened the work thus The factors of 
x 8 +9x+14 are x+2 and x+7 x+2 is evidently not a divisor of the 

given expressions 

Dividing x 8 + 6^ 7 by x+7 we find that x+7 is the HOP * 

When the given expressions have factors common to every 
term, these should be removed first, remembering that they 
themselves may have a common factor 


Example 2 Find the h c f of 

36s*-78a?+18a?+12s and 90s* - 207a? + 63a? + 36a, 
36s»- 78a?+18a?+12s=6z(Gs 3 -13a?+3s+2) 
90a: 1 - 207a? + 63a? + 36s = 9s (10a? -23a? +7a?-*-4) 
3® is the H c f of 6a: and 9s 

We now proceed to find the h o f of the remaining factors 


3s 

6a? - 13a? + 3s +2 

10a? - 23a? j- 7s +4 


6a?- 9a? -3s 

12a? - 20a? + 6s +4 

-2 

- 4a?-*-6s+2 

-s)-2a? J - 3a?- x 


- 4a?+6s+2 

2s 8 - 3* - 1 


/ thereqd hcp is3s(2a?-3s-l) 


Example 3 FmdtheHCP of 

6a? -19a?+lla? +6 and 10a?-19a?+2s-»-6 


(c) 

6a?-19s*+lla+ 6 

2 

10a?- 19a? + 2s+6 
6a?- 19s 8 + 11s +6 

3s 

12a? -38a?- 1 - 22s +12 
12a? -27s 

x ) 4a? - 9s 

4a? - 9 

-9 
(b) • 

-38a?+49s+12 
-36a? +81 

4a?-98s +138 

49) 98s -147 

2s- 3 



2a?+49s-69 


X 

2a? -49s +69 
2a?- 3s 


-23 

-46s+69 

-46s+69 



(a) 

(d) 


Thereqd hop is2s-3 
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iV jB.— I t is not necessary that the first term oi the divisor shouM go an 
exact number of tunes into the first term of the dividend. Seo (a) and (6) 

It is, however, sometimes convenient, as at (c), to introduce a factor 

At (d) we reject the factor x, which is not a factor of either of the given 
expressions 

* 115. If A and B represent any integral algebraical expression, 
then if A and B have a common factor, their sum or difference has 
the same factor. 

Let p be the common factor of A and B, and C and D the 
quotients when we divide them by p 

Then A=pC, and B=pD 

*. A+B=p(C + D), le p is a factor of A +B 

In the same way A -B -p(C - D), .*. p A -B 

Further if A and B have a common factor p, p is also a factor of 
»]A+nB and mA-nB, where niA and nB are any multiples of 
A and B 

Let C and D be the quotients when we dmde A and B by p, 
so that A=pC, and B=pD. 

\ in A + «B = MipC + «pD 
=p(mC + «D) , 

* p is a factor of mk + nB 

In the same way, m A - nB «= p{mC - «D) , 

. . p is a factor of mk - «B 

This can often be employed to shorten the work of finding 
aucp 

Find the ncr of 

5a? + 16a? + 23x - 5148 and 3a? + 48a? -103a; -5148. 

The difference of the two expressions 

= 2a?- 32 c 2 + 126a* 

= 2x(a?-16a;+63) 

= 2x(j; — 7) (x — 9) 

Now 2a? is not a common factor, nor is x~l, for 7 will not 
dmde exactly into 3148 

x-9 must be the n c f if there is one 

* Examples. XIX. c. 

Find the hishc't common factor of 

I. + W'T, 

2 i»-2a a y-2i s j?-3JT. 3a?y-*-2ry+2i3?-y'. 
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Find the highest common £aotor of * 

3 2x* -x 3 -X s -v-3, 2x* 

4 2**-7*®+8*-4, 6m 3 — 0as a — 11m — 2 

5 2**-6s+6, 4*®+**-12*+4. 

6. 3** +14*® +12* + 16, 2** +7*® -4** -*-4. 

7 2**+9* p +14*+3, 3»« + 16a?» + 6m s + 10m +2 

8 12*® +9** -4* -3, lOa^+Sa^+a+S 

9. 2*®+9*®-17*-46, 0*»-29*»+31*+10 
10 **-6**+8**-ll*+2, 2**-lla*+8**-6*+l. 

11. 6*® +11*® -31* +14, 4*®-47*+7 

12 6*® + 12** +3* -2, afl +3x^+8^ -afl-i 

13 4*® -17** +3* +4, *®-17*+4 

14 2*® - 7** -46* - 21, 2** + 11*® - 13** - 99* -46 
16 16a? +6** -45* -18, -49*® +28*® +147* -84 

16 6**- 25aPy s -Qy*, 3a*-16**y+a^*-6y s 

17 +&.*$ -27a?$* +S3*$» - 12$*, 6#* - 5*ty - 153?$® +25xjr> - 10$* 

18 26**+6*®-*-l, 20**+*®-l 

19 a?+4*®+5*+6, **+2*®+6a?+4*+4 

20 3*® +17** -62* +14, 7*® +62** -46* +8 


REDUCTION OF FRACTIONS TO LOWEST TERMS 


116. We shall assume throughout that m the symbols stand 
for numerical quantities, the ordinary Arithmetical rules con- 
cerning Vulgar Fractions apply to Algebra, leaving the proofs of 
those rules to a later stage 


In Arithmetic 


6_3x2_3 
8*4x2 V 


ma a 


rt tit *1 //*«' Ui 

Som Algebra jjg-j 


ab& ocxbc_oc 
6®c ** 5 x 6c 6 * 

ax-bx (a-b)xx _ a-b 
alp a6xa? db 


4a 2 - mb 2a (2a -3b) 2a -3b 
faT-^tab" 2a (3a -2bj 3a -26* 
a?-5;c+>6 (g-2)(s-3) (x -2)(x-3) =s »i| e 
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sis.] 


117 A fraction is reduced to its lowest terms by dividing its 
numerator and denominator by their E.C F, 

The hcf should always be found by factorization, when 
possible 

3a?+2®-l 


"Reduce 


«?+ x 2 — as— 1 


to its loicest terms. 


nn (3®-l)(® + l) 

The given expression Vfr+t/Vfl 

(3z-1)(b+1) 

” (a?-l)(a;+l) 


3a-l 

m its lowest terms 


Reduce 


o 3 -7fl 2 +16o-12 


to its loroest teims 


3a 3 -14o 2 + 16 a 
The denommator=a(3« 2 -14ff +16)=a(3o -8) (a -2) 

Hence it is evident that if the numerator and denominator 
have a common factor, it is a - 2 
Acting on this knowledge, we wnte the numerator to show 
a -2 as a factor, thus 

(a 3 - 2a 2 ) - (5a* - 10a) + 6c - 12 

=o 2 (a - 2) - 5o(a - 2) + 6(e - 2) 
=(a 2 -5a+6)(a-2) 

«(a-2)(a-3)(a-2), 

. *v (a-2)(a-3)(a-2) (a -2)(cr-3) 

• the P™ ^P 168310 " - - ^-1)^21 " o(3a-8) B 
its lowest terms 


Examples XIX. d. 


Reduce the following to their loucst terms 


1. 

4a 4 

8a 

2 

10r» 

oax 

3 

lOaWe 

2m** 

4 

lS*Yr» 

2Jrty s : 

5. 

18 ab'(? 

\ wW 

6 

42m s n t j» s ' 

7 

a* 

8 

3? 

9 

3 ox 

• 

n ! -*-n6 

7?~xy 

4ax-3ay 

10 

3a* 

11 

Go 5 - tSab 

12 

8r*-l2 ry 

♦aj^-onay 

bai -126 s 

6**-4xy 

13 


14. 

alz - tx 5 

15 

Ttf-ryz 


ox 4 -3r*y" 

acx-cS*’ 

.16: -36:* 
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o *+ Sa *+ fifl + 3 t 
[„ G «\- 13 a 6 + 66 3 
** 6 a *- 5 fl 6 - 66 a 


Reduce the following to their lowest torras 
a ? - 2s 
s *- 5 u !+6 
l+3*+2s* 
l-te-M 
**-2sy+y* 

* 

2s 9 -18 
3s® +3* -18* 
c ,0 -2afy 3 +2/ 8 
s'-j/ 8 

s ql 3a?+2*-l 

^ ' 5 , +®*-*-r 

m f+a-+l 
a ?+! B+r 

«»« 

*‘- 6 os s + 9 fl *' 

^ fl J + B*+0-3* 


[oaui 

/ 


16 . 


19 . 


22 


25 


28 


17 

3a: -r 3 

in 

® a +4g+4 


^-fe+e* 

lo. 

a^+Ss+G 

20 

sr 3 +(a-t*6)T+a6 

91 

« a - 6* 

Alt! 

< c s +(o+c)t!+oc 

All 

a 3 -6 s 

23. 

_6 a -n a 

24 

l+(fl+6)*+fl6a? 


o a +2o6+6 a 


l+fa+clg+acs 3 ’ 

26 

s 4 -3s a +2 

27 

x t -(a-b\x-ab 

tf-0-2 

sfi-{a-\-c)x+ae 


tf-Ts+lO 

on 

o a f2o6+6 3 -c a 

uO 

2x i -x-b 

uU 

a s -6 a -26c-c a 

32 

(o+6) a -(c+d) a 

33 

a?-s-20 

(a+c) a -(6+d) ! 

**+*-12 


D * *»- 3*+2 
sP+itf-Ox 


38 , 


41 . 


a ?- 6 *+ 5 * 
3 o *- 7 fl 6 + f 6 * 


36 


42 


s»-l 


3 o s - o 6 - 26 * 

44 ( 2 g + 6 )*- c » .. 27 - t - a 3 

4 o a -{ 6 + e) 3 fl + 3 o 


3 a ^+ 7 r -10 
( x - yf-l 
( s + l ) a - y a 
4 -( a . fy) a 
(r+2)*-y a 
3 * a + fo +2 


46 




MULTIPLICATION AND DIVISION OF FRACTIONS 


118. Example 1. Simplify 


i -( Z6 3 a 6 c o a -oc 


ab -be 12a 9 6 s - 6c 

(faotonzmg and dividing numerator and denominator by 3 a ) 
_ q a 6c ( 6 - cKtt - c ) 

~ 4aS *( a - c )[ b - c ) 

06 

= 46 

[for a , 6 , (6 - c ), (a - c ) are all common faotors of numerator and denominator } 
sfl + x-2 z ®- t -2 s 3 -! 

sfi - 2x V - 2*-8 st ?- 5x 
fa + 2 Mc - f ) te - 2 )( g + l ).. x { x - 5 )_ 
-~ W - 2 ) fT 5 [(*+ 2 ) (*- l )(*+ l ) 

g -5 
"®-4 


9 The sum of the numerical 
(Art 95 ) 


is zero as-1 is a factor 

• .1 .m 
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Examples XIX. e. 


Simplify the following : 
’ **4-2a ry-f-y* a 8 -ay* 


3. 


a 8 -4 2 

2x -4 84-2 


c **-5*4-6 ^**+5*4-4 *-3 
a? -16 X a*-4 *-4 


- a?4-5*+6 *4-3 
**-25 ~x-5 


s 25a 2 - 1 3* J 2y 5a -1 

’ 9ar I -4y- y 5a+l ~3*-2y 

6r ! 4-6*4-l 2**-ll*4-5 
6^-a-l * 2a? - Fix - 6 


a t 8 -49 *4-7 
aS-g - '*-^" 

, 4**-I 2*4-1 
4 4r-i*'2y-i* 

6 g: + (g4-6)g-rai *+ a 
a?-e* x—c 

3* -q< a ?4 -a 8 

^*-20*4-0* a(*-o)‘ 
<n **-*-6 a?-3x 
10 **4-*-2 **-* 

10 **-27* **4- 3* 4-9 
W ‘**"-‘9 *-*-3 * 


13 2a^4-*-l / a? 4-4* 4 -3 2*-l \ 

* 2**-*-l \aj*4-4*-5 X 2*4-l/ 

ii( i 2 -5* 4- 6 3(a?-49) **4-5* -6 , e (a4-6) s -c* (o-6) a -c a 

a* - 10* 4-21 x ?+5* - 14“ a?-* 10 * o 4 -(5+c) aX (o4-6)*-c* 

« s a?-64 (*-3) s **4-2*-15 

**-16 X (*4-4)*-4x 4a?4-ib* 

17 &g8 +14*4-3 1 2** -6* __ 18** -6* 

8** - 10* 4-3 X 4** + 5* 4-1 4** 4-* -3* 

M (a a 4-a*) a a* -a? 04-* 

,-s - x -= — = 

(a*-o*) s o a 4-a? a-x 


10 6** 4-6 **-1 x 3 

* (x+l)*-* y a?-3a* y ** - 1 

20 ( g -ft) 8 - C 9 C ffC - &C4-C 3 

at - 6 s -lie x o s 4- at -oc a*-(6-c)- 

3x-Gs? 1-8** 34-6*4- 12a? 

1 - 9* X 18** X (TX2i)S " 1 4- ix - lb* 1 ’ 

22 s 3 * 210 _ **-33f a?-*- 2x-15 

* a i -*-42 X *‘-Ck? J -3bx 3 "~ i-r -98 

23 ar<J ' ar8 +l (*-!)* g 3 4- Sa? - 9* 

*--l x a? — 1 *4-1 

24 S ^-SCx-t-lS 3a? -7* 4-4 4** 4-*-3 

Jx 2 -x -4 x 2** -7*4-5 **-l 

25 * *-o* a?-»-«* ( g* - a* ) 

a?4-a eX **-2a** ! 4-a 4 (** -a-J? Tfl*)(* e -2ax-a s )* 

2g 10a? -Slay 21 a* -9ry 27**-G3ty 

'“lO± i 4-ayX2i^" X jis-2*^T3*-Jy 2*?4-3*y4-2*4-3y 
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CHAPTER XX 

LOWEST COMMON MULTIPLE 

119. The lowest common multiple (lcm) of two or more 
integral algebraic expressions is the integral expression of the 
lowest degree which is exactly divisible by each of them 
The L c m of a 3 6 2 and d? is aW 
a 2 , a 7 , a 2 , a is a 7 

12a 8 and 18a 2 is 36a 8 , for 36 is the i o m of 12 
and 18, and a 8 is the l c m of a 8 and a 2 
Example 1 Emd the t o u of 2la*b% 7a®6 V, and 2a W 
The l c 2 i of 21, 7, and 2 is 42 
The lou of a 8 b 8 c, a s 6V, a s 6 ff c* 

must oontam a 8 or it would not he divisible by the first expression, 
it 6® third 

and c* second 

* 42a s b s <? is the reqd lcm 

Examples. XX, a. 

Find the 'lowest 'common multiple of 
1 orbc, ab s c\ 2 ax 3 , 4 a 3 x 3 4a®, 6a 5 

4 fay*, 16a fly ' 5 42 s?y, 49 yh 6. o 2 , 2ab, 6® 

7 10a?*, 12afy®, 4xy* 8 %y, yz, zc 9 8 a% 12a s 6®, 3 ah®, 46* 

10 a*, 4a*b, 6a 2 fiA 4 ab 8 , b * 11 faty, I2s?y\ tea?!? 

12 ay 3 , a?, a 3 y, ffl®= 13 a, 2a, 3a, 4a, 5a 

14 a 8 b 8 , a 3 b s , ab \ 15 6a®6*c*, 4 abh 8 , 9a s b*c 

16 8atyW, BatyWAMzY?, 16 <?y*g a 

120 The lcm of compound expressions can be determined 
by inspection whejn the expressions have been resolved into their 
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Example 1. Find tlie l.o m of c?b ~a*bz and abh - b z cx 

a*b -a*te=a*6(o -x), 
ab*c - b 2 cx=b i c(a -a) 

Thus ire see that the reqd lcsi is a 2 6*c(a-a). 

Example 2. Imd the l o m of a* -6a +6 apd a® +2a -8. 

s’-6x+6a(S'8)(c-8), 

a*+2a-8=(a-2)(a+4), 

(a -2){a -3){a +4) is the reqd lom 

Example 3. 4a<6*c + 4o*6*ca, 6a s 6e* - 6a s bc% and 3a s 6 8 c - fflcx*. 

4a«6*c + 4a 8 6*ex a 4o* 6*e (a + a), 

Ga s 6c ! - Ga 8 ^ = 6o*tc s (a -a), 

3a*6 3 c - 36 8 ca®=36*c(« a - a 8 ) =3 b\{a- a)(a +a) , 

. . 12o 5 6 s c*(a - a)(a+x) is the reqd lcm 


Examples XX b. 


Find the least common multiple of 

1. 4a, 4(a-a). 2 a s , a (a -6) 3 2 (a -x), 3(fl+x) 

4. 3 (a +b), 7(o+6) 5 a®6(a-6), at 5 (a -6) 6 xyz{x-y), xy 

7. 2x 5 (x+y), 4xy 8 Q(z-l), 2(z+l), (ar~l) 9 a s , a 8 -rra 
10 2a 8 +2a 8 x, 4ax 11 3a -36, 6a -66 12 4(x-y), 3(x 8 -p 8 ) 

13. a*, (as + l) s , 6(a=+l} 14 3(ax-ty), 4(ax+6y), efrV-fty). 

15 *(**-2/*), j(*+y). *(*-y) 16 8(1 -x), 8(1 +a), (1+a 8 ) 

17 3(*»-i), 4(x*+a+l), G(x-l) 18 x*+3x-«-2, a*+5x+6 

19. a a -2x+l, x®+x-2 20 x 3 -9x+14, a*-10x+21 


21 a*-3x-4, x 2 +2x-24 22 (a+6) 8 -c 8 , (a+c) 8 -6 8 

23 6(a+p)», Ofx+y) 3 24 2a* -7x+3, 2x 8 +5x-3 

25 3x s -7a+2, 3x*+8x-3 26 x 8 -? 8 , (a+y) 8 , (x-y) ! 

27 a*-3G y\ a a -»*7xy+6y s , a*+5ay-0jf 8 

28 7(a I 6+a6*}, 21{fl*+o6), 33(6 8 -a6) 

29 3(a*-p*) t 6 (af+xy), 4(r‘-x i y) 

30 12a%(z5-3x-».2), 18ri/ 8 (x-l), 8y*(x-2) 8 

31 a*-6 8 , 2<i 8 -3a6+fc 8 , a 8j -a s 6-aii 8 32 2x 8 -7x+3, 3r : -7x-6 

33 x i ~5x+C, x*-2x-3, x ! -x-2 34 a*-4 f x*-x-2, a 3 -r2x ! -a~2 
33 C(fl‘-fl56s), \8ab(a*-V>), 9 6(0*6 ■> 6*} 

36 Gx^-y 8 }, 9(a s -xy ! ), 12(x»J- 2x^-2^-^) 

37 **-• la 5 , a a —2aa 8 +4« 8 x- t< &'i 8 , x* -2ax s +4a 8 x-$a 8 

38 '*®-(n-6)aJ-o6 l a s +3flx-3a5-6 8 , a?-»*(2a4*6)a-fl&-3a\ 

39. 4f»-12as-x^3, 2x 8 +x s -18x-9 

40 ab-bi-ca+br, bc-c- -ab+ca 
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CHAPTER XXI 


ADDITION AND SUBTRACTION OF FRACTIONS 

121. We have already seen that, just as m Arithmetic 

3 5 3+5 
7 + 7~ 7 * 


so m Algebra 
and 


ft t y_x+y 
a T a a * 


ft y jz-y 
a a a 

When in Arithmetic we wish to add or subtract fractions 

which have different denominators, the plan is to reduce all the 

fractions to equivalent fractions having t he same denominator 

We adopt the same plan m Algebra 

TVamnlo 1 S-2_ 3(®-3) 2(®-2) 

Example 1 4 “ 6 ~ 3x4 " 2x6 

[12 is the l c m of the denominators 4 and 6 We therefore multiply 
numerator and denominator in the first fraction by 3, and in the second 
by 2 .] 

(removing brackets) 

fjf> K 

~ ~12 ( 00 ^ ectui S terms) 

_ . „ „ ifc.*+3 4®-3, 5 

Example 2 Simplify 

_ 4* 8 (*+3) 3®(4®-3). 0x5 

The given expression=^^ - 

(the Jj a m of 3a:, 4 a®, 2 a 3 is 12s 3 ) 

_4®* + 12®* - 12 ® 2 + 9® + 30 
12 ®* 

4®*+9®+30 
“ 12 ®* 

Examples. 2X1. a. 


Simplify the following expressions 


1 5 + 3* + 2® 

4 JUI-I 

* ax bz cx 
_ x *+l 
7 ‘ 6 “ 7 


9 ® 

x ' 3® 2® 
6e ac + aft 


3 -+W 
a 0 c 


6 


8 


2®-l 4®-8 


3 


6 


*-3 ®-4 
“3 4 * 

®-a ®-6 

— “T' 
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10 

13 

15 

17 

19 

21 


3z-y 3z-2y x~Z 

~~xy ~ yz “3* 

*+l , *+2 a?~4 

2 ~+ 3 -t~ 4 ~ 

a-b g+6 a i +4 a& - r 2b a 
b a 2ab 

2c -a a-b 3b 
3c 2a ^4a 
3b+4c 6j-6c a+6c 
2 ab 36c 4ac 
efl-b- c 9 -a* 

o*6® b*c® a*c® 


x-5 q+3t 2p~q 

5* 3 qr ~ 2jpg 

s+y 2x-ly x-3y 

1 5 rr* + 3 


16. 


g -y , y-g , 
zy yz zz 


*®+y 8 

18 — +V"'-? 


2*+l 3x+2 , 1 
3s “ 5* + 7 


3 s-fiy 2lx - 14y 38r - 57y 
3 7" T 19 * 


122 Note carefully the truth of the following statements 


i_ _-i _ i_ 

2-x x-2~ x-2 

This is obtained by multiplying numerator and denominator 
by -1 


In the same way * j— , 

J c—d d-c 

’’nd agam 

iz-3y ix-Zy 

y~z x-y 

Example 1 

7 a 3a -26 7a + 3a-I 

a-b~ b -a ~ a-b a -l 


7a+3a-26_I0a-2b 
~ a-b ~ a-b 

Example 2 

8m.pl ? +3y_*-O w 

1 J x+y x+2y 


The l c m of as -j -y and z +2y is (x+y){x±2y) 

Multiply numerator and denominator w the first fraction by a:-*-2y, 

second a. -ry, 


the 


guen expression = 


[x +2y)(x t _ (x+y)(x -6y ) 
{z+2y)(afj-y) ~{z*2y)(z+y) 


(*> 


_ (;c+2y)( z ■*-3y) - (z+ y)(x-G y) 
”(*-2y){*’*y) 


a* *-5xti 4- fly* - (r 8 - fi ar y - Oy*) 
(x-*-2y)(?-y} _ 


a^- 1 - Try -rO y 8 - a* 8 ‘-lay 4- by 8 
(*-2y)(*-ry) 

lOry - t-lSy 8 _ 2y(5r+6y)_ 
(r*2y)(z-v) = (z-2y)(z^y) 
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The above example is worked oat m fall After a little practice such 
steps as (a) and ( b ) may be omitted 

The common denominator should generally be left in factors, and the 
result reduced to its lowest terms 

_ (a-b)(a-*-b) a-b 
6(0+6) a+b 
a-b a-b 
b o+6 


=..-«e- 1 1 


=(a-b) 


o-*-6J 
o+6-6 


b(a-rb) 
_a(a-b) 
6(o+6)’ 


Express the following in 

1 JL.4.-L 

z+1 x-1 

4 _1 1_ 

* *t3“*+4 

_3 2_ 

3*-l ~2*+3* 
g+5 g-o 
x-2~2 -x 
2ar-3 2z~ 1 
x+l~ x-l' 

1 2x 

l-2z~l-4a?’ 


Examples. XXI. b. 

them simplest forms * 

2 -V,- 

z-1 1 -x 


6 


3 


7 

10 . 

13 

16. 


2*~3 y Zy-2x 

s a i y 

x+y x-y 


11 


a+3 s-3 
x— 3 *t3 


I4.-L+?=5 

x-y I s -jr 


19 




17. 

20 


3o 


9o a -46 8 3o +26 
4 16-3* 


3 

6 

9 

12 

15 

18 


_L+J_ 

x+3 x+4 

J J2_ 

StG~*+3* 
x+2 g— 5 
x+4~x J -10 

l-g + (T^’ 
4* 4 

(i+y) s “*+y 
2v , 1_, 
(*-2y) a *-2y 


(In the first fraction, 
denonunator.) 

22 — 1 — i a 

2 y-* + (*-y) s 
o(o-6) + 6(o+6) 

g+C gW 

g-o + o*-a ! 


g-4 **-16 
x—y is a common factor 


2i -£=f + -L- 

1 x ! -y s+ 2x+3y 


of numerator and 


23 

o-6 6-a 

04 g g _- 5 

c-d d-c 

c—d d—c 

26. 

2x 1 

27 5 t 3 .• 

a? -43? 2xt a 

27 3(0-4) ' 2(4-0) 


op 

_•» fit*! 

+ J- 


30 


c+36 2a +6 6 
o-26”2o J ‘56 

32 

32 «-2y at-Sy* 


31 

33 


I o+l 

0*— 1 fl" tO T 1 

1 3 o 


9a 2 -3a6-*-6='27fl*J-6 8 
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34 


35 


arVy 3 o 8 -^ 


a?-xy-tf a?+a :y-f 


37 


a 8 -46 s aMT- 
fl~26 a+35' 

M fi+Bx+i 

®+4 " *-2— 

38 8-2 o-4 

o s -j-2~a s -5o+4 

40*-^-^ 

a?4.2ay * 

♦Example 1, — L--5L 

a-6 o+6 o*-6 ! o s +6 s 

_a(a+6) -6(a -6) -6 s a a 
* o*--6 8 a-^6 ! 

(taking the first three fractions together) 
fi+ab-ab+fi-fi o ! 

= a i.fi ~a*~P 


o-o 


CQ 8t 4 

o ! -3o-28 0^23-3 

4i ^-y 8 

4 "fio-2y 


~a>-fi~?+$ 

=a! (^fi~fi+fi) 

a i (a t +6 t -a { -f6 i ) 


a‘-6» 

_2fib\ 

~a«-6« 

* Example 2 Simplify ^ — 

1 ^ o-a x-3e Orfl o*3 a 

JJjg mn«- - — — — / — 3 


jm» «i«— (jr,~ ) t( f^-.ra) I™™® 1 * 


T O 8 -? 1 ’ 


1 


Simplify . 
1 


3o+3o-3o+3a x-3a-x-3a 
= fi -a 8 * 

6a _0a 
sr ?-a 8 '?-9i 8 

=Ca (?^a 8 ''?~0a a ) 
6a(t 8 -0a 8 -o 8 TC i ) 

= ~(o 8 -« ! j(o ! -9a 8 } 

-48b 3 

“(z ! -a : )(r , -9a 8 j 

♦ Examples EH c 


1 . 2a 


o4"o-6 + a*-6 8 ' 


1 


1 


1 


l-^l^l-So 8 


,IJ 46 
Orb b-a fi-fi 

4. __j L_ 

o 5 -0o-4 r-*-4o^' 



174 


ELEMENTARY ALGEBRA 


Simplify 

r o 1 1 

D a ! ~6 ^ "3(o-6^3(a+5) , 

7 J L + _L 

* x~l a-2 + a-3 


a-3 a s -27“a 8 +3a.+9 

ii _L_. + __L_ + L_ 

a?-4a+3 + a*-6a+6 + a 2 -3a+2 


6 * 3(a-3) + :?-9”2(a+3)‘ 
0 a 3 , o-4 1 1 

8 l^^tf-ab+b^a+b' 

10 06 ■ 06 
{o-6)(6-e) + (a-c)(e-Sj’ 


12 1 2 (a+l) l+ 2 a 

a- 2 y r 2 a -y 2x~y 


13 _J L. + _L 

i0 ‘ 6 a: -2 2a-$ + 3a-l 


14 3 * | 4 , 1 • 

a*-3a+2 + l -a^a-2 


« 1 . 1 , 1 

10 * 2(a - 2) + (a - 2) (a - S) + (a - 2) (a - 3) (a - 4)* 

16 _Jy 3a 3a -2y 

' a 2 + 2 ay~ay+ 2 y ar ay 


(a-2)(a-3)"a a +a-6“9-a a 
ifl a 2 - 3a6 +26 2 , Ga s - Bab - 64* 6a*+o6-26* 
18, 0^26 + 2flP36 3o+26 * 


m o -6 , 1 , 06 on 

18 a 2 - a 6 + 6 * + a+ 6 + «* + 6 s a 3 - 

21 a?T& + S^ 25» + i?+4^ 22 a 

oo *+! , *-l 1 94 

Z8, 2a»-4i 3 2a 3 +4a* a 9 -4‘ ‘ a 1 - 

ay -ay 2 a y_ ^ . 

25 rf+y 2 s 

27 . _ 2 «L_ + * L 

z * a a +a^y-6y s+ a 2 -9y a a-2y 

6,3,9 

28 5 ! - 3 a- 28 + x 8 +a- 12 + a s - 10 a+ 2 i' 


nn 2.2, _4 

20 a 3 -8a+16 + a , -4a+3 + 0a-a a5 -5* 

a-l*a+l + 1 -a 8 (a+ 1) 8 


k a 8 -5a+6~a 8 -3a+2"a 8 -4*+3 

oft 1 2 . _L_ 

a a -a- 2 + l-a 3 + a 8 +a -2 


> J L + 8 

* a+3 a+4 a+7 


1 1 9a* t 

30, 4(3o -a*)" 6(3o+a*) " f0(9o a -a 4 ) 


01 i _L , i . 

31 * 2a s "^4a+2 3i*-3 T 4a*+8a+4 
i+*s 4a* l-a 3 
33 P'P'iT** 

6 86 , 96 ; 

35 JT6 'o- 26 + o -36 


oo g -3v izjy+2 

W, £+3y a+2y + 

BJ 5a 2la s +6a J _2a_ 

84 3a^2" 9a 2 +r T 3a+2 

1 1 - 
3b a *+2xp3i/* 
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sfi-lxy +I2f 2^+7 sy-4y* 
42? -1 Ixy -3y z 8x*-6xy+y z * 


g i f 

x-y~z+y ® s +y* T y 8 -* 3 * 


... 4a*6* 2o* a a (2g-56) 8 -4a 8 , (3o-26) s -46 s 

* a 4 -6 4+ a a +6 4+ o J-b 6-a 4a-5& 3a-46 

4, 6a?-5a:y-6j?_ 15s 3 + 8sy - 1 2y 3 S . y *+y 

XEF^23gy+3y* 35s 2 +47sy+6y 8 x-u-z v+z-z x+v+z 


x-y-z y+z-x x+y+z 


5 J 1_ Jf. 1_. 

* a-6"”a-3 + a+5 a+3* 


46 J_ + -A + _i_ + JL_ 

i+IV+iv+iV-i 


1 1 a+36 4b 9 , 0 5 15 J 30* 

^~2(5+6)“2(a=T6 1 )''a*~6 < 48 3~2s~(3 r 2i) 2 (3-2i) 3 


aq l+o 4a 8a 1 -a 

r^ + r+^ + ra ~ ra 

51 — L_ + 1 L_ 

*(*-2) + « !, -5g+6 s(s-3) 


3** +2* +4 x+1 


SO _i t + 2(£j 

“* s^T *+l + a?+ i 


s"+s+l *-l 
2(x-2) 


1 , 1 »- - - 

?-36 s +2a6 + 6 s -3o s +2od 3a a + 10ab + 36 s * 

2g+l 3 1 -- b _o6_ _ °b 3 

a?+x+l~z~l-x 4 ft+b~ (afb)* (o+6) a 

8a? 2a? * 1 3.3 1 


ce 8a? 2a? . * „ J 8,3 1 

8a?-j?’~4a? + 2 xy+jf j-2x * *+4 s + 3 x+2 s + I 


68 3 » 3 2x +5 e 

* + l + (* + l) s a?-2*+3 * 

60. ■ 38 i 1 !**->*. 

a?+y = -*y + a+y + a?+y“ 


M 1 g — 5 , i-fi 

59 2(sCT) ~3F^Tx + 10 + 2(s- - 9ar - 

fi, 1 , J I 1 . 

6l * i^3 + g+3 *-l *+T 


e« 10*-11 10*-1 . a?-2*+5 

3(a? - 1) “ 3(a? +* + 1) + (a? - lj(*+T)‘ 

m 3(a?+*-2) 3(a?-x-2) 8x 
a?-*-2 ~ a?+*-2 '‘a?-4‘ 


64 6! 

o o+2 2o 8 -8 

66 Ss+P * * 

a?+7*+f2~s s +3* + C"*a?+3x+2 

67 g (tf-y)* o(fl a -6 8 )a? 6] 

b £a + h*th±nx\ ® 


65 JL+i?~L Jj^-r.1, 

b& ’ FT* FTP 


bb- b~(b ox) J* -2 2* 

o-26 2(2o -6) 3(o-6) 

2o 8 - liad+Tsto* + 4a s -4o6 -36 s " 2a s - 7o6 -46 s 


Jx-2 2*-l 4-3* 


1 

r+£ 

* 1 J-X 

iuia 


xSxyS 
^"x-y 
2xy ' 


1 4 . 1 
7T6a*T6 

1 1 ' 

fl+6"a-6 
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Simplify: 


bo * s +3®+2f, 3(3® +2) 1 „ A 
73 * (®-l) a j 1 “3® a +8®+4J* 74, 


X-2 -• 


[chap, 


a?-5t 


m? 

\*+yJ 


n e /®+3 , ®+5\ ®® + l 

,D * ®®-2®H 


a+«- 


2®+4* 


o+®- 

a a -6 a 


a 8 

a a -a®+*? 
~ a 8 

o s -a®+® 2 


bo a \,°( a b \ BQ ft 6®-a* 

T'- 


0A (a+36) 2 -(a-36) a 

(3a+6) 9 -(3a-6) 2 

m 9 +» 9 
m 

o« » TO® + 71 ” 


m B -n B 


m » 


a® -6® a® +6® # , 

81 TT-l+F+l 1 " 1 

o-- 

83, 3"P K (J + S»} 

5 s " a 


/!+J..£±fcl x f 8 l_l 

[a -2® ®~2 a) [2a -» a-®/ 

oc f 5a 26 1 f 2a 26-al 
50, [a=65 3o-26J [a+26~2F^3oJ* 


*-£b * + ifs 


87# *fr+I)(s+2) a?fa+l)(2g+l) 
3 6 


88 

88 «• (^4)^-4) 

/«+> g-t\ 

\a*-6* + a 8 / +6 8 / \a-ft o+ft/ 


(2a+3)(o a +3g+2)-2(a+l)(a a +2a) 


(2a+3)a s -a(a 8 -2) 


94, o 

2*+3 — — 


X 

1 — 

®+6 


* ^-(K> 

1+ 4a s -Ca6 


96 1- 


5 +3+ a'ii( 4 


'aP+ax+a?) 
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97. 


a-x b-x a+x b-z 
b+z“a+z b+z a-z 
a+z b-x a+x b +x 
b+z~a-x b-z a-z 




"* {(*+a)* + {®^} {(* +o) a ~ z 2 - a a+ (z - a) 2 } 

lul, U-^ + i-* Vi -* 3 


I- 


1 + 


100 


l-z 


1 - 


1 - 


x+y x-y x_y 

in 9 x -y~ xJ -y y~ x 

X J 1 + *LZ}! 

x-y z+y y z 

in A (ac+bd) 3 - (ad +bc) 3 

104 ~(a^W(~d) ~ 


1 +x 


103 („ + » +c) ^ + I + ^)-^ + »> + ^ 


105 


c a 
a+b~b+C 
a 6 " * 

b+c~c+a 


106 . {(*+|) *- 2 ( 1 + ^)}-"(*- 5 ) 

inn {fl* 8 +(6 -c)z -/}* - (oz* +(5 +e)x -f} s 
* {az * +(b +e)z -/}* - {a£+(b -Ox -ff 

108 (iP+»+*y)Q- L ^+^)-®y 2 (^+y 5 +^)- 

109 . (t 3 », 9 ” a ‘ 2 m«\ /I 1 _\ 

\ m m s + timn) ( m 2 n-~ )’ 

\ ~ m+iu 

110 (--l-JH^-M-l+J) 

111 0- -(fe -c) 8 , ft- -( c-fl)"- , C--(g -b)* 

(e+ay-b 3 (a+6) s -c- (6+c) 8 -a* 

I 1 arTZy^-^J 1 ® 


113 


x 2 - ox - 2a ; 


t^tox - 2a 5 


z* - (2a ~b)x+2ab z 2 ^- (2a ■*■"5)* -r 2ai ' 

- 9z=-(y-=)=^tr-(.*-3z)= = ®-(3z- y)» 

(3l+"=) a -ir (3 y-y) 3 -z 3 (y T :) : -9r= 
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120 


-V - V ? ■ m.a +a )‘-h—~T- 

* + J75 * + JT5 *' + 3 _s l 1_ * + I+?r3i 


®+2 

t 

Prove that 

loo °-26 2(o+6 )_ 26(g+6)(2a+6) 

a-b a +36 a +26 ‘“(6-a)(o+36){o+26) 

123 — i~+_* +-® =_L + -L+-L + ®. 

ax -a? bx-x 1 cx-ar a -x b-x c-x x 


* CHAPTER xxn 

HARDER SIMPLE EQUATIONS INVOLVING FRACTIONS 

123. The usual method of solution is to clear away the fractions 
by multiplying both sides of the equation by the l o m of the 
denominators 

The work can often be shortened by sundry methods illustrated 
in the following worked-out examples 

3 2 

Example 1 Solve the equation = ^Zs 

Multiplying both Bides by (4z -3)(3z - 5), thetOM of the denominators, 

3(3® -6) =2(4® -3), 

9® — 15=8® -6, 
x—9 

' 3® 2® **+10 

Example 2 Solve the equation — y - ® ^Tf* 

Multiplying both aides by (*-l)(®+l), 

3* (® + 1) - 2® (® - 1) =®* + 10, 

3® 8 +3®-2**+2®=®*+10, 

5® =10, 
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xxn ] 


Eiuni>te3. 

Simplifying each side of the equation separately, 

2(3* + 1} -3(2* -1) 3(2*+l)-2(3*-l) 
(2*-l)(3z + l) “ (3*-I)(2* + l) * 
6*+2-6®+3 6*+3-6*+2 

(2* - 1)(3* + 1) = (3* - 1)(2*+ 1)’ 

5 5 

(2* - 1)(3* + 1) “(3* - 1)(2* + 1)* 

Dividing both sides by 5, and multiplying up, 

(3*-l)(2*+l)=(2*-I)(3*+l), 
Gafi+x-l =s6**-*-l, 

2z~0, 

x=0 

Example 4. Solve the equation sic’ IT* 

The equation may be written 1 = 5 ^ 3 ~ r g" --> 

,e * +§^ 3 ** +3^5’ 

3* -5=2* -3, 

*=2 

Example 5 Solve the equation - — ? — ~ 

r z-o z-3 x-9 x-1 

The equation may be written 

*^5+2 *-3 -f 2_*-9+ 2 *-7+2 
*-fi ** * -3 ~ x-9~~ * -7 ’ 

2 2 2 2 

3 -l +j-^ . 

Dnidmg both sides by 2 

1 s J I_ 

z-5~x-3~x-9~z-7* 
Simplifying each side separately, 

(* - 3) - (*_- 5) _ (* - 7) - (*- 9) 
(*-5)(*-3) " (*-7)(* -9f’ 

2 2 
,c (*-5)(*-3) = (*-7)(*-9)* 

Dividing both sides bv 2, and multiplying up, 

( z - 7)(x - 9) =(x - •>)(* - 3), 
z 3 -1G* J-G3 =* 5 ~8x+15 
-8x= -48, 
x=G 
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* Examples. STOTT. 

1 solution , express the result m deoimals correct 
bo t wo decimal places ) 


to two i 

, a+3 
' 2a-3 

a+1 


1 ^~3 a;+12 9 a- 

A ‘ 8-4“ a+8 1 2a 

4. -2L+.JL-1 5. — 

a-8 a-6 3a 

7 3 , 4 _ 25 

. a-3 + a-4“^-7a+12 

9 ^ n , 88 

a+20 a“ u+ a(a+20) 

f1 9(12 -a) 5 17 -a 
4(a+l) + 4 = a-8 

13 a ~ 4 a-2 _ a-10 a-8 
a o~a-3~a-ll a-9 

1K 6a+2_ 2a-9 „ , 2a - 13 


17 28 
a-1 ~ 9\a+2/ + 9 * 


3a-4‘ 


2a 

s 4a-9' 

1 8a -3 
’5 + 15a-20 


19 a:+2 ., a; - 2 r -o 
a-3 + a-6 

21 ^± 2 + 2x - 4 _5 

Z1 * a-1 + ^+2 “ 6 

25 JL+J___L 

a-la-4"a+2 
4(2a-l) 2(7a-l) _l 
41 3(a-2T" 6a -13 "3 
„ 6a+l 2a-5 4 
29 5 a^B _ 3 z^ 4 = 3 

lOa+17 * 12a+2 _ 5a-4 
3L ’ f8 11a -8" 9 ’ 

oo a 9 -a+1 , « , +*+l _«>„ 


„ l+a 2+8a ,,1+38 

*■ irrra = 1 + r 3 & - 


5a -7 _ 1 4a -3 
10a-5“I0~4a-2 


a n 22 6a -1 

* a+5“2a+ 7* 

- 6a-5 1 3a -4 

8a-12~12"0a-9 

l 4a -3 


10 

a-1 5\a-l 3/ 10(a-l) 

6a- 7 9x-12 12a -25 8x~l8 
2a -3 3a -5 ~ 3a- 7“ “ 2r-5 

30+6a , 60+8a , . 48 

a+1 + a+3 ” + a+T 


2a -13 
a-6 

16 

3a-14 3a-8 3a 
r-6 a - 3~ a - 

-32 

11 



a 2a 27 


28 

18 

5 6 “5 


T 

6 *“ 4 ~128+^ 



20 

*(£tKM) 

=7 


8a 5_ 

2a-3 3a -2 


a-1 2a-l 

_±_ JL_ L_ 

0 16 -10a I<P0a'168+12O 

„ a 3a -2 a+17 1 
a 25^3 "a+1 0“2 

30 JTT" 5 ^ 3 = 3 {a^ 2 "a^ 3 }’ 

On X ~^ X-1 = g 

a*-6a+6 a9-8a+16 

nj a-1 a _a-8 a-7 
34 a-2"a-l”a-9 a-8 

1 11/1 l \ 

36 a-4~a-3 4Va-6"a-l/ 




CHAPTER XXIII 

MISCELLANEOUS FACTORS FOE REVISION 

XXirr a. 

[Grouped in batches of 10 ] 

Resolve into their simplest faotors 

I aa? -bx 2. a? + ll*+10 3 3a?-3 4. 2a?-8*+0 

5 ax-bx+a*-b « 6 1 -2* -3a? 7. 4a 3 -46* 

8 18**+24*+0 9 8a? + 14a;-15 10. a?+2a?-*-2 

II 20*j/-15j/ s 12 aa?-a6* 13. a? -52* +51 14 4(a=-j) 


15 aP+wF+a-i+a? 

16 

72-* -a* 

17 (a-»-6) 5 -a->6 

18 10a? -30* -21 

19 

a*-6*-c*+26c 

20 

a6**-4a*-36x+12 

21. 3-0*+3a? 

22 

27a?-12*+l 

23 

20a* -45 

24 3nx + 2by - 2bx - Say 25 

3a 3 -81 

26 

0+3*~2x s -a?. 

27 35a? + 12* -32 

28 a?y= + l -a?-t/* 

29 

0-5*-2**+a? 

30 a*3?+U t y--a 3 f-b , 3? 




31 G3a6 -<216c -2436* 

32 

54a? 13xy -j* 

33 

6 x-ay-ax+Qy 

34 3 3?-% 

35 

27x= -Gx-S 

36 

343a? - ly\ 

37 *V-1 -**4.y* 

38 

(a-b)*-a-rb 

39 

t c -64j/*. 

40 (a-ttys-Cfl-^-rO 





41 jPjfi-Zp-x-i-p 

42 

x*-25x + n0 

43 z(x+8)"*-8(z J -0) 

44 33a? t 20xy - 32 u* 

45 

a? + 2ox - 76* - 14a6 

46 (c+6) 3 -(a-6) s 

47 Ifla? - 2ab - 5ax •*. C6r 

48 2*® -128 

49 

4a? -7* -3 

50 {bx-i-oy)'+(by - ox)* 

-e ! (a?+ v ! ) 



51 x 5 -lG{x-4) 

52. («.«.*)* -(6 + *)*. 

53 

a?-**14*-147 

54 3(a-5)*-3a*36 

55 

12x*-Jlo6-‘-Sfl*-2l6x 

56 a?+3+2z*-2x. 

57 27** <*.210* -125 

58 

**-3ffy-*-3ay-o s . 

59. 

c«-10(6-c)*. 

60. 

1) 
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Resolve into their simplest factors • 

61. a*+2a+b i +2b+2ab 62. Zbx 1 - 7&xy -2&y 3 63. 3('B s -y a )-4z+4y. 

64 bW-b 9 65 s 4 +2afy s +y« 66 16 

67 32^+352** +320® 68 (x +y) s (x -y) -(% ~y)*(* +y) 

69 46*c s -(o*~5 a -c a ) a 70. (2o-6} 4 -(a-26}«. 


71 5a a -a~56 a +6 72 39*® 1- 14® -8 73 16(**~ t \). 

74 'ax+by~ay-cx-bx+cy 75 (x 3 -2¥-a? 

76 (®+y) a -13(*+y)o+42o a 77 (3a -by -{a -2b) 9 

78 a^+ac-ate-6 a j/-6c+o6j/ 79, 8(2*+y) 8 +(*-2y) J . 

80. 16®*+4*^ 8 +y 4 


REVISION PAPERS 

xxm, b. 


1. Resolve the followmg mto their simplest factors , 

(i) ax 2 -a 3 (u) x t -2xy~99y a . 

(m) 75z a ~70x+l (iv) x g +xy-5x-By. 

2. Emd the h o f of 2*® -fi® -3 sad 3*® -81 

Ail 

3 Simplify — s+— ~s, and find a value of x which will make 

S — 1 X—Z X—O 


the expression equal to zero 

4 Multiply a® - ax + bx - ab hy a* +ax-bx- ab 

5 Using half an inch as x unit, and one-tenth of an inch as y unit, plot 
the points given hy the table below, and join them by an even ourve 


z= -5 

-4 



m 


2 

3 

4 

5 

y= 25 


9 

1 

OH 


DO 

Jam 


Read off from the figure, the values of x when y-7 and 13, and the 
values of y when x=l 8 and -2 4 


6 Solve the equation 


x 3 -2x+i _ a? -5 
«-l ”«+l 


7. A bicycles at the rate of 12 m an hour, stopping for 6 minutes at 
the end of each hour B starts 2 hours 24 minutes later on his motor car, 
and, pursuing him, catches him up 42 miles from the start without any 
stops At wnat rate did B travel ? Solve the problem graphically ana 
algebraically. 


xxm. C. 

1. Bvoolve the following mto factors 

(i) 2z®-8 (u)2x l -Bz+2 

(m) a a +2a6+i a -c*. (iv) x a -y*-3z+3y. 
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n 0 „ , r _ (x*-l)(x*-4) 

2 (*>+»-£ ) (* -*- 2 ) ' 

3 Find the l o m of 3a 8 6-3o*6*, 4a6 3 -4a*6 2 , 2 a s 6*. 

4 Simplify [(x - 1)* +2(z - l)(2x - 1) + (2x - 1)*]— (3® - 2) 

5 Plot the points (10, 10), (15, 18), (30, 22), (39, 10) If the quadri- 
lateral joining them represents a field, each square unit representing one- 
tenth of an acre, find the area of the field 


6 Solve the equations 


1 1 -1 
3 x 4y = 72' x“3y~18 


Check your result 


7 A train does a journey without stoppages in 8 hours, if it had 
travelled 5 m an hour faster, it would have done the journey m 6 hours 
40 minutes Find its slower speed 


xxm, d. 

1. Resolve into factors • 


(l) 2x*+7x+3 (n) a*-6*-2te-x* 

(ui) e t+ab-ac-bc (iv) 3-3&* 

2 Find the h c F of x* ~ax~bz+ab, i?+cx-ax-ac, and bx*-arb 


3 Smpht, J_.?f±y + *g±a 

• x-y x--y* a^-y 4 

4 Draw the graph of x+2y=8, and from it wnte down all the positive 
integral solutions of the equation, not counting sera values 

5 Divide a* -6* by a 2 -ab+b* 


6 Solve the equation 


x s -x -2 2X 5 6 7 - x - 1 _ 4x* + x - 3 
x-2 + x - 1 ~ x+1 


7 In an innings of a cricket eleven tho team were accounted for m the 
following manner Some were stumped, half as many again were caught, 
and half the wickets that fell were bowled How many were stumped, 
caught, and bowled respectively f 


xxm. e. 

1 Resolve into factors 


(i) x*-28x-128 (u) ox-2y-2x+cy 

(m) x s -5x*+7x-3 (iv) 4 + 108«* 

(5 + c) s -a s (e+fi+e)* 


2. Simplify . 

1 (a -b)- -c* (c -by -a' c --{a-by 

3. Find the lcm of x*-5x+G, x*-x-2, x*-2x-3 


4 A bic\clca a journcj of 30 miles m ol hours, and B, starting 14 hours 
after him, nrmes at the end of tho joumc\’3G minutes before him If they 
nde nt uniform speeds, find graphically where B passes A Calculate your 
mult to the nearest tenth of a mile 


5 Dmdc Ox 4 -Sx 3 tG^-t 17x+G b\ Gx s +7r+2 

6 Simplifj « 7*> W - » V- M. 

2x-3 x - 1 3 x t 2 

7 What \alue of xwiU make 


(x-*)*-(x -|)i equal to 2x4-3 
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xxm.f. 

1. Resolve into factors 

( 1 ) 2*2+9 * -5 (u) (2a+b) z -(a+2b)“ 

(m) a(b+c-d)+d(a-b~c) (iv) aP-aPz-xjf+ifz 

2 Find the h c f of c s -(a-b) a , (a+c) s ~b s , (c-6 ) s -a® 

3. Simplify Cheok your result by put 

ting *=3 

4 Bran the graph of 2*+ 3y=21, and from it wnte down all positive 
integral eolations, counting zero values as positive 

5 2 

5 Solve the equations = 1 ^, 

y x 

^-™=1 Cheok your results 

6 By domg a journey at the rate of 12$ miles an hour a bicyclist 
completes it m 3 minutes less time than if he had travelled at 12 miles an 
hour Emd the length of the journey 

Test your uwer 


XXETI. g. 

1. Resolve into factors 


(i) 12*® + 7* - 12 (n) 4a 8 + 6 ® - c B - tP+4ab +2cd 

(m) * s - 2 -*+ 2 * a (iv) ajy-a^-j^+l 


2. Simplify 


**+*2+1 *2-2 ar>+l 


**-4 *2-1 *®+2 

3 Fmd the L o M of 3(**-*fy ! ), 0(*V +y*), 9 (o?-z-y +*/-»*) 

4 The majority against a certain motion is equal to 6 j per cent of the 
total number voting If 12 of those who voted against the motion had 
voted for it, the motion would have been earned by a smgle vote Find 
the numbers voting on eaoh side 

5 Divide *®-6(4a+6)*+(ff+26)(a s +36 s ) by x+o+2b 

„ „ , , 2*+3 2*+9 3*+7 3* +16 nw vnlir 

6. Solve fli. equation OSat your 


answer 

* 7 A man travels at the rate of * feet per minute. 
How long does he take to do a mile ? 

How many yards does ho travel in an hour ? 

How many miles does he travel m y hours ? 


XXffi. hi 

1. Simplify -(*“) 

2a?+5*-*-4 4**+8*+6 

2. Solve the equation — ^ — = ' 2 * + 3 "" 


Test your solution 
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3 Plot the points (0, 0), (1, 1), (4, 2), (9, 3), (16, 4), (25, 5), (1, -1), 
(4, -2), (9, -3), (16, -4), (25, -5), using one-tenth of an inch as x unit 
and half an inch as y unit Join the points by an even carve Estimate 
the corresponding y values on the curve when x =11, and when x =23. 

, B .. a* -6* /, 26 \ 8 (aJ-6)* 


5 A fraction is such that its denominator exceeds its numerator by 2 , 
also if the numerator is diminished by unity and the denominator increased 
by unity, the fraction becomes equal to \ Find the fraction 


6 Solve the equations 


x 

y 


2x=2\, 


<|t 

-- L 2z+5l =0 Test y our solution 

y 

7 What is the interest on 
(i) £300 for 1 year at # per cent per annum ’ 

(n) 4 years , simple interest ? 

(in) £tr for 1 year , ’ 

(iv) y years , ’ 


XXIII k 


1 Divide a? 1 -r -« by x - 1 + * 
x~ x 

4 17 3 

^ Solve the equation g^— j ~ gfes _ j Test your solution 


o 4 

3 From the equation - _+ a — — =7, find the value of -- 

* y-o 2-z (x-2)(y -5) y 

4 (»-***$). «-C-S) 

y X 

5 At uhat time (to the nearest minute) do the hands of a clock point 
m the same direction between 4 and 5 o clock * 


6 Solve the equations xy + Ax- 7, 

xtj - 3r = 14 Test y our solution 

7. In the equation y=2x- X s , find the corresponding values of y to all 
integral values of x from -3 to 3 Tabulate \our work Using half an 
inch as x unit, and one-tenth of an inch os y unit, plot the points, and join 
them by an even curve 


xxm 1. 

1. Divide (*= - p 8 )* -(a~-3zy+ 2y ! ) ! by (*- y) 9 
3 x 5 u. 14 Z 4.7 0ar= - r> 


2 Solve the equation 


x ±4 3x -2 
a-+6 : -c ; -2'i6 «-6+c 
a 5 


Test your solution 


3 S,m ‘ >U -' „-5ZF^-23-«-6^- 

4 Find two numbers whose difference is 27, such that the huger 
divided by the smaller gives a quotient 7 and a remainder 3 
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S. Emd values of a and b which will satisfy both the equations 


a b n 2d 3 b n . i 

=7, =2, when x=i 

x y ' x y ’ a 


_l 

-y 


6 Solve the equations 3a;+4y-f 14=0, 

5x~2y+ 6=0. 

Reduce the solution of the equations 

|+|+14=0, 

?-?+ 6=0 
* y 

1. If 2x-3y-l=0, aada?y-3*+2=0, prove that 3y s -8y+l=0. 


xxm. m. 


1. Divide (a a +2oh-36 a ) a -(a a -4a6+36 a ) a by (a -by 1 

3 1 19 

2 Solve flu eqmtum ^ TestyourMlutioii 


=0, find the value of - 


3 From tie equation — 

A a UL. 4r*+8x a +4^JB*+**+l (x* +a*) a 

4 y-v+ w x ~gtr^~?+r 

5. At what time (to the nearest minute) do the hands of a clock pomt 
in opposite directions between 4 and 5 o’clock 7 


6 Try to solve the equation What con- 

elusion do you draw 7 

7 A horse ib bought for £85, and sold at a gam of x per cent What 
is the selling price v 

By selling a home for £92, a profit of x per cent is made . what was the 
original price of the horse 7 


CHAPTER XXIV 

SQUARE ROOT 

124 Every quantity has two square roots, equal in value but 
opposite m sign 

E g the square root of 4 is + 2 or - 2, 

for (+2) 2 *=4, and (-2) 2 =4. 

/. -s/5—2 or -2, 

or, as it is written more shortly, \/4= ±2. 
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At present we will only deal with the positive root. 

A square is always positive, for by the rule of signs 

axa=a 2 , 

(-e)x(-a)=o a , 

e whether a quantity is positive or negative, its square is positive. 

Hence we see that a negative quantity has no square root 
The square root of a negative quantity however has an inter- 
pretation, but this hardly conies into the province of Elementary 
Algebra. 

The square roots of simple algebraical expressions can be seen 
byinspection. J(aW)=a*b 

«yi6a 4 “4o 8 

/§1& 4 _96 8 

Vi F“T- 


Examples. XXIV. a. 

Wnte down, or read off, the positive square roots of the following: 
1. *» 2 a w 3 y». 4 *Y 


5. 

o*6< 

6 zV 7. 4a*6* 

8 16a«6*. 

9 

49je , 0*sP 

10 * a * 

L{J b 1 

11 

12^. 

13 

01 

14 2o 

15 *64, 

16 0001* 

17. 

1 

•10 

49 

18 ™ 19. 0 1 6 4 c*. 

20 ~ 0a ‘ 
4b* 

21. 

1 21a«c» 


23 - a< - 
a 816* 

24 0OG4z* 
OOOly 1 * 


25 9(o -5)5 26 ij l (2x + y) s 27 0I(I0r + 10y) 5 


125. The square of a simple expression is also a simple ex 
predion 

E 9 (4u 8 6 2 ) 2 = 1 Gn*b* 

N\e know also that the square of a binomial expression is a 
trinomial expression 

V 9 (x+2) a *=a?+ lar-r4 

(2n-3) 2 *la?.*-12x-r9 

Thus vc see that a binomial expression has no square root 
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126, Tlie square root of a trinomial expression which, is a 
square can usually be determined by inspection 

(a±b) 2 ~a 2 ±2ab+b 2 

Hence all trinomials which are perfect squares must be of the 
form a 2 +2ab+b 2 . 

Thus 4s 2 + 12;w/ + 9y 2 = (2®) a + 2(2®) (3y) + (3y) a . 
s/W+12a$+9t/ a *=2®+3i/ 
n/ 4® 2 - 12a$ + 9y i - 2® - 3y 

The form of the square of a binomial (a*±2ab+W) is of great 
importance. 

Consider the expression 

® a +pa®+ffl a 

By comparing this with the above we see that if it has a square 
root, that root must be x+a 

But (®+a) a =®*+2o®+o 2 ; 

if a P+pax+a 2 is a perfect square, 

p must be equal to 2. 


Examples. XXIV. b. 


Determine the square roots of the following expressions 


1. a ?+2xy+y a 
4 4a*-4o6+6* 

7 23a 8 -30fl6+96* 
10. 9x*+24ay+l%* 
13. 169a*+52a&+46 8 
16 a 1 -2a 8 6 8 +6*. 


2 x t-Zxy+y 1 
5 aP-6z+9 
8 49x , -14a^+p* 
11. 121o*-44flt+46 a 
14 Bla a -18a6+t* 
17. 4a < +4a*6 8 +t* 


3 u 8 +4fl6+46® 

6 l~4a?+4a; 8 
9. 4a 2 -28fl6+496 2 
12 1 -2®®+** 

15 2fa?-WxyHfof 
18 ®*p 8 “2®®p+l 


» ?-T +l 


22. t-° 4+4 ’- 
4 

25. a*+~+2. 


20 a 4 +4a s 6 8 +45 4 . 


23 

26 a 8 -&n~ 


21 x*~x+% 

0 ifl 

24 **~3ay+^- 

27. (®+#+2(*+y)+l 


28. {(t+6) 8 -2(o 8 -t 8 )+(o-6) 3 
30. 9(o +6*) 2 +6<a -<-6) + 1 

32 (a+6) 8 +2<x(o+6)+o 8 

34 10(® - y) a - 8(a? -y) + 1 
36. (o+6)*-2o(o+6)+a’- 


29. (a?-y) 8 -4(a?~y)+4 
31 (a+b)*+2(a+b)(c+d)+(c+™ 

88 (j +1 )’- 2 (i +1 ) +i 

35 (o+24)*+(a+25)+i 

88 (i-O'-Kf- 1 )* 1 - 
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38 16(a?+y) s -24(3!® -y 8 ) +9(a? -y) 8 . 


39 


a® 0 " 


40 ^- 4 + 5 ! 
40 a» 4+ o* 


3? a 40? 

41 * 4? +2+ 'F* 


(a+6) ! (a+b)(x+y) , (*+y) 4 
4Z, ___ § + 4 * 

What must he added to the following expressions to make them complete 
squares? 

43 a* +6* 44 a 8 -4* 45. 9+ * 5 

46 4*=+25y 8 47 (tf +i) s +2(o+5) 

48. Determine the value of p if a® - 4 px +16 is a perfect square. 

49 For what value of a will a 8 - 2* +0 be a perfect square? 

50. What value of p will make a* + 6 pxy + g s y® a perfect square ’ 


127. To find the square root of any compound expression 
The method depends upon the fact that the square of a + h is 
a* + 2ab + b 2 , which. may be vmtten m the form 

u 2 + 6(2a+6). W 

Let us take an easy example 

The first term m the square root of 36a?-84a?y+49/ is 

evidently 6a? 36^-84^+49/ ( 6a; 

36a? 

-84ry+49/ 

Subtractmg its square, 1 e 3&e®, from the given expression, the 
remainder is -S4xy+49/, which may be written 

-7y(2x6a?-7y) 

Comparing this with (i), we see that m this case a is 6a, and 
therefore b is -7 y 
Hence we have the following rule 

Having obtained the first term, (6x), double it, (12—), and 
divide the first term (-84xy) of the remainder by it. The 
quotient ( — 7y) is the second term of the square root. 

The full work is best arranged as below 

36jt - 81 xy + 49/ ( 6x - 7 y 

36j? 

-84a?y+i9/ 

(12x - 7y) x ( - 7y) = - 81ry-*-49/ 

Explanation. Having obtained the first term of the square 
root, Or, we double it, 12r, and diude it into -Slxy, the fir>t 
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term of the remainder when (6s;) 2 is subtracted The quotient 
( - 7y) is the second term of the answer. 

Add - 7y to 12® and multiply the result by - 7 y, placing the 
result -84a$+49 y 2 under the remainder 

If the student carefully compares the following with the expres- 
sion a z +b{2a+b), he will see the reasons for the different steps. 

o a +2o6+5 8 (a 
a? 

2 ab+b* 

(2a+b)xb= 2ab+b i 

128. Find the square root of 

, 25® 4 -30pa?+4:9p a a?-24^^®4-16p 4 

26a 4 - 30 pi 8 + 49P 2 ® 2 - 24p 3 ® +16p 4 (5a a - 3 ft 
25a 4 

-30pa 3 +49p 2 ® 2 
(10 a 2 - 3 px) x ( - 3pa) = -30fl® 3 + 9ph? 

40P 2 ® 2 - 24p 8 a + 16p 4 

Thus far the work is exactly similar to that m the previous 
examples, the reasons being the same 

Thinking once more of the expression a 2 +b(2a+b), we see 
that if the given expression has a square root, the remainder 
40p 2 a 2 -24p 8 a+16p 4 must be of the form 6(2a+6), remembering 
that now a is 5a 2 -3pa 


Double 5a 2 -3 px, obtaining 10a 2 - Qpx 
40p 2 a 2 —10a 2 =4p 2 gives us the next term of the answer 
Add this to 10a 2 - 6pa, obtaining 10® 8 -6pa+4p 2 , multiply 
this by 4p 2 , and place the result under the remainder 
The example is worked out m full below 

25a 4 - 30 p& + 49p a a a - 24p^a + 16^5 ®® -Sjffl 

-30^a 3 +49p 2 ® 2 
(10® 2 - 3pa) x ( - 3 px) = -30;?®°+ 9 p 2 ® 3 

^ 40 pV - 2&pPx t- 16p* 

(10a 2 - 6pz + 4p 2 ) x 4 p 2 - 40 pV - 24p°a + 16p 4 


6a 2 -3pa+4p 2 is the reqd sq root. 
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129. The square root o£ a compound expression can often be 
seen by re-arrangement and inspection 
a?-2a?-a?+2»+l 

*s a? - 2a? - 2a! 8 + (a? + 2a? + 1) 
=a?-2a?(®+l)+(a;+l) 2 [a 2 -2a&+6 2 ] 
»0?-(s+l)] 2 ; 

.* ^a?-2a?-a?+2®+l=a?-a;--l. 
a® + 6 2 + c 2 - 26c - 2ae + 2o6 

<=a 2 +2a{6-c) + 6®+c 2 -26c 
(arranging m descending powers of a) 

= a 2 + 2c (6 - c) + (6 - c) 2 
={<i+6-c) 2 , 

s/^+6 2 +(?~26c-2ac+2a6ss{i+6-'C 
Find the square root of 

4^ _1_ 4s 2 2 19 

25 + 9a?~5 3®* 15 

Arrange the expression m descending powers of «. 

4a? 4^ 19 2 1 /2s 2 .1 

25 ' 5 + 15~3a? + 9a?\ 5 3a? 

4a? 

25 

4^ 19 

“ 5 + 1"5 
/4a? _\ . 4a? . 

lT“ 1 J x( " 1 ) ~5' + 1 

A 2l j. J_ 

15 "3j? 9a? 

(t*- a+ i.\ x JL 1-2 J_ 

\ 5 3a?/ 3a? 15 3a? + 9a? 


■A A t Y . C, 


■Examples 

Twd the square roots of the following csprenjons 
l. * 4 +2a s -*-3*Sx2i-.l 2 4x 4 +4*»- 


3 **-2*3-5** -1*4.4 

5 o*« -12*3-31** -20*4-25 

7 H»**j.Gi?-I7**4.**4.24*s 

DBA 


4 o* - 4o’t 4. Ca*6 5 - 4a6 3 4 .$« 

6 4*3 4.25^-10:3-20*^-40^-10**. 
8 1 2a»* - 26fl*** - 25*' - Da* - 20** 3 
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Find the square roots of the following expressions 


9. x 4 - 61 s +11 ” 2 +^t 10. a*+6*+c*-2a6+26c-2ca. 

n a* - 6** +49 +42* - 14*® +9** 12. 9** - 12**p +34*ty* -20a^+25^. 

13. a*+46*+9c*-4a6-126c+0ca 

14. 9a 4 +496* + 121c 4 ~42a*6* + 1646*0® - 66o»c® ‘ 

15 4a*6*+96*c®+c*a*-4a®6c-“12a6*e+0a6e* 

16 4**+%* + 26s® - 12*y + 20*s - 30y* 

17. 49** + 109**y* +3By* - 70afy - 60oy* 18 *®*“4*®+2+|+^ 


19. 4* 4, +9y 4 +49s 4 -12a*j/®'42i/*s®4-28**z*. 20 ^+£+3-2^+|). 


21. ~-o»+2a+l. 

» *-* + T + T-? + » 

a 4 o* 4*® . a** . . „ 

27. -g-+-| — 3" +_ 3' +4*® -2a*. 

«a 4** 9y* x 3 y 95 

* ?' + ©'i + E“IS 


00 ® 4 x 2 <l 8 a. 4 o 8 4 .aJ . 1 
22 ^+_+ T+ a+^ 

a 4 a* 11a® . 

24 9 ”3 + 12 ” tf+1 

26 ^-3*»+-^-2 a ;+^ 

28 9* 4 +£+24*»-j^-32 

on 16 3o*. 60 X73o* 
80 26"Y + ^‘*5 + 1T 


SQUARE ROOT OF NUMERICAL QUANTITIES 
130. First study carefully the following example worked 
according to the algebraic method 

Example. Find the Bquare root of 99225 

99225 =9 10* +9 10®+2.10*+2 10+5(3 10*+1 10+5=315 

, £_1£ 

* 9 10® +2 10® 

(6.10»+1 10) x (1 10) =6 10® + 1 10* 

3,10*+1 10* +2 10+5 
(6 10* +2 10 +l£)x(^) =300^+1 10* +2 10+5 

Below w\ give the same example m arithmetical form, omitting 
superfluous\powers of 10 

9$2£5 (315 
9_ 

^ 92 

(60+l)xl=61 61 

3125 



xiiv.] SQUARE ROOT 193 

131. The following are very useful and should be learnt by 
heart* 

13 s =169, 

14*=196, 18*=4x81=324, 

15 s =9x25 =225, 19*=361, 

16* =4x64 =256, 21 s =9 x 49 = 441. 

t 

132 The square roots of numerical quantities can often be 
best found by using factors 

1764=4x441=4x9x49, ,\ %/l764= 2 x 3 x 7 =42. 

53361 =9 x 5929 =9 x 7 x 847 =9 x 7 x 7 x 121 =3 2 x 7 2 x ll 2 ; 

/. n/5336T=3x 7x11=231 


Examples. XXIV d. 

Rind the square root of 

1 1,704 2 18 225 3 16,900 4 2,704 

5. 34,009 6 390,025 7. 213,444 8 7,056 

9 15.876 10. 4,020 025 11, 9,000.001 12 3,892,729 

13 5,499,026. 14. 408,120,804 15 1,825,201. 16. 12,173.121. 
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THE DETERMINATION OF THE SQUARE ROOTS OF 
NUMBERS BY GRAPHICAL METHODS 

133. Tho student must first familiarise himself with tho graph 
of the equation y*® 2 . 

Trace the gtaph ofy^oP. 


2?=0 

±1 

±2 

±3 

±i 

±5 

Ml 

jr«0 

1 

4 

0 

10 

26 




Joining these points, wo have the graph roqd., which wo see is 
a curve * 

For every value of y there are two equal and opposite values 
of® 

the curve is symmetrical about tho axis of y 
Moreover, as x increases indefinitely, y also increases indefinitely. 
• the parts of the curve on either side of OY meet only at 

the origin 

Such a curve is called a parabola. 
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jv B — In the above we have taken twice the length of the 
side of a square to denote unity 
We observe that when x is greater than unity, the y value 
increases much more rapidly than the x value This is well seen 
from the table of corresponding values of x and y below 


x= | 5 

6 

7 

8 

9 

10 | 11 l .. 

y~ 

25 

36 

49 

64 j 81 

| 100 ' 121 | 


134 A better curve for working purposes will be obtained 
if we t- a k e 10 tunes the side of a square to denote unity for the 
abscissae, and one side of a square to denote unitv for the ordinates. 
Employing these units, we obtain the curve shown below 



Thus at P, the abscissa ON =30 times the side of a sq =3 units, 
and the ordinate PN = 9 times the side of a sq =9 units 

The effect of using different units for the x and y % alucs in this 
way, ib the same as uniformly stretching the paper in a direction 
parallel to the axis of x If we took the larger unit for the ?/ 
values, it would be the equivalent of stretching the paper parallel 
to the a\is of y 

It will sometimes be found convenient to take the t unit still 
larger 

In connection with square roots the important thing to ob 3 er\ c 

that since y=x 2 , or x=\'y, for every point on the curve, the 
abscissa of any point on it is the square root of the corre- 
sponding ordinate. 

In the curve shown above take the point Q, wlien tlic ordinate 
|<5 3 and draw the ordinate QM 
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Now at every pt on the curve y** a 2 , 

. « at Q 3=OM 2 , for there y~S and ®r=0M • 

OM=n/3 

Bnt from the figure we see flat OM lies between 17 and 1-8, 
and somewhat nearer 1 7 tl™.^ x g t 

* 

. . \^3=1 7 correct to one decimal place 
Again take the pt R where RK, the ordinate, =14 

14= OK 2 , 

. . -s/li=OK=3'7 correct to one decimal place 


135 . Oonstiucta graph frm which thesqvoteroots (cmeUtotM 

decimal places) of numbers between 16 and 25 may be read off . 

1 



We must draw the graph of y=x?, and use a large unit for 
x values, for x has to be determined accurately to two decimal 
places J 

We shall only i ieed to draw that part of the curve where x kes 
between 4 and 5 

Take 50 sides o f squares to represent unity m the x values, and 
2 sides of squares to represent unity m the y values 

In the curve y-- when a? =4, y =16, t 

and when z=5, y=25 

Let P be the pt (4, 16) and Q the pt (5, 25) so that PN in the 
figure representing; unity is equal to 50 sides of squares, and QN 
representing 9 is equal to 18 Bides of squares 

i 
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(N B — QN is the difference of the ordinates of P and Q, and 
therefore =25-16=9 units ) 
men a=42, y=a?=(42) a =17 64, 

17*64-16=1 64 units =3 28 sides of sqs. 

Hence estimating the value of 28, R in the fig ' is the pt. 
(42,(42) a ) 

(RK m the fig =the diff of the ordinates of R and P 

= 17 64 - 16 = 1 64 units ■ 3 28 sides of sqs ) 
Again, when x-i 6, y = a£=(4 6) 2 =21 16 , 

,\ estimating the value of *16, S in the fig is the pt. (4 6, (4 6) a ). 
(Here agam, SL = the diff of the ordmates of S and P 

=21 16-16=5 16 units =10 32 sides of sqs ) 
The curve through the pts P, R, 8, Q is evidently so nearly a 
str line that we need find no more pts on the curve 
Join the pts P, R, S, Q by the continuous curve as shown in 
the figure 

To find n/ 18 from this graph we must take the pt whose 
ordinate is 18, «e the pt A (N B — AD =18-16=2 units =4 
sides of a sq ) 

From the fig we see that the abscissa of this pt is 4+PD, 
which is equal to 4 24 , 

s/18 =4 24 

To find v/21, we must take the pt whose ordinate is 21, i e the 
pt B (N B — BE =21 -16=5 units = 10 sides of a sq ) 

From the graph the abscissa of this point =4+PE=4 58, 

.* ^21 = 4 58 

To find n /23, wc must take the pt whose ordinate is 23, x.e the 
ptC, 

. n /23=4 + PF=4 80 

The roots of other numbers between 16 and 23 C3n be read off 
m the same way, 

136 The following geometrical methods may be used for 
determining the -values of square roots in simple cases 
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Example. To find tho value of sf& 


lasMwnaia^aliBaBBaaBaaaaBBaaaBBiakhyBBaBBBBiBBBaiBBBfl 


■■■■■a 

aaaaaa 

|aaaaa 

laaaaa 

aaaaaa 

laaaaa 

gaaaaa 

aaaaaa 

Eaaaar 

Baaari 

laaa'ia 

aaar.BB 

fiaaiaa 

aaraaa 


laaaaaar^laaaaaBaaBBaaaaaaaaaaaaaaaaaaa^^aaaaaaaaiaaair 

■aBBaa^aaBBaaaBBBBBBaaBaBflBBaaBaaBaBaaaaa^BaaaBBBiaa*i 

la aaa >.bbb iib BBBBBflVBaaa a aaaBBBBBaaiBflBBiBBka !|k' 

■aBr^aaaaaBaaaBBBBBBaBaaBBaBaaBBBBBaaaaaaaBkW^aaaiaaa* 
layaaaaaBBaaaaaaaaBaaaaaaaaaaBaaaaaaaaBaaaaaiaaBaiiaBa^ 
r^aaBBaaaaBaaBBaBBBaaBaBBBaaaaaaaBaaaalaBBaik'BBaifBBi 
iBBaaBiaBBBiaaiifBiiiaaiBBaiaBBaaBBaaaaaaaaflBiiaii 
BBBBBBBBBBBBBBBBBBBaBflBBBBBBaBBBBBBBaBBBBBBBBB^BIB^I 
aaaaaaaBBBaaBBaBaBBBaBBaaaaaBaaaaaaBBBBBaflaiaaa.iiBBBi 
BaaBaBBBBBBBaBBBaBBBBBaaBBBaaaaBaBBaaaBBaaBiiBaBaiaiK 
■BaaBBBaflaBaBBBBBBBBaaBBBaBaBBBBBBBBaBaBaaBBiaaaat'BiBi 
BaBaBaBaBBflBBBBBaBBBaaBaaaflBBBflBBBBBBBBBBaBBiaBaai.llBI 
bbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbbb tBBBBBBBaaiBBBaikBBi 
aaaaaaaaBaBaBaBBaaBBaBBaaBaaaBBaaaBBBBBBaaaafiiaaiBa.iBB 
aBBaflaaaaBBaaBBBflaBBBBBBBflBBBBaaBaBBaaaBBaaaiBflaBiat'Bi 
aaaii»»aB»aaaB»BiBB»aaaaa»B»a»BB»»aBBBBiaB«aa«»»a«iai» 


Fmi Method Take AB 5 unite long, and produce it to C making BC 
equal to one unit On AC as diameter describe tho circle ADC. At B draw 
BD peep to AC, meeting the oirolo at D 

From geometry wo know that 

DB a =AB. BC=5, 

DBa-s/6. 

From the diagram \Zfi=2 24 approx 

(I! squared paper is not used, DB must bo measured ) 

Second Method On AB, 6 m long, as diameter describe a oirolo 

In AB take a pt. D 1 in from A, and draw DC perp to AB to meet tho 
oirolo at 0 Join AC With centre A and radius AC desaribo a oirolo 
cutting AB at E. 

By geometry AC a =AD AB *5 , 

ACWG, 

AE=AC=W& 

and if squared paper is used wo can read off tho valuo of \/6 from tho 
diagram t 

Pythagoras' Theorem, which proves that the square on the 
hypotenuse of a right-angled triangle is equal to the sum of tho 
squares on its sides, may be sometimes used with advantage 
Thus to find v/I5, 10«=l 2 +3 a , draw AB 3 units long, AC 1 unit 

long at rt angles to AB JornBC. BC=\/lO units long 
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CUBE BOOT BY GRAPHICAL METHOD 
*137. Draw the graph of y=a? 
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U«e for the y values a unit one-tenth of that for the x values 

I I 2 I 3 I 4 5 I . inches 


Plot these points and we lime the graph reqd 
We mo that the curve lies entirely in the first and third 
quadrants and that the parts of the curve in those quadrants 

rrc •similar 
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For values of x greater than 1 or less than - 1, as the numeri- 
cal value of x increases, that of y increases much more rapidly , 
but for values of x between 1 and - 1 the reverse happens This 
shows that the axis of ® is a tangent to the curve at the origin 
As x vancB continuously from -oo through 0 to + oo, y also 
vanes continuously from - oo through 0 to +oo 
From this graph we can read off cube roots and cubes of 
numbers 


*138. To construct a graph ft m which (he cube root of any number 
between 64 and 126 may be w ttten down, cot red to two decimal places, 
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Let the pt A denote the pt whose co-ots are (4, 64) 

In the horizontal line AB take 1 in to represent 2, so that 
AN (5 in long) represents unity 
In the vertical line AC take an inch to represent 10 
, On the paper plot the point (5, 125) P 

(4 5) 3 =91 125 plot the pt (4*5, 91 125) Q, estimating the 
. value of 125 

Jom the pts A, Q, P by an even curve 

This curve will be seen to be part of the graph of y—s? 

*. we can read from it the values of the cube roots of numbers 
etween 64 and 125. 

Eg ^112 = 4 82, \^3«4 53 

Rote — Great accuracy can be obtained in the above if a few more 
lorats are plotted , eg [(4 2), (4 2)*], [(4 8), (4 8) 9 ] 

Examples. XXIV. e. 

(Aiitays elate dearly, on Vie same sheet of paper as the graph, the unite 
»i ployed ] 

Plot the graphs of the following, using an x tout twice as large as the y 
mit 

I 3x+4y=12 2 3r-4j/=12 3 y-2x 

4 y+3x=0 5 ox - 2y = 1 6 2x-*-2y+2=0 

Plot graphs of the following using a y unit ten times as large as the 
l unit. 

7 ar+ysll 8 z-2y=20 9 10x=y 10 20x+y«0. 

Trace graphs of tho equation y =ar 

II When the x unit is five times os large os the y unit 

12 four 

Trace graphs of the equation a? =y 

13 \\ hen the z unit is equal to the y unit 

14 ten times as largo as the y unit 

15 five 

Trace graphs of the equation y =4r 

16 When the x unit is equal to the y unit 

17 four tunes the y unit 

18 Construct a graph to show the square roots of numbers from 49 to 64. 
tram it write down (correct to two decimal places) tho square roots of 
■•36,57 8,595, G1 6 

ltnf\ one of your results by the Arithmetical method 
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19. Construct a graph to show the square roots of numbers from 39 to 49, 
From it write down (oorreot to two decimal places) the square roots oi 
38 6,30 7,40,42 6,468 

[With file curve y-&, use 5 inches for the x unit, half an inch for tho 
y unit ] 

From the above graph read off approximate values of tho squares of 
0 44, 6 68,6 82 

20 Blot the points (7, 7®), {7 1, 7*1 9 ), (7 2, 7 2 9 ), (7 3, 7 8 9 }, (K 7-4*) 
Jom them and read off file square roots of 49 8, SO 7, 61* 3, 53 9 correct to 
two deoimal places 

[Use 10 inches for the * unit, one moh for the y unit } 

From the above graph write down approximate values of the squares of 
705,716,728,7 36 

21. Find from one graph, correot to two decimal places, the square 
roots of 54 6, 58 8, 62 4 

Verify one root by the Arithmetical method 

22. Plot the points (8, 8 s ), (8 1, 8 1*K (8 2, 8 2 s ) Jom them and uso 
the graph to determine, to one decimal place, the square roots of 6430, 6080 

23 Using 5 inches (or 10 centimetres) to denote 1 in tho x axis, and 
5 indies (or 10 centimetres) to denote unity m tho y oxib, plot the points 
(8, 64), (8 1, 8 1*) Jom them by a straight lino Assuming this straight 
line to be part of tho graph or y-x*, use it to detenmno the squaw* 
roots (to two deoimal places) of 6425, 6437, 6486. 

Verify one of your results by the Arithmetical method 

In each of the following examples, uso a single graph to determine tho 
jquare roots of the given numbers (use large units) 

Jh eaoh'oase verify one answer by the Arithmetical method 

24 81 96, 82 6, oorreot to three decimal placos 

25 8346, 8424, two 

26.101 68,100 96, three 

27 152 8,167 6, two 

Use one of the methods of Art 130 to find the approximate values of tho 


28 Js 29. -s/6 30 sfi 31 Vfi 32. a/5* 

33 -s/4'8 34 n/F 8 35 <s /4~5 36. s/67. 37 Jtl 

38. Draw a graph to find the oube root of any number between 
125 and 216 Write down the oube roots of 144 and 198 oorreot to wo 

* i » . * 


39 Draw enough of the graph of y=x > to find the cube roots of numbers 

between 8 and 27 , . . M 

Write down the oube roots of 16 and 21 oorreot to two deoimal places 

40 Find the cube root of 8 25 oorreot to two decimal places 

y StHhe points (2, 2») (2 1, 2 1*), using a large * umt, say 5 inohes, to 
denote 1 Jom tho points by a straight hue, and assume this et sight j 

to be part of the graph of y=a? ] 

Fmd the cube roots of the following, correot to two deounal places 
41.270 42.286, 43 292 44.30 JJ. 0, 

46. 67 8. 47. 68 6 48. 127 49. 128 8 6 


48. 127 
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CHAPTER XXV 

QUADRATIC EQUATIONS 

139. When an equation contains the square of the unknown 
quantity, and no higher power, it is called a quadratic equation, 
or an equation of the second degree. 

x 2 - 7a; +12=0 ^ 

6a? =73? +3, 1 are exa mples of such 

12= 23a:-' 5a?, f 
a?-4=0 j 

140. Solution of quadratics by factorisation. 

Let us consider the equation a? - lx + 12 =0 

It may be written (* - 3)(* - 4) =0 

We notice that when x=%, 

the left-hand side ={3- 3)(4 - 4) 

=0x(-l)=0, 

i c the equation is satisfied, or 3 is a root of the equation. 

Also when z—i, 

the left-hand side * (4 - 3)(4 - 4) 

=1 y0-0, 

4 also is a root of the equation. 

It will be proved later on that every quadratic equation has 
two roots and only two 
N B — Every multiple of 0 is O 

6 / 0 = 0 , 1000 / 0 = 0 , 

0/«=0, 0/r*=0. 


Example, XXV, a. 


Write down t>ic root** 

1 (*-l)(z-2)-0 

4. 

7 (x-2 )r « 

10 (X-'jfX'f t ’) »• 

» ;) " 


of tli» follow »I|; «qiiftUon‘ , 

2 1) 0 3 (/-«)(/ -t) -0 

D (r < 2)(r . .<) 0 (l, (/ * a)(r b) 0 

8, {/ Jf n/r b) if 9, (stfOIS’ltb) th 
!!• (/ * \)U ' 1? /(> - * ) ,l - 

14 (r a , h)(s ii b) O 
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Write down the roots of the following equations 

15. 16 (x-p- 2q){x - 2^"g)=0 

17 {s~2(a+6)}{«+3(c -6}}=0. 18. («-o 5 )(«+6*)=0 

19 {*+(a -(a+6)*j -0 20 (;c-3) s =0 21. *(*-<*) =0. 

22. ®(®+4)— 0 23. {*+a)*=0 24 (*+2«f) 2 =0. 

141. Solve the equation ®* = ® + 20. 

Transposing all the 'terms to the left-hand side (or subtracting 
a +20 from both sides) 

a 2 -a -20=0, 

factorizing, (x - 5)(® + 4) =0 , 

x-5 or -4. 

Verification. When ®=5, ® 2 -®-20 =25 - 6 - 20 

= 0 , 

5 is a root of the equation 
When x-= -4, a?-®-20«*(-4)®-(-4)-20 

=16+4-20=0, 

-4 is also a root 

Solve (he equation 4a? - 16® =84. 

Transposmg 84 to the left-hand side, 

4a? -16® -84=0. 

Dividing both sides by 4, a? - 4® - 21 =0, 
factorizing, (® - 7)(® + 3) =0 ; 

,\ ®=7 or -3 

Verification. When ®=7 

4a?-16®-84 = 4 x 49-16 x 7 - 84 
=196-112-84 
= 0 , 

7 is a root of the equation 

When ®= -3, 4® s -16®-84=4x9-16(-3)-84 

=36 + 48 - 84 

= 0 , 

-3 is also a root 

1 ^ 2 , When an equation contains the square of the unknown 
quantity, and no first power of the unknown quantity, it is called 
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a pure quadratic If it contains both the square and the first 
power of the unknown, it is called an adfected quadratic. 
a? -4=0 and 6s 2 =54 are examples of pure quadratics 
a? -7a +12=0 is an adfected quadratic 
Pure quadratics are easily solved by factorization. 

Solve the quadratic 6a? - 54 

Dividing both sides by 6, a? = 9. 

Addmg 9 to both sides, x?-9 =0, 
te (a-3)(a+3)=0, 
x=3 or -3. 

Or we might proceed thus, 

a? =9 as before. 

Taking the square root of each side 

a= ±3 

143. Solve the equation a? =12 -x 

Transposing all terms to the left-hand side (or subtracting 12-3 
from both sides), 

the equation becomes a ? + x - 12 = 0 

Factorizing, (x + 4)(x - 3) =0, 

from which we sec that - 4 and 3 are the roots reqd. 

Verification When x= -4, 

the left-hand side = ( - 4) 2 = 16 
the nght-hand side = 12 - ( - 4) = 16 , 

- 4 is a root 

When x=3, the left-hand side » (3) 2 = 9, 

the nght-hand side =12-3=9, 

. . 3 is also a root 

Examples XXV. b 

SoUe tlic following equations, \enfwng the solutions in each case 
1. x 5 -7r -r 10=0 2 r-5nf)=0 3 ** -4=0 

4. = 0 5 x*+4x-3-0 6 j^r-jssQ 

7 r* -Sr -7 8 r 1 -2 = x 9 x : -3=l 

10 X s -10 -llr 11 4x-45-** 12 12r-27=x : 

13 x 5 - 20 - r. 14 r 1 -7r 15 2X 5 -1 =1 

16 x s -4r-4--0 17 i*-3x-0 18 21 -r I0r-x*=0 
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Solve the following equations, verifying the solutions in oaoh oaso * 
19. 14(5+1 6=*® 20, 40«3«+® 1 . 21. * a +225 ^30* 

22. 2*2-3=15 23 4*2=8* 24 3**+21*=0. 

25 103*=a?+102 26. *®+16*+15s=0 


144. Let ns take the equation 2a? - 11a +12 *0 
It may be written (2a - 3) (a - 4) - 0. 

We see that if 2a-3=0, le if a=^, the equation is satisfied, 


for Ox $-4) =0 

Also if a -4=0, % e if a =4, the equation is 
.* ^ and 4 are the roots of the equation 
Solve the equation a*=2(a+12) 
Removing the brackets a 2 =2a+24 
Transposing all terms to the left-hand side, 


a 2 -2a- 24=0 


Factorizing, (a -6) (a +4) =0 , 

. 6 and -4 are the reqd roots 


a 2 -4a +4=0 


Factorizing, (a -2)(a-2) =0 ; 

. in this case the roots are equal and each of them is 2 


145. If fractions or brackets occur m the given equation, they 
should first be cleared away 

Example 1 Solve the equation 3*-8=j 

Multiplying both sides by 4, 12*-32=* 2 , 

Transposing all terms to the left-hand sido (or subtracting ft 9 from both 
sides), * 12* -32 -**=0 

Re-arranging and ohanging signs throughout [this is permissible, for if 
usib, -a- -b , if a=0, -a=0], 

*®-12*+32=0 
Factorizing, (* ~4)(* - 8) =0 , 

4 and 8 are the reqd roots, or *=4 or 8 

Verification. When a=4, the left-hand side =3 *4-8=4. 

/4W 

the right-hand side =^=*4 ; 

* 4 is a root 

When *=8, the left-hand side =3 *8 -8=10 

(8)* 04 

tho right-hand sido=-p=-j-=lC> 

,, 8 is also a root 


t I i 
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7 4 1 

Example 2 Solve the equation = - 

Multiplying both aides by 4(3* - 1)(*+ 1), the l c m of the denominators 
28(s + 1) - 16(3* - 1) = (* + 1)(3* - 1), 

28*+28 - 48*+16 =3* a +2*-l. 

Transposing and arranging, -3 ** - 22* + 45 =0, 

3** +22* -45 =0, 

(3*-5)(*+9)=0 f 
4 and - 9 are the reqd roots 

It is important to observe that if x -a is a factor of both sides 
of an equation, a is a root of the equation 
This is at once seen by substitution 

Example 3 Solve the equation 2(2* - 5) + 7 *(2* - 6) =0 

2* — 5 is a factor throughout , 2* - 5 =0 gives a root 

whence *=■§• 

Having divided by 2* - 5, we have left 

2+7*=0 
whence x— -5 , 
the reqd roots are 4 and -f. 


Examples. XXV. c. 

Wnte down the roots of the following quadratic equations 
1* (2*-3)(*-4)=0 2 (3* + l)(2x-l)=0 3 (3*+4)(6*+0)*0 

4 *(7*+9)=:0 5 (5*-7)(6*+l)=0 6 (7x-8) ! =0 

7. (2*-o)(2*-6)=0 8 (5*+a)(6*+6}=0 

9 (2*-?X5)(3*-c+d)=0 10 3(4*+5)(2x-9)=0 

Sohe the following equations 

11 * 5 =2~* 12 8* -*® = 16 13 **=4(*+8) 

14 2(5* -12)=*s 15 *(*-4) =5 16 4z*=I 

17 x=-4x=4(*-4) 18 1 +2*5=3* 19 *(*+4)=6(x-‘-4) 

20 OxS + lTxeO 21 x- 10 ==*(*- 10) 22 4*(x + l) + l=0 

23 -<-2 87 =0 24 *t-=2 25 x~l+-=Q 

x 2 x 

26 (2r-l)(3*4.i)=n 27 2** + l J*=0 28 5r(2*-3}-«-7(2*-3)=0 

29 *-l=? 30 (2* + l)(*+8)=27 31 

32 1,70^=299x^2 33 (ox-3)(3*^l)=l 34 0(4x~5)^ J(4x^3)=0 

35 13x’ -Gr >7=0 36 *- i -35=70x ! 37. 9**=18rJ-lC 

38 -L_ 1 
r-1 x-3 - J5‘ 
nn k 
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SOLUTION OP QUADRATICS BY COMPLETING SQUARES 

146. Take the equation a 2 +2a&=0 
Adding J 2 to both sides, a 2 +2a&+& 2 =& 2 , 

le (a+b) 2 -lP. 

The addition of J 2 to both sides completed the square on the 
left-hand side 

Take the equation x* - 6® =0 
Adding 9 to both sidesi a?-6®+9=9, 

(«-3) a =3 2 

Again the left-hand side becomes a complete square 
More generally, to complete the square on the left of the 
equation x*-2ax~0 we must add a 2 to both sides 
The equation becomes x?-2ax+a 2 =a> 2 , 

or (»-a) 2 =a 2 

a? +8® becomes (®+4) 2 byaddmg 16, le 4? (1) 

a?-2 ox (x~cf & (2) 

a^+10® . ( x+5 )* . 5 2 (3) 

Thus we observe that any expression of the form a?±2p® 
becomes a complete square when we add the square of half the 
coefficient of L 



147. Let ub now employ this to solve quadratic equations. 

Example 1. Solve the quadratic z s +4z=32 
Adding the sq of half the coeff of x to both sides, 

*>+fa+(!)'=32+(£)‘, 

te a* +4* +(2)* -36, 

(*+2)*=36 

Taking the Bquare root of both sides, 

*+ 2=±6 . 

With the positive sign x +2=6, 


(i) 
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With the negative sign x +2 = - 6, 

z= -8 , 

4 and - 8 are the reqd roots 

In connection with (x) we at first sight think we ought to say 

±{*-*- 2 )=± 0 , 

for ±(*+2) is the sq root of (x+2) s just as +6 is the sq root of 36 

This however is unnecessary, as we 6ee if we take the four different 
cases separately 

With positive signs on both sides, x+2=6, z=4| 
negative -z-2= -G,z=4) 

With the positive sign on the left and the negative sign on the nght, 

’ z+2=-6, z=-8 

With the negative sign on the left and the positive sign on the right, 
-*- 2 = + 6 , 

x+2 = -6, x- -8, again the same result 
Thus it is sufficient if we attach the double sign ( ±) to one side 

Wc always attach it to the numerical square root 


148. Before completing squares the coefficient of X s should be 
reduced to unity. 

Solve the equation 22 - x = 6x® 

Re-arranging by transposition, + x = 22 

Dividing both sides by 6 to make the coefficient of x 3 equal 
to unity, 

^ + 6 6 

( 1 ' 2 

p) , to both sides 





528+1 

'144 


529 

“ill 
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Taking the sq. root of both sides, 

1 23 

• + D-*0- 

1 23 

With the positive sign 25 + 88 » 


x* 


23-1 11 


12 
1 23 

With the negative sign ® + f2 =! "If* 


6 


-23-1 

” ~ ^ » 


11 


\ -g- and -2 are the reqd roots 


149. To solve the general quadiattc atf+bx+o-0 

ax*+bx~ -c, 

a a 

Adding the square of half the eoefi of x to both sides 

a »+^ + ('AY ! =ii-® 

*a + W 4o ! a 


__^-4uo 
” 4a 1 * 


Taking the sq root of both sides, 

b ± s/6 3 - 4ao 

* + % S ’ 

~b + s/b a -4ac 
*“ 2a 

The above formula may bo used for the solution e 
quadratic equation 

There are therefore three methods of solving quadratics * 

(1) by factorization, (2) by completing squares, 

i -b±JP-too 
(3) by using the formula gj 


[chap. 
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The student should have considerable practice in all three 
methods. 

When the factors cannot be seen readily , the second or third 
method should be employed. 


Examples. XXV. d. 


1 fo?= 2 ~;r 

2 1 -26a? =Ux 

3. *+l=156* 5 

4 5a?=4x+l 

5 3a? +10=17* 

6 7x* +32x=s 16 

7. 2x*+ Lite +9=0 

8 (as — 1 )* = 16 

9 2(* a +l)-ja:=0 

10 llx= 3 ( 2 a?+l). 

It 3(x-l)(x+l)=8x 

12 . (x-l)(x+l)=~ 

13. 16=4(3a?+2x) 

14 (2x-l)*=25 

15 (3t-^)s = 40 

16 3x(5x-l)=4(*+91 

17 23a? -7* =86 

18 ox -11 =x(3x-ll). 

19. 13r+0=l0a? 

20 -5j -36=0 

21. 3(3x+4)+5*(3x+4}=0 

22 

2 x 

23* *(*- 1 ) + 1 (*- 1 ) =0 

m*.-**!*-.** 

«J a* 

25 7(3x-6)+llx(2x-4) -3x(Dx- 

103=0 26 J{i - 1 ) ” 2 r+I 

27. ~.ss ~ — 0 
x-2 x -4 x-i 

" x + 1 x+3"2x-2 

29 7 _*“ 7 

, 3x-*-4 30 - 2* 7* -14 

S-*-* Q-4x x -0 

30 S ” x-t* ” 10 

31. -vJ -J L 

*■-2 x -3 s-4 x-5 

32 _L + *+J J° ‘ 

33 5r-U 

»'i%+r7:r u 

34 ^*1^65*0 

Xt3 *-<T • 
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When the quantity under the radical sign (*/~ ) is not a perfect 
square, the appioximate values of the roots should he found by 
finding the square root to a few decimal places 

TWrf 

a ,_9±4M3_( fot ^j-_ 4 683 j 
=1 36, or 44, correct to two decimal places 


Examples XXV e. 

When the exact values of the roots of the following equations cannot bo 
found, give results correct to two decimal places, tc to the nearest 
hundredth 


Solvo 

1. x 2 -2®=1 
3. x(a:-3)=®-l 

5 5a 3 -9t-4=0 

7 &=&( 2x-JZ) 

9 l^ + ;?i= 0 

U S(x-l)=t^ 

1 o 3te** I _o 

13 


2 'e a =2(l “X) 

4 —!=I 

c *±1 .•-*_/» 

®+2 + ®-4 

8 1 , 1 , 1 -Q 

«+3 «+6 ®+9 

.. g-1 ®-3 1 

10, ® a +3®+2 + ® 3 +6®+6~®+2* 

12 ^2 + i'“3 + ® r 4 =:0 
14 T s -^3r-G=0 


MISCELLANEOUS FORMS OF QUADRATIC EQUATIONS 

licn _ , , _ , *+2 ®-3 ®+4 x — 1 

♦150. Example 1 Solve -^-—3= 

Simplifying etloh side separately, 

® a +&c+6-(a 3 "5®+6) _ g 3 +5®+4-(g a -5®+4) 
(*-2){«+3) (g-4)(*+l) 

* 10® , 10® 

® 3 +*-6“a a -3®-4 > 

’• * =0 or ® 2 +®-G = ® 3 -3® -4* 



QUADRATIC EQUATIONS 


213 


xxv] 


te x 2 -x-G=ar-3z-4 
4x—2, 

*=7. 

*. 0, -j are the reqd solutions 


* Examples XXV. f. 

Solve the equations 
1. **+100 =29^ 

[Treat the equation as a quadratic) for x 3 ] 


27 

3 x Sj ~=28 
x 3 


5 3?-2x-t 


36 


=15 


2 x*+^=45 

A XJ ~% x-5_x+3 x - 4 

* r-2“FT6-JT3-i^4 “ - 

[Let a?-2a:=r, and first solve for t Two values of v will be found, 
and ue shall therefore have jour values of x ] 

6 *®-l +x 3 -x=0 
[Factorize the left-hand side ] 

5 


7. 5a?-4x 1 =5x-4 


8 7 ? -4x-4= 


x*-4x 


9 10 (*- t l)(*-"2)(*-3)(*+4)=24->-34(z=+&). 

11 Gx 3 + (5 - a:) 3 = 5 (u ~ z) (o -i- 2x) 12 (x-r l/(x-r2)(x-3)(x-«-41=24 

13 in-sn-lH-ii* 14 ^-‘)(x-2)(x-3)=im 
is »=^-“ +s i fe =0 

17. **+2a?-ll* s +4xj. 4 ss0 


16 16x(x+1)(xt2)(x t 3)=9 
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CHAPTER XXVI 

GRAPHS OP QUADRATIC FUNCTIONS OF x AND GRAPHIC 
SOLUTIONS OF QUADRATIC EQUATIONS 



First Method. Let us trace the graph of 2a? -a? -10, using 
a unit for the x values 10 tunes as large as that for the y values, 
as in Art 134 


When 


z =0 

I 

2 

3 

■ 


-2 

-3 

2 a ? =0 

2 

8 

18 

■ 


8 

18 

o 

rH 

11 

o 

l—t 

1 

» 

1 

-11 

-12 

-13 

■ 


-8 

a 


-9 

-4 

5 

■ 

D 

m 

11 


\ (0, -10), (1, -?), (2, -4), (3, 5), (-1, -7), (-% Ob 
( - 3, 11) are points on the graph 
MfrTnng these points as shown in the diagram, and drawing 
the curve carefully, we have the graph of y= 2a? -a? -10 
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At the points A and B where this curve meets XOX' the axis 
■of x, t/=0; at those points 2a? - x - 10 =0 
But OA and OB are the values of x at these points , 
they are the roots of the given equation 
From the diagram we see that the roots are 2 5 and -2 

Second Method. First trace the graph of y=a?, using a unit 
for the x values 10 times as large as that for the y values, as 
in Art 134. 



We thus obtain the curve POR as in the diagram 
Then trace in the same diagram, and uifh the same units , the 
graph of 2y - x - 10 =0 

We know this to be a straight kne (Art 71 ) 

When x=0, y=5 , (0, 5) is a point on the straight line 

Mark tins point A 

When x= -1, y=3 , , , ( - 4, 3) is also on the line 

Mark this point B, and join AB 

The straight line AB is the graph of 2y-x- 10=0. 

Mark the points P and R where this line meets the curve POR. 
Now at the point P, the ordinate PM is the same for both 
graphs, ic y is the same m both the equations y-ar and 
2y - r - 10 « 0 , *. at the point P, 2ar - x - 10 * 0 OM is there- 
fore a root of this equation From the diagram OM= -2 
In precisely the same waj, the ordinate at R is the same in 
both equations, y*a? and 2y-x-10=0, ON is another root 
of the equation 2ar-x-10=>0 From the diagram ON =2 5; 
the reqd roots arc -2 and 2 5 
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152. Fvnd giapJncaUy, coned to one decimal place, the roots of 
the equation + 10® - 29 * 0 

Trace the graph of 5a? +10® -29 


lrainaaaaBaaaaaaaaaBaaaBaaBaaaiaaaaaaaaaaFjBaiaaaaaBaaaaaaaiaa>«»i| 
■ l-£UFBBBaBBBBBiaaaBBBBBBflflBBflBBaBBHBBfl*BaBBBBBBaflBBBBBBBBaBB7^!)ll 
»:iatiiBBiBBB.aai.aBaBiBB>a>ai>i»a>m.>aiiB»m.ii>iBi>ii(iiiBi 
I'aBBBBBBBaBBBBBBBBaBBBBBBBaBBBBaBBBBflBBBBBBBBBBBBaBflBBBBBBBrjBIBBB 
laaaaBaBaaaaBaBBBBaBaaBBBaaaaBBaBBBBBaBaiaaaBaBBBBaaBBBBaaaiaBBBB 

BB^aBaaBaaaaaBBaaaBBBB&BBBBBaBiBBBBBaBBBaaaBBBBaaBaBBBBBBafl'^BaiBBB 
■■■BBBBBBaaaaBBBBaaBBBBBBBaBBBBBflBBBaaBBBBBBBBBBBBBBBaBBBBIBaBBBa 
aBtlBBBBBBBBBaaBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBBaaaavaraaBiaaB 
BBB'BBBBBBBBBBBBBBBBBBBBBflBBBBBBBBBBBBBBB BBBBBBBBBBBBBBBBB'iBBBBBBB 
aBBlflBaafl«BBIBBaBflBBBlBlaBBBBBflflBBaBBBIflBBBBBBBBBaBflBBBBTBBBBaiBa 
BBr.lBaaBaaflBflBBBBBBBalBBaflBaaaBBBBBBBBBBBBaBaBBBaaBflBaBBr.BBBBB BB> 
aaai«BaBaaBBaaaBBBBBaBia»aflaBBaBaaaitiaaaBa>aiBBaaaaBB«ia»B».it 

BBBBBBBBBaBBUBBBBBrBBBBBBBBBaBa»BBBB»Bt»"aarBBBtBBBBBBBBB»BBaBBBBTB» 
BBBaiBBaSaBBBBBBBBBBaflBBIBBBBaiiBBBaBBI# IBflaBBBBBflBBBBBBNBaBIBBIBLi 
BBaaaaBBBBBflaBBBBBBBBIBlIBBBBIBBBBBBBltliBBBBBBBBaBaBBaBBilBaBBIBlB 
BBBBBaBaBBBBBBBBBBBaaBBBIBBaaiflBBBBBBBBBBBBBBBBBBBBBBirBBaiBBBBBB 
BBBBBL'lBBBBBflBBBBBBBBBBBfliaBBBBBaBBaBaBaBaBBBBBaaBBBBa'JflBBBBBBBBI 

EflBBaBklBBBflBBBBBflBBBBBflBBfllBBBIBBflflBBBBBflBBBBBBBBBBBBBrjaBaBBBBBBBfl 
aBBBBaBaBBBaaflBaBBBBflBflaBBBBaaaBBBaaaaBB BBBBBBBBBBBBB JBBBBBBBBBBB 
■BaaaBaBaaBaBaflBBaaBaaBBfaaaaaaBaaaBaaaaSBBaBBBBaaaaraaiaBBaBaBaB 

BBBBBBBIBBBBBBBBBBBSBBBBBBIBBBBBBBBBBBBBB BBBBBBBBBBBB'iBBBBBBBBBBBB 

«BiiiiiH.iBmii>HHiiiiia>»inmiBBn|niiBiiB»rjiiHBiiiiiu 

■ ■■BHiaBL'HBflBBflBBBBBBBBBBBBBBIBBBBaaBBaB BBBBBBBBBBfl iBBBBBaBBBBBBB 
flBBBBBBBB.aBBBBBBBBBBBBBBIMBBBIMBBBBBBBBB BBBBBBBBNBf.BBBBBBBBBBaBflB 

aBBr^cV.TUaBBBaiBaBBalBKBBaaiBaBIBBBBIflBBaBBIBBBB/irf V* 11 ** 1 *** 1 

BBita. Jui/. iBaBBBBBaaBBBaaaBBaaaBBBBaBaaa aiBBiaatar UaaFiBBaaaiaaa 
BaBBBiaBaBVBaBBBaBaaBBBaBBBBBIBBBBflBflBII(BBBBiaaaBBflBIBaaBlBIIBaB 
BBiaBBBBBBBnBBBBBBBflBBlaBBaaBBBBBflaBflBBBBflBBBBflflrBaBBBBBBBBBBBBBB 
BBflaBiBflBBBaaflaiBflaaBiBiiBBBBiBBaaaBBaaaaaaBBBBv^BaBBaBiBaBBiiBBB 
BBBBBIBBBBBBk'BBBBBBBBBBIiaBBBIBBBBBBBBBBBBBBBBBrvBBBBBBBBBBBBBBBBB 
BBBBBIBBBBBBBkBBBBBBBBBBBBaBBBIBBBBBBBBBB aaflBBBrjBBBBflaBBBBaaBBaaa 
BaBBaBBBBBBflaBBBflBflBflBflBBBBBBBBBBBBBflflBfl BBBBBB'.BBBBflflBBBBBBBBIHBfl 
BBBBBlBBBBBMBMOBBBBBBBaBBBBBBIBBBBBBBBBBBBBBB'jBBBBflBBBBBBBBBBIBBfl 
BaBBBaaBBBaaiaB'FBBBBBBflaBBBBaflaBBBaBBBBBBBaBraBaBBBBBaaBBBBBBBflBB 

iu»iiBUiBiiBUii»iiiii»aiaiaaaBaii»m7aai»iiBi»iHMaBflH 

BflBaaBaBaaBBBaaBkBBBBBBBBaaaaaBaBBiBaaaaBa>/Ba>BB>aai>aaBBBBBBaa> 

BBaaaBaBaaBaaaaBB^BaBaaiiaBBaiBaBaaaaBiaBBr.BaiBBBaiBBaaiaaiHBBBaa 

BBBBBBBBBBBBflBBBBBaBBBBBIBBBBIBMBBBBBBBBBB4BBBBBBBflBBBBiBBBBBBBBBB 

■IfltllBiaBlIlBUIBUBBBlIBBniinilBIBHBilHaiBBBiaiBlIBBflBIBBII 

■ BBBBiBBBBIBIVOBfYMY-BiBIIBBBBBBBBBBBBBBBV/.ir.J.'ilBBBlBlBBIBBBBBBBlB 
BBaaaBBBBaBBBLihiitr2vii>BBBBBaBBaaaaBaaaBBr.aV7li,>/aBBaaBaaaaBaB*BaBaB 

BB 
BB 


When 


6**=0 


10a? —20= -29 


When 


®= ~l 
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Plotting the points (0, -29) (1, -14) (2, 11) (-1,-34) 
(-2, -29) (-3, -14) (-4, 11) and taking the x unit ten tunes 
as large as the y unit, we have the curve as shown in the 
diagram 

The equation is satisfied when 5x s + 10x-29=0, te when 
y-0, i e where the curve cuts the axis of x 
From the diagram, the roots required are 

16, -3 6 

Verification When x=l 6, 5x? + 10x-29=5(2 56) -r 16-29 

=128 + 16-29 
= - 2 

Thus when x=l 6, 5ar+ 10s - 29 is nearly zero 
. 1 6 is an approximate root In the same way we can verify 
the fact that -3 6 is an approximate root 
If we trace the graphs of y*=2? and y-sP+bx-c, where b and 
c have any assigned values, using the same units in each case, we 
shall obtain the same curve in different positions This is easilv 
seen by cutting out one curve and superimposing it on the other 
hi general, it will be found that the graph of any equation 
in two variables, whose terms of the second degree form a 
perfect square, is a parabola 

For instance, if we plotted a number of pomts on the cunc 
(2x+3y) s +3x-2y+5=0 and joined them by an even curve 
we should obtain a parabola 


MAXIMUM AND MINIMUM VALUES OF QUADRATIC 
EXPRESSIONS OF ONE VARIABLE 

153 These all hinge upon the fact that a perfect square is 
ahajs positive, t c it cannot be less than zero 
T ofind the minimum uiluc of x 2 — 4 jt — 7 for real rnlua> of x 
a s_4x + 7=(x-2) 2 -3 

the gi\en expression is least when (x-2) tt =0. 

The reqd minimum value is therefore 3 
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To find the minimum value of a?-iz+1 graphically. 



Let us trace the graph of y s=a?-4®+7. 
When 


x= -2 

-1 

0 

1 

2 

3 

4 

5 

a?+7=ll 

8 

7 

8 

11 

16 

23 

32 

-4i=8 

4 

0 

-4 

-S 

-12 

-16 

-20 

y= 19 12 

7 

4 

3 

4 

7 

- 

12 


Plotting the pts (-2, 19) (-1, 12) (0, 7) (1, 4) (2, 3) (3, 4) 
(4. 7) (5, 12) and joining them by an even curve, ire have the 
curve shown in the diagram 

Prom it we see that the minimum value oiy,ie of ar-4r+ f, 

is 3 , 

[In the diagram the x unit is taken five tunes as large as tne 

y unit] 


To find the maximum value of 3 5 + 4» - 4ar for real values of x 
3 5 +4» 5 - (1 -4®+4ar) 

= 4 5 — (1 — 2a;)* 
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tie given expression is greatest when (1 - 2s) 2 is least, le 
when 1 -2®=0 

Hence 4 5 is the maximum valne reqd 

By plotting the graph of y-3 5 +4®-4® 2 , we can find the 
maximum value graphically, as in the preceding example 

154. Between what values of x w the expression 19® -2a? -35 
positive 2 

Let y denote the given expression 

-(2a? -19® + 35)= -(2®-5)(®-7) 
=(2®-5)(7-®) = 2(®-|)(7-®) 

When ®<2i ®-4 is negative and 7-® is positive , 

. y is negative 

When ®>24 but <7, ® - 4 is positive and 7 - ® is positive ; 

*. y is positive 

When ®>7, ®-4 is positive and 7 - ® is negative , 

y is negative 

. . the given expression is only positive as long as ® is between 
2i and 7 

Tbs may be seen graphically by plotting the curve 
y a 19® — 2a? — 35 


Examples. XXVI 

1 Dram the graph of 3** -5* -3 for the following values of x, -2, -1, 

*>. 1 . 2 , 3 , 

(0 Using an x unit ten times as large as the y unit 
(m) five 


2 Dram the graph of 5x* +4r -21 

(l) Using an x unit ten times os largo as the y unit 
(u) fhc 

3 Dram the graph of x : -4x 

(») Using an x unit ten times os large as the y unit 
(u) five 

4 Dram the graph of 4(x ! - 1) 

0) Using an x unit ton times ns large as the y unit 
(n) five 

[Tabulate values of x and y before choosing your units ] 

5 Proio cnnhicsllv that the expression x*-0xj- 13 la po*it»c for all 
ml tabes oHr 

6 Shorn craphicalh that the expression 4r-0-x® is never po«ilno for 
««.al \alue« ofx 
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Solve the following equations graphically 


7. 4**-4* -13=0 8 4z=-4*-35=0 

9. *®+l la;— 8=0 10 **-33*+2=0. 

11* 6*® -23* +21 =0, to the nearest tenth. 

12. 10** +21* -13=0 


13. 5* 2 -3* -16=0, to the nearest tenth 


14 Draw the graph of 4** - 4 * + 1 What do you deduce as to tho roots 
of the equation 4**~4*+l=0 ? 

15* Plotthc graph of 4a? -3* +7 using integral values of * from -2 to 
3 What do you deduce as to the roots of tho equation 4a? -3*+7=0 f 

„ graphically that tho expression 13-6*-** is never grcator 

than 22 for real values of * 

17. Draw tho graph of **-3*, and deduce approximate valuos of tho 
roots of the equation ** - 3* = 3 

18 Plot the graph of 6 ** -3* -24, and from it deduce tho roots of tho 
equation 6 ** = 3 * +26 

19 Draw tho graphs of y=**, 2y=3* + 14 in the same diagram, and 
deduce the roots of the equation 2 ** - 3 * - 14=0 

20 Draw the graphs of y=a? and 6y-8*-60=O and deduce the roots 
of tho equation 62 ? = 8* +09 

21 In the equation y=to*-4*-10, find tho corresponding values of V 
to the values -2, - 1 , 0, 1, 2, 3 of * Draw tho portion of tho curve 
thus given, and deduce approximate values of tho roots of tho equation 
6** - 4* - 10 =0 Read off the minimum value of the expression to* - 4* - 10 

22 Find graphically the values of * for which the expression **-*~0 
vanishes Prove that for all values of * between these limits tho expression 
is negative and for all other real values of * positive 

23 Draw the graphs of y=*® and 2y -3* -20=0, and doduoo tho roots 
of tho equation 2 ** = 3* + 20 

24 Draw the graph of y=(*-2)(*-3), and deduce approximate roots 
of tho quadratic (* -2)(* -3) =5 

25 In the equation y=3+3x~to®, find tho values of y corresponding to 
the values -0 4, -0 2, 0, 0 2, 0 4, 0 6 of * Plot tho points thus obtained, 
using an inch to represent 0 2 along tho axis of *, and an inch to represent 
unity along the axis of y Write down the maximum value of y 

26 Prove graphically that tho line y=(J*-13 meets tho curvo 

at one point only Find its co ordinates, end verify your result 
algebraically 

27. Find graphically, as accurately os you can, tho minimum value of 
4** —3* +2 for real values of * Verify your result algebraically. 

28 Find graphically the maximum value of 6 * -3-** Verify y° ur 
result algebraically 

29 Find graphically tho minimum value of ** -to+~p Verify your 
result algebraically and wnto down the corresponding value of * 

30 Find graphically the minimum value of 3 **- 0*+5 6 Verify by 
algebra, and write down tho corresponding value of * 
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31, Find graphically the value of * which will give 2 4 +40* +63? a 
minimum value 

32. Find graphically between what limits the value of * must he if 
25a? -30* -91 is negative 

33 Between what limits must the value of * he if the expression 
20 —2** ~3* is positive ? Find the limits graphically and by algebra 


CHAPTER XXTO 


SIMULTANEOUS QUADRATIC EQUATIONS 


155. In this chapter we shall consider simultaneous equations, 
vhere one at least is of a higher degree than the first 
The methods of solution are various, but the student should 
endeavour to reduce the equations to the forms 

ax+by^c, 

ax-by**c' 

Addition and subtraction will then effect the solution 


Example 1 
By division, 
Also 
Adding, 
Subtracting, 


Solve the equations 25ar -y : =84, Gz -y—Q. 
5x+y=14 
5x-y~0 

10x=20, x=2 

2y=8, y=4 

x=2, y=4 isthcreqd solution 


Example 2 Solve tho equations 3z ■*■{/= 9, 

*y=G 


Squaring equation (1) 


9* ! J-Czy- t y ! =8I 


From (2) 


12ry=72 

Subtracting, 


9x*-Cry + y s =9 

Taking the sq root, 

3*-y=s±3 

We no« have the two oa«ca, 



3z+y=9,\ 

1r-ty=9, 


3t -v =3 / 

3r-yss -3 

Adding, 

fir = 12, 

Gr=fi, 


r=2 

r= 1 

Suit met mg. 

2vwfi, 

2y=12, 


v~3 

y~C 

*•=21 

y^ii 

- l-l) 

nre the rcqtL •■elution* 


( 1 ) 

(2) 



ELEMENTARY ALGEBRA 


[OITAP* 


Example 3 Solve the equations 9z 2 +y i =52, . , ........ . (1) 

xys8 ... . .. ( 2 )’ 

From (2) %*48 (3). 

Adding to (1) to complete ifo square, 

Oa^+Oay+^slOO 
Taking the sq root 3*4 y=iJ0 

Also, m tho same way, subtracting (3) from (1), 

9je s -0*y+y , s=4 
* 3x-y=±2 

There are now four cases, 


3*+y=10,\ 

3*+i/= 10, \ 

3*+y= ~10,\ 

3y+y=-l0, 

3»-p=s2 / 

3*-y= -2 / 

3*-y= 2 / 

2x-y= -2 

Adding, 6* =12, 

0*=8, 

6** -8, 

0*= —12, 

*=2 

4* — 4 
*“T 

*«-4 

** -2 

Subtracting, 2y=8, 

2y=12, 

2pss -12, 

2y= -8, 

y- 4. y= 6 

Hence tho reqd solutions arc 

y«-0 

y=-4 

*«2,\ ** 4,1 


*=s -2,1 


prs4 J j/=G J 

y= -0 J 

yss-A) 



Example 4. Solve tho equations 4* a +y 9 -17, 

2z+y=5 

From (2) by squaring, 4* 8 +4 xy +y*-25 


(1) by subtraction, 

4xy=8 

Subtracting this from (1) 4** 

-4zy+y*=D 

Taking tho sq root, 

2z-y~±3. 

Honco 

2*+p*C,l 

2*+y= 5, 


2z-y=3 J 

or 2x-y- -3 

Adding, 

4* =8, 

4**2 


*=2 

*=4. 

Subtracting, 

2y-2, 

2y=8, 


y=i 

j/*4 


. *=2,1 

*=4,1 


yslJ 

I/=4 f 


(1)' 

(2) 

(3) 


solutions. 



XXVII] SIMULTANEOUS QUADRATIC EQUATIONS 


222a 


The Examples m XXVII a can all be solved by substitution 
The student must be careful to do the work methodically 

Example 1 25z s -t/ 2 =84, (1) 

oz -!/=6 ( 2 ) 

From (2), y=5x-6 

by substitution in (1), 

25X 2 -(5x-6) s -84, 
whence 60x - 38 = 84, x-2 

By substitution in (2,, the simpler oi the two given equations, 

10— y =6, y=4 

*• * =2 \ isthereqd solution 
y-4i 


Example 2. 3x+y— 9, * •» ■•»«* (1) 

*y=6 (2) 

From (1), y=9-3* 

•\ by substitution in (2), x(9 - 3*) = 0, 

te 3x*-9z+G=0, 
te ar -3x+2 =0, 
te (z-l){x -2)=Q ; 

. x~\ or 2 

lMicn x=l,from (1), y=9 -3z=9 -3=0 

x=2, =9-0=3 

* and X ~z\ arothcxeqd solutions 

y=GJ y=3 J 


»«A 
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Example 3. 

9^+^ -52, 

(1) 


ary =8 

P) 

From (2), 

8 

y = x 


from (1), by substitution, 



9s 2 +^=52, 
r 


ie 9t* 

-52^+64=0, 


te (9a 2 - 

16)(*?-4)=0 



.* or 4 

4 

.. a=±g or ±2 


TVhen*=±g, from (2), y=|=±8x|=±6. 


. a, = ±2, 

= ±|»±4 


Hence ®=^| x= - 

si X are the reqd solutions. 

v=v y=- 

.QJ y=4' y= -4s 



Examples. XXVII, a. 


Solve the equations 

■ 

• 


1 . ta*-y-~35, 

2 jc s -y 3 =21, 

3 ya-9z a =28, 

2x+y=7 

ar+y=3 

«/-3r=2 

4 ar~xy=35. 

5 4x*+ay=3I, 

6 9x-3y=3, 

x-y-5 

4x+y=17 

Ox 8 -y®~3 

7 5x-2y=12, 

8 4* s -23y*= -81, 

9 9x s -49/=29, 

25x=-4y ! =96 

4ar-10y=34, 

Gr-14y=2 

10. *+y=lo, 

11 ar-y=2, 

12. x-y-l. 

a^=54 

ay- 13 

ay=132 
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13 a?+y= 4 , 

*y= -117 
16 8xy=l, 

4 (x+y) =3 

19 3 x- 2 y= 14 , 
xy =12 
22 x I +?/= 34 , 
ary= - IS 

25 9 a?+ 4 j/*= 13 C, 

XT/ =10 

28 1 - 1 = 1 , 

« y 

*9=4 

31 M-l, 

* y 
ay=-l. 

34 5 x-»- 7 t/=: 17 , 

5 - + Uv 

y x - 

37 . 4 a? + 3 /® = 104 , 
2r+y=12 

40 . a?-*y+y®= 157 , 

X-M = l 


14 *+y=6, 
xy= -91 

17 . 4x+y=ll, 
xy=6 

20 . 5 x+ 4 y= 28 , 
xy=8 

23 4a?-ry 8 =17, 
xy=2 

26 16 a?+ 25 y s = 544 , 
xy =12 

29 

x y 4o 
x+y=sl 4 

32 |+|+ =12, 

xy=a> 

35 a?+y®= 53 , 

ixj/=5 

38 . Oar+^^Sl, 
3 *-y =9 

41 a?+ 2 a^+ 4 y I = 28 , 
x+ 2 y=G 


*-y=4 
18 5z-y=9, 

*9=2 

21 a?+j/ s =53, 
*9=14 

24 a s +9y*=18, 
*9=3 

27. ?+*-?, 

X y 4 

xy = 8 

30 Iri' 

x-y=2 

33 4* -39 =26, 

4_ 3__ 2G 
y~x "10 
36 a? - 1 - j/ 2 
x-y=\ 

39 a?-r*y+3/ s =201» 

*-ry=10 

42 9a?+xyj-4y s =DI, 
3x-2y=13 


*166 In the following equations, the student’s aim should be 
to reduce the equations to one of the forms exemplified earlier 
in this chapter 


Example Soke the equations 



r»-ry s =91, 

(i) 


a?-ay+y* = 13 

( 2 ) 

Diuding, 

x-ry=7 

(J) 

Squaring, 

X s + 2 * 9 - 9 * =49 


* from ( 2 ), 

ii 

(4) 

Now eohe equations (3) and (4) as in Example 2, Art 113 




224 


ELEMENTARY ALGEBRA 


[chap. 


Solve the equations 
1. a 3 +y 8 e=9, 
an w=3. 


♦Examples. XXVII. b. 

2. ar*-y 3 =37, 

«-y - 1 


3. 8ar’+j/ 3 =280, 
2a+y=10 


[Divide and then proceed as in the Example worked out ] 

4. •e a “8y a — 189, 5. 27a»+ 8^-35, 6. 8ar> -27^=485, 

x-2y=9 3a+2y=5 2r-3y=5 

7. ® 1 +® s y a +y < =21, 

**+«!/+ ^*=3 

[Dividing (1) by (2), a® -a$ + j/ a =7 


( 1 ) 

( 2 ) 

(3) 


Now odd and subtraot equations (2) and (3), and prooood as m 
Example 3, Art 155] 


8 ®«+ay+0<=1281, 

9. a*+a^+jf*=481, 

10. a^aV+tf 4 

a s -ay+y B a=21 

a 2 -'Bj/+j/ s =13. 

a 3 +ay+y 9 

11. ^+^=18. 

12 ' F= + r«- 


i+i-5 

‘-U-i 
* y 


x + y 


[See Noto in Example 2, Art 00] 


13. |+^=1M, 

14 9 1 20 

14 tf + y l ~2G' 

16. I 1+ ^01, 

-+-=13 
x y 

LI- 4 

a“y”5 

30ry=l 

1 

16. ± +r «. 

17. 15(a®+y a )=34i?y, 

l8, y + T 10’ 

xy= 1 

1-1,2 
x y 

4(a+y)*17 

19 ?+«=¥. 

V * 4 

20 £+«=2. 
y x 2 

!1. s+p° 35 - 

x-y-i 

2x+y=20 

‘+i=6 

xy 

22. j,-p,=01, 

1- J =1 
x y 

25. 8x 3 +!/ 3 =2, 
4e 2 -2ay+y ! -l 

23' ar»+y»=361, 
a 3 -ai/+j/ 2 =39 

26. 8a°+ 27^=2, 
4a a -flay+9p 8 =l 

24 a 3 -^=702, 
a a +ay+y 3 =H7* 
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*157. Solve the equations 2 a?y* - 13*y + 18 =0, 

*+2/=T 

Treating (1) as a quadratic for xy, 

(2xy -9)(xy ~2)-Q , 


(1) 

(2) 


*i/=4or.2 

The complete solution is then obtained by first solving the equations 


a;+t/=4, xy=%, 


and then the equations x+y=?., xy= 2, as in Etample 2, Art. 155 


*158 When the variable terms in the equations are homogeneous, 
sc of the same degiee, the following method may be used. 

Solve the equations 12a? - izy + lly 2 = 64, (1) 

16a? -$xy+Uf~ 78 {2) 


Eliminate the constant terms, by multiplying across (multiply 
the left-hand side of each equation by the nght-hand side of tho 
other) 

78(1 2a? - 4 xy + lly 2 ) - 64 (16a? - toy + lljr), 

39(12a? - 4 ry + 1 ly 3 ) - 32(16z? - 9xy + 1 hf). 
Multiplying out, and re-arrangmg, 

17 if 132xf/ - 14a? =0, 

7f j-12xy-4a?=0, 

(7^-2a*)(j/T2r)-0, 

9 m y or V m ~- T 

(it the factors cannot be seen, *oIve as a quadratic for - j 
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5 a£- 2zy-*-3=0, 
2x J -y=4 

8 6^-3^-H^ 
x 


4 3Z 2 -5xy= -2, 

4xy-3jr=l 

7 afi-i-xy=2, 
if+xy^A 

10. a£-rxy=15, 11. Sa^+Aary-^oy 8 

ay- j/ 4 =2 3x 

13 *+y=6, 14 OaJ® +3*y-18y s 

(a I -ry : )(x»+y3) = i44 0 3x=+6xy 

16 x*:sl4-rxy, . 17. a? -y 3 =485, 
y*=xy-10 x-y=5 


6 y 5 -xy=4, 
ar J -2y 5 -xy=S 

=584, 9 a^+Sxy-Sy^i, 
=5y x?~tf=l 

=81, 12 2X 5 - 1 -3iy=26 ) 

:2y 3y s J-2xy=39 

=20, 15 *®-«-y 5 = 5, 

=8 2r-rxy=6 

18 x 5 -4y=y s -4x=2l 


19 1 1 - 1 
x~y~W 


20 2x 5 ~3xy-rl0=0, 
x“-xi/-jr + ll=0 


4 6 5 

^“^“12 

22 &±xyi-y-=Gl, 23 (x-5)(y+7)=(* J 
*+y=9 xy=l 

25 9a?+fcry-4y5 = i, 26 y*-xy=15, 

3x-2y= -1. z 2 +zy=14 

28 z 5 -i-zj/ J-t/ a =;49, 29 x®+xy=12, 

** 4 -a?y l J.y» = 93i zy-2y 3 = l 

31. (z+y)*a.3( x _ y ) = 3o, 32 *s-3*y-ry= 
ay*r3(x-y) = ll z®-xy + y 

34 Z i -rZy=y=_9^ + 64=0 


21 3xy-rz 2 =10, 
5*y-2z 2 =2 


27)(y+ 2), 24 x s -4y=28, 
3z=4y 

27 x s A4y 5 -3xJ-y=C7, 
z - 2y = l 

30 2z+3y=l£, 
4x s -9xy J -9y I =ll 

_1 „ !/ x x+S x-ry 

33 x'y'x- 4 “ xu 


=13 


35 *«-*s~y*-y s =S4, 

r : -rX I y : -t/ : =49. 


GRAPHS (CIRCLES ) 

*160 The distance of the point (x, y) from the origin 
= N / {x 2 +y 2 ) 

Using this we may also determmc the graph of y= N /( 23 -a 2 ) 
as follows The equation may be written, x 2 t»/ 2 =2j 

fhic shows us that the point (ar, y) nwes at a constant distance 
°f * ^nit? from the origin 

The graph is therefore a arele, whose centre is at the ongi . and 
whoso radiu<ss5 
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+161. In tho accompanying diagram, let P be the pt. (%, y x ) and 
Q the pt (® 2 , 



M N X 

Draw PN and QM perp. to the axis of x, and QK perp to PN. 
PK=f/i~y a , and 

Thus we see that the distance between the two pts. (xj, y x ) 
and (xjj, y s ) 

=J(x 1 -x z ) z +(y 1 -y 2 )\ 

+162. Trace the giaph of a? + y® - 6® - 8y=0. 



This equation may be written (x - 3) 2 +(y- 4) 8 « 26 

V(®-3) s +(y-4) a =5 

’ It is important to notice that if no constant torn occurs in an 
equation, the corresponding graph passes through the origin, for by 
substitution we see that when ®=0, one value of y is 0 
The graph of ar+y®=5 is a circle whose radius is v5 
A line JE units long may be drawn eitlier by using Pythagoras' 
Theorem (2 2 +1 2 =5) or by tho method of Art 136 
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* Examples. XXVII. d. 

Trace the graphs of the following 

1. 36 2 i 3 +j/ 2 =0 3. 0 s +J 3 - 49 

4 a£+p*=s81 5 -e 9 +y s + 8a:-8y=0 

6. a?+j/s~8a!-6p=s0 7 (*-3) 8 +(y-4) 8 =36 

8 (*-l) 8 +(p-2) 8 ss36 9 (*+2) 8 ^(y-3) 8 ‘=23. 

10. (*-3) 8 +(y+3) D =16 11. ^(16-2®-^) 

12. ^(21+4*-^), 13 n /(15+2*-:b 8 ) 14. s /(14* - a* - 13) 

16. » s +p a =6 17. ar+y ! =13. 

19 a»+y 5 =20 
21 * 3 +y 3 +2a;+2y=50 
23. (*+2)*+{y -2) 8 =5 
25 as 8 +j/ s -6*-*-4p+3=0 


15. ^+^=2. 

18. a^xys-io 
20 *s+js=3. 

22 (i-l)"*+y»=2 
24 a?+y 8 +2x+2y=s3 


26 2* I +2y s =5 
28 4* 8 +4y 8 -16®+8y+ll=0 


27 2x*+2y a -4x+8y+3=0 
29 4* 3 +4y 5 -24a: + ll=0 


graphical solution of simultaneous quadratic 

EQUATIONS 

*163. Simultaneous quadratics can often be readily solved by 
graphical methods 

4 

Example 1. Solve the following equations graphically 


x+y=5, xy = 4 



On AB, in long (the diagram is reduced in printing), describe tlio 
r nil circle ACB 

b (> n am pt on the curvo and PN is drawn porp to AB, we 1-no r, by 
'-cosn'in, tint PN 8 =AN NB 
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Mark the pts D, F on the curve where the lengths of the perpendiculars 
DE, FG on AB are equal to 2 inches (•Ji) 

Then DE 2 -AE BE, and FG 2 =AG BG 

if AE=z and BE=y, 

®+j/=AB=5 and zy=AE BE=DE a =4 
AE, BE are solutions of the given equation 
From the diagram x=l,y~i 
In the same way, AG and BG ore solutions, and we have 

Example 2 Solve the following equations by the graphical method 

as-y= 3, xy =4 



Take AB 3 in long and AC at rt £ s to it 2 in (=*>/?) long With 0, 
the mid pt of AB as centre, and OC radius, describe the semi-circle 
ECD, meeting AB produced at D and E 
As m the previous example, CA 2 = DA AE 

if AE=* and AD=y, 

*-y=AE -AD=AE-BEa=AB=3 
Also xy =EA AD=AC*=4 

AE and AD give a solution of the given equations 
From the diagram see that g=4, y=l 

KB a= - 1, t/= -4 is also a solution of these equations The above 
method does not give negative roots satisfactorily 

The methods of the two preceding examples may be employed 
to solve some quadratic equations 
Thus to solve a? - 7® + 9 =0, we have to factorize the expression 
a? -7® +9, t e we have to find two numbers whose sum is 7 an 
product 9 
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We can therefore use the method of Example 1 
In the same way, to solve a? -3a -36=0, we have to find two 
numbers whose difference is 3 and product 36 
We can therefore use the method of Example 2 

*164 Solve the following equations giaphicaUy . 

a£+j/*-4a?-2j/4-l=0, 2x-3y=3. 

The first equation may he written 

(a-2) 8 + (y-l)«=4 

Hence its graph is a circle whose centre is at (2, 1) and whose 
radius is 2 

Draw the circle, and also draw, using the same axes and the 
same units, the graph of 2a - 3y = 3, a str line through the pts 

( 1 5 > 0 ), ( 0 , - 1 ) 

The pts of intersection of the circle and str line give the 
roots required 

*165. Find approximate solutions of the following equations by a 
graphical method + a?y« 6. 



The folio* mg method dt ponds upon the fact that if ABC ii 
*i triancle nsht-unuM at C. and CN is drawn perp. to tin 
I»\pnUftu e e AB, thin AC BC-2 * ABC--CN AB No* 
h,n« on AB, 1 m hour d««tnbe a m mi-cin le ACB, and take the 
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pt 0 such that the perp from C on AB=£=1£ m (Sqd. paper 
should be used ) 

Then AC 2 +BC 2 =AB 2 ~16 

Also AC *BC=CN AB *4x4*6, 

AC and BC are roots of the given equation. 

With centre A and radius AC describe a circle cutting AB at D 
,AC« AD = 5 1*65 approx from the diagram 
In the same way BC =3 65 approx , 

* 1 65, 3 65 are roots of the given equation 

*166. To Uace the giaph of xy = 40 
When 

the upper signs being taken together, and the lower signs together 


z=±2 

±4 

±5 

±8* 

±10 

±20 

I 

y=±2o 

±10 

±8 

±5 

±4 

+ 2 

* 


kBBBBiiiBaBBBBBB BBBBBBBBBBBBBB»BBBBBBHB«B»iiBBBBpBBBBBBBBBBBB^ 


■ mtmiUllMalUHMMMM 



■■■■■■■■■■■■■■■■■■■■■■•■■a* 
■■■■■■■■■■■■■■■■■■■■■■■■■■I 


*aH 


BBBB B BBBBBBBBBBBBBBBBBBBBBBBB0| 

■■■■ 

■■■■■■■■■■■■■■■■■■a 
aaaaai | “ 



■■BaaaBaBaaaBaBBa»-a4aaNaaaaiaBi5;;«r;;««a;;55Jj;;j[«;j**j;;Sa 

s ffl aaasiaBa aiSfflsaffiasBffija 

aBBBBIBBBBBBBBBBBBBBIBBI IBKI ■ HMHMMgflUIIIIIIIIIIIII 
*»BKB«BBB0BBBB0B«BBBB0BB0BbI 
iiBBBIBBBBIBIBIIBflBBIlIBBIIT 
■HBBBBBBBBBBBBBBBBBBBBBBBaBlTn 

* a b a b a t.* ■■■ mhi bb] 

■B ■■■ SBBBBBB1BBBIBS 




HBBWmiiBam; sa sSa l 

|BBlBBiBBBB«BBBBBBBBBBBBBBBBBBBBfi;aB;BJj;jj;;"J5!!J5BB5**»" ,, l 


Plotting these pts and jommg them by an even curve, wo have 
the figure shown m the diagram 
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It is observed that tbe curve lies entirely in the first and thud 
quadrants, and that the two branches are symmetrical in regard to 
both the bisectors of the angles between the axes of co-ordinates 
Trance we have another method of solution of equations of the 

following type a? + y 2 * 89, 

2 $ =40 

We first draw the graph of a$=40. 

The graph of & + f - 89 is a circle whose centre is at the origin 

and radius M Since 89=25+64=5 8 +8 a , the length OA m the 
diagram is the radius Describing the circle, and reading off the 
pts of intersection of the two curves, we have the following 
solutions 

®=»8, 5, —5, —8, 

y«5, 8, -8, -6 

* 167 . Find approximate loots of the equations 

xy= 80, x-2y=l0 

From the following table of values, draw the graph of a# *80 


H 

» 

H 

+ 3 1 +8 

±10 

+20 

y =*20 \ t !6 | dlO 

±8 ! 

1 

1 

1 

-* • 
* 1 


Draw the graph of x-2y=10, a str line through the pts 
(10, 0), (0, -5) 

The pfe of intersection of the two graphs give the reqd roots 
They will be found to be 

a: *18 6, "8 61 a pp tox 
43, -93/ n 

Equations of the type of Examples I and 2 worked out in this 
chapter might also be solved by this method 

a Examples XXV II c. * 

rind, approximately, the mlun of the root-, of the following equations 
In the tv*t of graphical method* Venf> \our result? 

(In <'oinc i.vcs the matt cnlucs of the root* can he obt lined ) 

1, -a tfst", r«/=-9 2. *>» jr=0, rtf&lG 3 xy-lG 

4 s-v* 1 . rv - ° 5 ariv- 7 i*V ~3 6 x - y 3 , xi/~S 

7 r* - 1 Jr - 3 t. n S ar*-llx- 2 r »-0 9 8 x* 13-0 
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Pmd, approximately, the values of the roots of the following equations, 
hr the use of graphical methods Verify your results 

10 a? -2x -16=0. 11. 2z-y=l. 

12 z a -i-tr=S, x-*-2y= 2 

13 a 2 -y ! -2a;-4i/-l=0, 5y-5z=3 

14 4x z - 1 -4y : +Sx -4y=ll, s-2-2 y 

15 a?-«-y s =9, 4x+3y-*-6=Q. 16 a 2 + 1^=36, xy= 15 

17 a?+|r=225, zy= SO 18 ay— SO, 2x-y=10 


CHAPTER XXVm 

FURTHER EXAMPLES ON SYMBOLICAL REPRESENTATION 

Examples XXVHL 

1 A Tnau rows x miles an hour in. stall water, and the current runs at 
the rate of y miles an hour : 

(i) How many miles an hour does the man row with the current * 

(n) . . ......... ..... .. against . • • 

(m) How long does he take to row a miles with the current ? 

(iv) . . . . . . . . against • • ^ 

2 Money is invested at simple interest at the rate of x per cent per 

annum* 1 

(i) What is the interest on 1£ for a year I 

(n) l 1£ . y years? 

(m) s£ . . ? 

(iv) What does z£ amount to in . , . . ? 

3. Calculating simple interest at the rate of x per cent per annum, 
(i) What is the present value of 100£ due in one year ? 

(n) . a£ . • . ..*• • 

(m) . . .... 100£ • y years f 

(iv) . . ... u£ ... . ? 

4 A tram runs at the rate of y miles an hour : 

(i) How long does it take to do one mile ! 

(u) .. . . z miles ? 

(in) . . . . ; miles at the above rate, a 3111 

another s miles at double the rate ? 

{iy) How many miles does it run m a hours at the slower rate • 

5 A can do a piece of work in x hours, Bean do it in y hours: 

(i) What fraction of the work do A and B do, working together, in one hour 

... a hours! 

(in) How long do they take to do the work when working together 
(iv) . ... three-quarters 
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6 One pipe, running alone, fills a astern in x hours , a second, running 
alone, fills it in y hours , and a thud, also running alone, empties it in 
z hours 

(1) What fraction of the cistern do they fill, all running together, m an 
hour ? 

(u) How long do they take to fill the cistern, all running together ? 

7 x£ is the simple interest on y£ for z years 

(i) What is the simple interest on y£ for one rear 9 
(u) 1£ 9 

(in) 100£ ? 

(iv) a£ b 3 ears 9 

8 In * years y£ amounts to z£ at simple interest : 

(i) What is the interest on y£ for x years 9 

(u) , y£ one year t 

(in) 1£ ? 

(iv) a£ b years * 

(v) What is tho rate of interest ? 

9 Apples cost x pence per dozen 

(i) What does a man give for one apple * 

(n) he y apples 9 

(ni) What does he give for one apple uhen the price is raised a penny 
per dozen ? 

(iv) What does he give for y apples at the higher pneo 9 
(?) How much do a apples cost at the cheaper price 9 
(n) higher 9 

10 A man invests monej at compound interest at the rate of * per cent 
per annum 

(i) What is the interest on 1£ for one year 9 


00 

amount of 1£ 


(1U) 

ct£ 

* 

(IV) 

interest on 

* 

{') 

amount of ]£ 

2 jears 9 

(«) 


3* 9 

(vu) 


n 9 

('«») 

P£ 

2 \ears 9 

(IX) 


3 9 

(X) 


71 9 

(x») 

interest on 

7 

II* If umple 

interest is calculated 

at the rate of x per cent per annum. 

(i) What is the discount on 

100£ due m one jeir 9 

(«) 


at 9 

Un) 


I00£ jr jean 9 

(»v) 


a£ . 9 


7 
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12 A man can do a pie oe of work m z horns , a woman does half as 

much as a man, and a boy half as much as a woman What fraction of the 
wort will 

( 1 ) A man, a woman, and a boy together do m 1 hour * 

(u) 2 men, 3 women, and 4 boys ? 

13 One man walks x miles an hour, and another y t huIm an hour 
starting at the same tune, m the same direction 

(i) How much apart are they in an hour if the first man ia the quicker 
walker ? u 

(u) How much apart are they in a hours * 

(m) How long does the first take to gam one mile on the othei ? 

W • 6 miles f 

Express the following in the form of equations 

14 The product of two consecutive numbers of which % is the smaller 
is less than the product of the next higher two consecutive numbers by y 

15 A man bought a cows at z£ each, and b sheep at «£ each, and 

altogether spent z shillings * 

16 Apples axe sold at z pence a dozen, and pears at y pence for 10 
® apples and b pears cost z shillings 

17 x men form a hollow square, four ranks deep, with y men on eaoh 

nilfifllnA fflPA tsf f.ViA cmuniwt 


18 A hollow Bquare is formed by o men, y ranks deep, with z men on 
each outside face of the square 

19 A fraction whose numerator is x, n-nd denominator y, is increased by 
a when the numerator is increased by b, and the denominator decreased 
bye 

20 z dozen of wine at a nVidlimm a dozen, y dozen at 6 nlollmg s a 
dozen, cost c shillings a dozen on tne average 

21 The area of a room x ft long and y ft wide is doubled when its 
length and breadth are eaoh increased by a feet 

22. In travelling a yards, the fore wheel of a carnage makes n revolutions 
more than the hind wheel Take x feet for the circumference of the fore 
wheel and y feet for that of the hmd wheel 

23 One pipe will fill a cistern m z hours, a second will fill it m y hours , 
running together they fill it in z hours 

24 A starts off on a journey at x miles an hour , and n hours afterwards, 
B starts off at y miles an hour, and catches A up in o hours from A’s start 

25 Two men start simultaneously to walk from A and B to B and A 
respectively, a distance of n milm They walk at x miles on hour and y 
miles an hoar, and meet in a hours , 

26 Form the equation for the above problem when the second man 
starts b hours after the first, and they meet a hours after the first man 
started. 

27. Between two places one mile apart there are x telegraph posts in a 
straight line, y yards apart. 

28 Between two places a miles apart, there are * telegraph posts in a 
straight line, y yards apart 
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29, A man spends one>tlurd of his income of x£ m hoard and lodging, 
me-fifth in dress and one-tenth in sundries, and has y£ left at the end of 
ho year 

30 A tradesman makes in a year a profit of x per cent on his capital of 
/£ and has z£ at the end of the year 

31, A man gams z per cent on a£ and loses y per cent on b£, and 
lltogether makes a profit of c£ 

32 A man runs a miles at x miles an hoar, b miles at y miles an hoar, 
md c miles at z miles an honr, and takes d hours over the whole journey 

33. A man is hired for x days He is paid y shilling s a day for a days, 
ind is fined z s hillin gs ft day for the rest of the tune because he absents 
himself He receives c£ 


CHAPTER XXIX 

PROBLEMS INVOLVING QUADRATIC EQUATIONS 

168 . Example 1 A number of two digits is less than four times the 
product of its digits by 11, and the digit in the tens’ plaao exceeds the 
digit m the units' place by four Find the number 
Let x bo the digit in the units’ place 
Then *+4 is the digit m the tens’ place 
The number =10(x+4) +*=sll*+40 
Four times the product of its digits *=Ax[z +4) , 

4*(*+4)-{lla;+40)=ll, 

4^ + 10ar-n*-40 = ll, 

4ar +5z-5I =0, 

(*-3}(4*+I7)=0, 


,* 3 is the digit in the units’ place, and 3 +4{ =7) the digit m the tens* 

place . , 

73 is therefore the reqd number 

The rolution is inadmissible, because the digits of n number arc 
jiouttve tnUgtrs * 

Example 2 4, reduction of 2 pence a doxen m the pneo of eggs mil giro 

C more for three shillings and mpcncc find the pnee per dozen 
Let r pence be the price of 12 eggs 
12 

For 42 pence we obtain ■— x42 egg* 

12 

When x-2 jvnee i- the pnee of 12 rprM, we obtain y 42 for Gd 

i<* 

x42 y42=G 

x-2 x 


m 


0 
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84 84 . 

^ 2 ~«’ 
84*-84(*-2)=s* 8 -2a, 
x 8 — 2* — 168=0, 

(* - 14){a + 12) =0, 

*=14 or -12 

14 pence a dozen is the reqd pnce 


Example 3 A train does a journey of 240 miles at a uniform rate , if it 
had travelled 4 miles an hour slower, it would have taken 2 hours more 
over the journey find its rate of travelling 
Let x miles an hour be the read rate of travelling 

240 

At the higher speed, the tram took — hours over the journey 

x 

240 

At the Blower speed, x-4 miles an hour, it took — ^ hrs over the journey. 

by hypothesis, — - 2 

Multiplying up, 240(* -4) =2403 -2x(x -4), 

2*»-8*-960 =0, 
a 8 -4* -480 =0, 

(*-24)(*+20)=0, 
a: =24 or -20 


the tram travels at the rate of 24 miles an hour, the negative solution 


It will be proved later on that every quadratic equation has two roofs 
As a consequence of this, inadmissible solutions of problems involving 
quadratic equations will often occur In this case, the negative solution 
would imply that the tram travelled backwards at 20 miles an hour 


’Ex ai miln 4 A man invests his money at compound interest for two yearn 
at a certain rate per cent and finds that he receives 5 shillings per cen 
more than if he had invested it at simple interest Find the rate per ce 

Let x be the rate per cent 

At oompound interest, 10Q£ amounts to (100 +*)£ m the first year 

x 

The interest on (100 +*)£ for the second year =(100+*) x jqq 

( 100 +*)* 

, the interest on £100 for the two years =*+■ — jqq 


At simple interest, the interest on 100£ for the two years =2* 

whence **=25, 

and X==±S - 

* 5 per cent is the reqd rate of interest 
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Example 5 Two pipes running together will fill a cistern m 63 minutes 
If one pipe, running alone, took a minute less to fill the cistern, and the 
other pipe, running alone, took 2 minutes more to do the same, then the 
two, running together, would fill the cistern m 7 minutes Find m what 
tune the cistern will be filled by each pipe running alone 

Let the first pipe, when running alone, fill the cistern m x minutes, 
and let the second pipe y 

When running alone, the first pipe fills - of the cistern m one minute 

second - 
V 

But since by hypothesis they running together fill the cistern m nun 

in one minute of the cistern ; 


1+iJL 

*y 20 

In the second case, the first pipe fills the cistern isi-1 mm 
second y-*- 2 

1 


From (1), 


*-l + y+2~7 
13 1 _ 3y-20 
x 20 ~y 20y 
20 y 


( 1 ) 


(2) 


m 


3y-20 

1 1 1 _ y-5 

*-l = 7 - y +2~7(y +2)’ 

x-lJkl*} (4) 

y-5 

20y . 7(y+2) 

3y-2Q y-5 

From this quadratic for y, y = 12 will be found to bo the onl> admissible 
solution 

Substituting m (3), * = 15 

. the pipes would fill the cistern m 15 and 12 minutes respectircly 


From (2), 


From (3) and (4), 


Examples. XXIX a 

1 The difference of two numbers is 2, and the sum of their squires 
>"241 bad them 

.2 A room is 4 feet more in length than in breadth, and its area is 
1 * ft find its dimensions 

3 The product of two consecutive even numbers is 288 What are 
t* 1 

4 Tmtl two con e ccutive numbers such that the sum of their squares 
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5. x yards of doth at *-3 shillings per yard wore bought for 13 s M 
What was*? 


6 What number when increased by 30 will be less by 12 than its square ? 

7. Find the number which, added to its square root, will make 182 

8. The length of a rectangular field is twice its breadth If 20 yds 
were added to its length and 30 to its breadth, its area would bo 10,468 
sq. yds Fmd the dimensions of the field 

9 In a right-angled triangle one of the sides containing the right 
angle is 3 feet in length, and the square on the hypotenuse ib 4 times the 
area of the triangle Find the length of the remaining side 

10. A man bought x oxen for £120 Another bought 3 more for the 
same money What was the oost of an ox to the first man, what to tho 
second ? If the difference was £2 per ox, what wero tho numbers bought ? 

11 A rectangular table 9 ft by 6 ft has a rectangular table-cloth which 
hangs down to tho same depth at the ends and sides What is that depth 
if the area of the cloth is twice that of the table ? 


12. Tho product of two numbers which differ by 3 ib 40 find thorn 

13 When 13 times a certain number » subtracted from tho square of 
the number, the result ib 30 Find tho number 

34 A motor-car docs a journey of 192 miles at tho average rate of 
x miles per hour, and a second car docB the same journey at the averago 
rate of *+4 miles per hour How long does each car take over its journoy ? 

It tho difference of these times is 4 hours, find tho value of x 


15 The diffeionco of two numbers is 3, and the sum of their squares is 
117 Fmd the numbers 

16 A man rente * acres of land for £54 per annum How muoh docs 
he pay per aero 9 If ho sublets all except 8 acres at 5s per acre more than 
this ana receives £64 per annum, find tho value of * 

17 A rectangular enclosure has an area of 2000 sq yds, and its 
perimeter is 180 yds in length Find tho lengths of its sides 

18. A man rows 0 miles down stream at x miles per hour, and the samo 
distance up stream at *-l miles per hour How long docs ho take over 
each journey ? If ho takes 3J hours over tho two journeys, find 
-lalue of x 

19. If the hind wheel of a carnage is * ft in circumference, how many 

revolutions docs it make in a mile ? If tho front it heel is 2 ft smal c 
circumference, and makes 24 more revolutions in a mile than ino nm 
v> heel, find the value of * / 

20. A tram travelling at *<&ulcs an hour for *+12 minutes goes 21 miles 

Fmd* ( 

21. A bill of 80 shillings was shared cquaffy ^wn * pcwww JJjJ 
did each pay ? If two wc/o excused, what would each pay ? u this 

a difference of 2 shillings ttj each, what was * ? 
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22 110 bushels of coals are equally divided among x poor persons 
What number of bushels does each receive * If this number is one less 
than the number of persons, how many are there 9 

23 Two trains each run a distance of 330 miles, one at x miles per hour, 
the other at x+5 The faster takes half an hour less than the other for 
tho whole distance What are their speeds ? 

24 A can do a piece of work m x days, B in x + 12 days What fraction 
of the work can they respectively do m a day 9 If together they take 
8 dajs, what tunes will they take separately 9 

25 A cistern can be filled by two pipes m 1^ hours The huger pipe 
b\ itself will fill the cistern sooner than the smaller by 2 hours Find 
vihat time each will tabs separately 

26 A car travels 15 miles an hour faster downhill than uphill, and 
takes 2^ minutes to run np and down a hill one-quarter of a mile long, 
when the time taken m turning is deducted Find its speed downhill 

27 A fraction, whose numerator is less than its denominator by 3, is 
doubled if 6 is added to the numerator and 5 to its denominator Fmd 
its value 

28 The product of the two highest of five consecutive integers exceeds 
twice the product of the two smallest by 6 Fmd them 

29 Tho tens digit of a certain number is the square of a number which 
is 2 less than the units digit, and the sum of the two digits is 14 Find 
the number 

30 A rectangle whose area is 54 sq ft has its Bides respectively 
diminished by 5 feet and 2 feet and so becomes a square Fmd the length 
of a side of the square 

3L A tram docs a journey of 288 miles at a certain average speed and 
is one hour late If it had travelled 4 miles per hour faster it would liaao 
been punctual Find its speed 

32 A point travels for 8 see 1 * at tho rate of x feet per sec , and then 
for Ax secs at tho same rote If the total spaco described is 96 feet, find 
the value of x 


* Examples XXIX. b. 

1 Fmd two numbers whose difference w 2, such that twice tho square 
of the less shall exceed the square of the greater unity. 

2 The plate of a looking pin's is 18 inches b\ 12 incho« It is to be 
framed with a frame of uniform width, the area of which is to be equal to 
that of the plv»« Trod the width of the frame 

3 Mr Glad'tone was bom in the a car a n 1809 In the j car id, r 
he was r -3 jean old , find r 

4 \\ hen 17 time* n certain miml-cr is subtracted from twice its square, 
the r* inaittdi r is SI lind the numb* r 

5 Tlii' Vn< dj.it of a <v”t/un number » the fquarc of tho unit* drat, 

and the r i«n of it , t lodpii* u 12 * finJ the number. ‘ J 
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6 A man runs 600 yards at a certain pace, and then doubling his pace, 
does another 600 yards If he took 2} minutes over the 1200 yards, find 
the pace he started at, m yards per second. 

7 Find two numbers whose difference is 3, and the sum of whose 
squares is 317 

8 A’s rate of travelling is one mile an hour less than B's, and B can go 
21 miles m 20 minutes less than it takes A to go 20 miles How many 
miles an hour can A travel ? 

9 Find a number which together with its square amounts to 56 

10 Two trams each run a distance of 330 miles One of them, whose 
average speed exceeds that of the other by 5 miles an hour, takes half an- 
hour mss to travel the whole distance Find their average speeds 

11 A lady bought 28 yards of linen and a certain length of silk The 
whole cost was 65s , the silk cost as many shilling s per yard as there were 
yards of it, and 8 tunes as much as the same number of yards of linen 


I QmT» m n TXT 




* I 


A A V 

12 P rides from A to B in one hour at a uniform speed Q ndes for 
one-third of the way 2 miles an hour faster than P, and for the rest of the 
journey 1 mile an hour slower thn.n p, thus taking 40 seconds longer Find 
the distance from A to B 

13 A person rents some land for £48 He cultivates 8 acres himself, 
and sub-lettmg the rest for 15s per acre more than he pays, receives in 
rent £54 per annum Find the number of acres 

14 One side of a room is 6 ft longer than the other, and 924 square 
feet of paper are required to cover its walls Now if the room were 3 
feet higher, the same amount of paper would be required to cover three of 
its walls, one of the shorter walls being left uncovered Find the dimensions 
of the room 

15 Of two square courtyards one contains as many square yards as it 
costs shillings to pave the other, and a side of the second contains as many 
linear yards as it costs pounds to pave the first, also the length of a siueof 
the first exoeeds that of the second by 3 yards, and the cost of paving the 
first exceeds that of paving the second by £2 Find the sizes of the court- 
yards, and the costs of paving 

16 Ten minutes after the departure of an express tram a slow train is 
started, travelling on the average 20 miles less per hour, whiah reachesa 
station 250 miles distant 3J hours after the arrival of the express rm 
the rate at which each tram travels 

17 The length of a room is 2 feet more than its breadth, and its heig 
is three-quarters of its breadth IE the area of the ceiling be 42 squat s i 
more than that of the longer ode, find the dimensions of the room 

18 A bicyclist, having ridden 72 miles and stopped an hour on the i way» 
finds that, if he had ndden faster by one mile an hour and ^PP®* 1 
hours on the way, he would have accomplished the journey m t 

time At what pace did he nde ? . 

19 In 100 minutes a boat’s crew row 3J miles down a 

again If the river runs at 2 miles an hour, what is the pace of the 

still water ? . . , r oo1 0 t 

20 In going a quarter of a mile along a straight road the! hm 
a bicyole turns 11 tames more than the front wheel Had the fro 

been 3 inches longer m circumference than it actually is, the hind wheel 
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would hare turned 16 tunes more than the front wheel Find the circum. 
ference of each wheel 

21 A battalion of soldiers when formed into a solid square present 
sixteen men fewer in the front than they do when formed into & hollow 
square four deep Find the number of men 

22 A man buys pigs, geese, and ducks If each of the geese had cost a 
shilling less, one pig w ould have been worth as many geese as each goose is 
actually worth shillings A goose is worth as much as two ducks, and 14 
ducks are w orth sera shillings more then a pig Find the pnce of a pig, 
a goose, and a duck respectively. 

23 A sum of money is divided among A, B, and C, so that a third of the 
wholo sum exceeds A's share as much as B'e exceeds a quarter of the whole 
What part does C get ’ 

24 A cyclist rides 3 miles an hour faster downhill then uphill , and 

takes the same tune to nde 22 miles downhill and 48 miles uphill that ho 
takes to ndo 60 miles downhill and 27 miles uphill What is his speed 
uphill? f 1 

25 A earner charges 3d each for all parcels not exceeding a certain 
weight, and on heavier parcels he makes an additional charge for every 7 
lbs above tbat weight Hie charge for half a cwt is la 3d, and the 
charge for 9 stones is five times that for 1 qr What u the scale of charges ? 

26, A boat’s cion row a certain distance against the stream m 84 minutes 
If there were no current they would row the distance in 7 minutes less 
than it takes them to drift the distance down the stream In what time 
would they row the oouree down tbo stream ? 

27 A man being asked ha age, answered, ‘If you multiply my two 
digits together, tho number foimcd will be my age 22 jean ago, and if you 
add all tho digits of the two ages you will have one third of my present 
age' How old is ho? 

28 Three travellers A, B, C make the same jouraov A’s rato of 
travelling a 3 nnlcs an hour greater than B’s, and B's rate is 2 miles an 
hour greater than C's A accomplishes the journey m 3 hours less timo 
tlwn B, and B in 4 hours less time than C Find the rate of each, and the 
length of the journey 

29 A giant weighs 3 lbs for every inch of bis height, and the square of 
his height m feet exceeds his weight m stones by 31 Find ha height and 
weight 

30 A labourer undertakes to cam a load a certain distance, agreeing to 
tal e one shilling for each cwt movid one mile He cams 4 05£, and the 
distance m miles exceeds tho number of cwts earned by 4 05 find the 
load nnd the distance 

31 A rectangular enclosure is half an acre m area, and its perimeter is 
201 \ atib Find the lengths of its sides 

32 The runt of two numbers is fit tunes their didorcntc, and thur 
product i ueeds tw ice iht ir sum by 1 1 I md the numbers 

33 If the longer ndo of a rertanele be ineres‘cd by i yards, and the 
shorter bv 2 V'rds, one nde Incomes double tho other, ard the area is 
doubled bind the length' of the nde* 

34 Alswn reetangubr m shajn nntams BW square vnds, if it were 
1 \ ini* longer and 3 yard* narrow r its ana would be the same Find ita 
dimrrw * 
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35 The circumference of one wheel is 8 inches longer than that of 
another, and the first makes 72 fewer revolutions in a mile find the cir- 
cumference of eaoh 

36 A slow tram takes 5 hours longer m journeying between two given 
te rmini than an express, and the two trains when started at the same time, 
one from eaoh terminus, meet 6 hours afterwards Find how long each takes 
in travelling the whole journey 

37 The area of a rectangular room is 328 square feet, and its perimeter 
is 73 feet find the lengths of its sides 

38 A boat's crew finds that the number of minutes which they just 
require to row 4 miles m a nvcr against the stream exceeds by 31 the 
n um ber of miles per hour they can row m still water , while it takes them 
20 min utes to row the 4 miles with the stream Find the rate at which 
the nver flows 


39 In a mixed number the integer is 98 tuneB the fraction The 
numerator of the fraction being unity, and its denominator less by 7 than 
the integer, find the mixed number 

40 Two men start simultaneously from opposite ends of a road and meet 
at the end of 6 minutes They pass one another, and each continuing to 
the end from which the other started, one ends his walk 5 minutes before 
the other How long does each take ? 

41. A, B, and C walk from P to Q, a distance of 30 miles , A starts 
24 hours before B, and B 1$ hours before C, and they arrive at Q, together 
If B had started half-un-hour earlier, he would have passed A 2 hours 
before A readied Q Find the rates at whioh A, B, and C walk 

42 A grocer has two weights, one aa much over a lb as the other is 
•alb, * 


v « - 

43 A gentleman arrives at the railway station nearest to his house an 
hour and a half before the time at which he had ordered his oarnage to 
meet him He seta out at onoe to walk at the rate of 4 miles an hour, anQ 
mee ting his carnage when it had travelled 2 miles, reaches home 

an hour earlier than he had originally expeoted How far is his hou 
from the station, and at what rate was his carnage dnven ? 

44 The figures whioh express the pounds and the pence in * p®**® 
sum of money will change places if £2 19s. 9d be added to it, and^ 
-fthioh express the shillings and the pence would be interchanged uv 
subtracting 2s 94 What alteration would be produced m the sum o 
money by interchanging the figures which express the pounds and am 

45 Two oyclists travel, one from A to B, the other from B to A, by the 

same road, and at uniform speeds They start at the same t 

reaches B ^ houra, the other reaches A 3 hours 36 minutes after they meet 
How long was each on the journey ? 

46 A and B walk from one town to another After walking 6 m ffl ^ 

a uniform apeed A amveB at the top of a slope whew he ' Jt a 

by 1 it. . b mmt 


A would have covered the distance in Au#n ^ 

whole distance with B’s initial speed Find the distance and Bpee 
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47 Two towns A, B are connected by two roads, one of which is twice 
as long as the other A man walked by the shorter road from A to B, and 
returning immediately by the longer road met one mile from B another 
man who started at the mime time from A on a tncj cle and travelled 
3 miles an hour faster , and when he had walked 2 hours longer he again 
met the tncychst who had passed through B and A without stopping 
Find the lengths of the two roads, anathe rate at which each man 
travelled 

48 What fraction will be increased by *V when unity is added to both 
numerator and denominator, and diminished by & when 4 is subtracted 
from each of them f 

49 A railway passenger observed the time of transit over three 
successive miles, and finds that the time for the first mile exceeds the time 
for the second by twice as much as the time for the second exceeds the 
time for the third He also calculates that the average speed for the tram 
in the first mile is 5 miles per hour less than m the second, and 8 miles 
per hour less than m the third Find the time of traversing each of the 
three miles 

50 A cask A, of 20 gallons capacity, is filled with brandy, a certain 

S iinntiU of which is afterwards drawn off into on equal cask B, which is 
ten filled up with water After this, A is filled up with some of the 
mixture in B , and when gallons of the mixture now in A is poured 
back into B, the two casks contain equal quantities of brandy Hon much 
v as at first taken out of A ? 


CHAPTER XXX 

EXAMPLES FOR REVISION 

* XXX a. {Oral) 

Read off the square root of 

I W 1! 000)£ 3 $ry 4 |- 

5 4<i-~Sab+4lr 6 £ -5^4.9 7. 4xr±12zy+Qif 

8 9 . 10 

II Id 2 (a-6Mc-6)* 12 (J-2 

13 (r~7v) s “l ft tf(* J -5y)--25ji* 14 (a +6) ! ~2(a* -&*)+{<* -5)*. 

15 -I*** 2^,- 16 

R< >d a*T the roov of t* e follow inp quadratic equations 
17. x : - Pr 20 ~ 0 18 r(r+3)-r-n 19 (r- Itfx-B)* 2(z-5)=ft 

20 -Ifi)-*(r-4)=-0 21. jS-or-0 22 23 t s -1G=0 

23 *i2r-l)-|(2*-l)“0 24 3^(4r-5J- 7{4x-C} 
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Read of! the roots of the following quadratic equa tions 
25 3®(2® - 3) +$(2* - 3) =0 26 3(®-o)+®(*-o)=0 

27. «-2+i=0 28 7 (5* -7) -^(5* -7) 

29. (®-l) 2 =9 30 ®+2+^=0 31. 2*-2+*(«-l)=0. 

Find, by inspection, one root m each of the following equations 

32. 2®-2+(7®-3)(«-l)=s0 33. ?^+^(6®-9)==0 

34 ig-(2®-l)-6(®-J)=0 35. 7 (3a - 6 ) + 1 1®(2® - 4) - 21 ®( 6 ® - 10) =0 

88 y(3x-®) + (11*+14)(7x-1)=0 87. ^+|^=0 

XXX. b. 

Deduoe the solution of the equation formed by equating the expression 
o zero Test your result 

2 Writedown (a) the square root of (o+ 6 )* - 2 (o+ 6 ) + 1 , 

( 6 ) the square of o +6 -c, 

(c) the cube of a+b 

o 

t 3 Solve the equation 4®+;^— j- +4s=0 Test your answer 

4. Draw enough of the graph of y- a* to determine V& and Vl3 Use 
one inch as x unit and one-tenth of on mch as y unit 

5 Solve the equations 3x-7y=2, xy= 3 

6 Use the remainder theorem to prove that x-a+b is a factor of 

(a - a) 8 + (26 - e){® - a) + 6 9 - 6 c 

7 Find a fraction which becomes equal to ^ if the numerator is increased 
by 2, and equal to ^ if its denominator is increased by 3 


XXX. c. 

2 Determine values of a which will make x® -a® +25 a complete square 

14 

3. Solve the quadratic ® -4=1 — —7 Check your result 

4 Find the square root of 2S * 4 5 6 - 70® 3 + 89® s - 56® +16 

5 Draw the graph of y=5x - a* From your figure determine the value 
of ® whioh gives 5® - a® a maximum value What is the value of y m this 
case ’ Test your results algebraically 

6 Solve the equations x*+y a = 25, z+y=7 graphically and by algebra 

7, Between one census and the next the native population of a town 

increased by 8 per cent , while the number of foreigners decreasedfrom MJ 
to 160 The morease m the total population was 7 per cent What was 

the total population at the second censuB 7 
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, e | , 2a 3 a 8 a ! 
mpWr a72i + o^ + (G6-2fl)(a+26) 


2 Wnte down (i) the square root of f * 1 -xf — 8 (ss* -x)+l 6 
(u) the square of a- 26 +c 
(m)thecuboof a+26 


3 Using half an inch as x unit, and one-tenth of an inch as y unit, 
draw the graph of j/=i i -3r- L 2, for integral values of *, from -2 to S 
V hat do you deduce as to the equation i s -3zt2=0’ Give reasons 

4 Draw enough of the graph y=& to determine the square rocts of 
& 8 and 53 5, correct to two decimal places Use a large x unit 


5 Solve the equations ™=j|,xy =12 

6 Find the values of a which mil make the expression 


8x j +bV-I0m-48 

exactly divisible by z -2 

7 A clock is two minutes slow but is gaming If it were three minutes 
slow, but were gaining half a minute a day more than it does, it would 
show correct time exactly 24 hours sooner How much does the clock 
gam in a da} ’ 


1 Simplify , 


2-x x-3 

r 3-2 x-3?~£+z-2 

2 Wliat values of a will make OxHax^jr a complete square ’ 

3 Solve the quadratic 6 ( 1 *- 2 ) =x, by completing squares, and verify 
} our results by means of the formula for solv mg quadratic equations 

4 Dctcrnimc graphical!! between what values of x tho expression 
35 -4X-4 * 8 is positive \onfy vour result by algebra 

5 Solv e the equations 3r+4iy = ll, 

4y*r3xy=22 

6 Fmd the square root of Htt < -lGz 3 + 4 x ! + 83 , - 4 -'-j 


7 A sum of monev is distributed among some children, each child 
receiving the same amount If a shilling 1 cm had been given to each, 36 
more children could have participated , and if a shilling more had been 
given to each the number of children would have had to be reduced by 20 
1 »nd the sum di-tnbuted 


m f 


i simpidv 


fir 1 -Hr- 3 2x i -3r-4 

l|jS-l JT 5 - 1(» 


2 Prove that x-n » a factor of ^ -(a~b~e)r^{sb-k-ca}ircl( 

3 Solve, graplmallv, the equa'ion Sj^-x - 13=0 Get jour remits 
eorreu to one denmat plaev, and cluck vonramwir 

4 Find the maaraum value of "x-x 4 , and the mininum value of 

i*- r > T 

5 Solve t 1 "' equattoa? x* - 5xy - Hv 4 -10, 

x-7vH 
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6 If o s =6 a +c a , prove that (o+6+c)(6+c-c)(o+c-6)(a+6-c)=46 s c 2 

7 A fruiterer sold a certain quantity of oranges for £6 10 a If he had 
given two more oranges for a shilling, the same quantity would only have 
realized £5 17 a How many oranges did he sell 7 


XXX. g. 


x t +2xty a +y i sfl-y* 


-H) 


1 

2 Prove that (a-b), (b -c), (c-a) are factors of 

a 4 (6 - c) + 6 4 (c - a) + e*(a - 6) 

3 Solve the equation 4a: 2 — 3a: — 12=0 graphically and by algebra 

4 Use a geometrical method to find the value of >J8 

5 Solve the equations (a + 2y) 2 -3 (x+2y)- 28 =0, 


x-2y=5 

6 Extract the square root of 0^+1 -^zfa^+lJ+SS® 3 

7 A man starts at 2 p m to walk to a place 13 miles off He waits at 
a uniform speed till 4 p m , when he increases his speed by one mile an 
hour, and reaches his destination at 6 30 p m At what speed did he walk 
during the first two hours ? 


. h. 


1 Resolve into factors (i) x 4 - 3®*+ 9, 

(u) 612 (*-$)*- (8ox - a) 8 

O Kiirmlifw (g+6)& , (6+g)X 

P y (s+a)(x-&) + (x+c)(6-x) 

3. Divide (a, 2 -y 8 ) 3 -z* by x?-y*-z 3 

4 A certain port wine is worth 47 a a dozen now, and increases m value 
at the rate of 3 a a dozen per annum Draw a graph to determine its worth 
in coming years, and read off its value per dozen in 7, 13, and 17 years 

5 Solve the equation fix 2 -5x-21 =0 graphically and by algebra, 
getting your results correot to one deoimal place 

6. Solve the equations a? + y a + 1 =3xy, 

2(xy+i)=3y i 

7 One-fourth of the subscribers to a certain school gave a sovereign 
apiece, one-fourth of the remainder gave half-a-sovereign apiece, and the 
rest each gave a florin If the three sets of subscribers raised their 
subscriptions to a guinea, half-a-gumea, and half-a-crown respectively, 
the total increase in the subscriptions would be £2 10a 0 d How many 
subscribers were there and what was the total amount subscribed 7 


XXX. k. 

1. Multiply 8ff 5 - 12o 4 6 - 5ia s bP + 243i 5 by 2o+36, using the method of 
detached coefficients 


A a 8 +6 a -c a Y» 

2. Express (1 ^b~) 

faotors v 7 

3. Solve the equation ■ 


as a fraction with o numerator of four 

2s -17 3a:-22 g-10 
s-9 “ s-7 " s-9 
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4 With the same axes draw the graphs of y=x+i and y>=ar Hence 
solve the equation ®* -3-4+0 as accurately as you can 
5. Two cyclists, tiding 9 and 10 miles an hour respectively, start from 
two places 55 miles apart at noon towards one another Find graphical^ , 
as accurately as jou can, their time of meeting, and the times when they 
arc 20 miles apart Verify your results by algebra 
6 Solve the equations (*+2y)*+(2*-y)*as85, ®y=4 
7. From two towns 445 miles apart, two cyclists start on Monday 
morning to meet each other One travels at the rate of 48, the other at 
the rate of 67 miles a day Find on what day they will meet 

XXX. 2. 


1 Multiply 2a? - 3a? + 4s -5 by 3a? + 4s +5 

2 identity ^+^+^=^+^+ c -~+; 


3 +ps*3 

4 Solve the equations a:+y =7, ay =4 by a geometrical method, as 
accurately os you can 

5 A cycles along a road starting at 15 miles an hour, but diminishing 
bis pace b} 3 m an hour at the end of each hour B starts at the same 
time, in the same direction, at 9 m an hour, increasing his pace by one 
milo an hour at the end of each hour Draw in one diagram a graph to 
pro their positions at the end of each hour Determine when and where 
thc\ meet again, and how far apart they are m 6 hours 

6. Solve the equations a?-ay+y*=21, 

a?-y*=0 

7 A and B, who live p miles apart, start at the same time to visit each 
other If A travel at the rate of q mules in an hour, and B at the rate of 
*■ miles in an hour, express in tormB of p, q, and r the time which will elapse 
before they meet * 

XXX. m. 


2« Multiply 


by 


a 3 -tr 
a’+h* 


a* — a6-*-6 9 
a*-3ab[a-b)-lfi 

2 Sohe the equation 


3 Fmd the square root of 3 s 

4 A man spends £73 in 04 dajs Draw a graph to gi\e hw expenditure 
m anv number of dais Write down his expenditure m 17, 36, and 4J 
da\ i, to the nearest shilling. 

5 Drvw the graphs of a?+y s -43-8y“0 and 2y -x— G, m the same 
dwpraro, and hence solve the equations 

® Solve the equations (3r + y)* - (3y + x)* = 24 , 

a?+y s *=5 

7 A rectangular crass plot, 8 ft longer than it a broad, is surrounded 

' ** P^tH 2 ft C in wide The cost of ranking the path, at Is W a square 
* •««. «s £,{ 2* G d Fmd the length and breadth of the plot of gras* 
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1. Simplify 


o s “3o s 6+3o6 7 8 -6 1 

o 8 -o 8 6-o6 8 +6 8 


2 Solve the equation 

3 Resolve into factors (i) (a 4 -6 < )-(fl+6) 8 (o-6) 8 +26(o s +6 8 ) 

(n) 10*2+ 31* -30 

4 Draw the graphs of y= 2 x- 2 ?, 2x+y—0, and hence Bolve the 
equations 

5. Determine graphically the maximum value of 3-4* z -12* Write 
down the value of * m that case, and verify your results by algebra 

6 Solve the equations 4*“ - 6*y +y 8 = 11, 

3y“-2ay=14 

7 A walks over a certain course and back again , B starting at the 
namn t.imn walks at half the pace of A over five-eighths of the oourse and 
back n gam A passes B half a mile from the winning post find the length 
of the course 

Solve the problem graphically or by algebra 



P- 


1 Divide o6(a?+y 8 )+(o 8 +6 8 )®y+(o-6)(*-y)-*l by axi-by - 1 

2 Solve the equation 0{*+4) a +(*-4) 8 =5(* a -16) 

3. Factorize (i) a[a+b -c)(a-b+c) -b(b+c-a)(a+b -c) 

(u) **~3*V+2/* 

4 Draw the graph of y=**- 3*, using a large * unit Hence solve, 
as accurately as you can, the equation ** -3x=7 

5 A, star ting at noon, cycles 16 miles m the first hour, and diminish es 
his speed by 2 miles an hour at the end of each hour B, starting at 
2 30 p m m his motor oar, catches him up at 4 30 p m How fast does B 
travel ? Solve the problem graphically 


6. Solve the equations -+^4™= 13, 

x y z 

y * 

I-?=o 

xy z 

7. A woman has a fifth more apples than pears, but °* te ^ r a 

for her apples when they sell at sixteen a shilling than for vher pea .each 
of which is worth two apples How many of each kind of fruit h 
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CHAPTER XXXI 

LITERAL EQUATIONS 

169. Instead of numerical coefficients, we sometimes have to 
deal with coefficients denoted by symbols whose values are 
supposed to be known Such coefficients are called literal 
The methods of solution are the same as m dealing with 
numerical coefficients 

Simple Equations. (One unknown.) 

Example 1 Solve the equation 

x -a x+a 2ax 
a -b a+b ~ a 3 -b- 
Itultiplymg both sides by a* -6 s , 

(* - a) (a 6) - (*+ a)(a - b) =2 ax 
Removing brackets, and transposing, 

x(o+6 -«■*-& -2a)a :0 s -ab+a*+ab, 

2x(b -o)=2a s 

Dmdmg both sides by 2(6 -a), 


Examples. XXXI a. 


Soho the equations 

i * 

z-6 x-b 

3 a ~b_«+b 

x -c~ T+C 

5 } r S-J (1 -6Vx) 

6 c abc o6c' 

ar n s 6*x 
7 


2 f - ^ =0* -6 9 . 

bx ox 

4 z -Q, X 
* a-2b~~*2a-i 

x+a^x t C sS 
x-c x-n 

8 - x 

bk a-L-b-c 


9 (x-o-6) ! =^ -(«-*)' 10 -J±2b(a-c)+ x .-=ela+l>}-'£ 


1 JL w 2 
x - a x -b x 
x -2a r - o 
ri 2r x*»f* 


n\ J2'*-h)Vx_lx a v < * 

** '""fl.fr " ~ rtff-6)* 'a (0*6)* 


12 1r'ul2V + PZ « = 0 
x-p x x-r 

14 3r -* *■«- -fa-6) 
x-n x -6 6)* 
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Solve the equations 

* /16 (° g ~l)( ga;+1 ) | (g a +l)(»-o) _ flg+l g(ag-I) 
I o 2 (*+o) a*+l ~ x+a T ax+1 


17 - | x - a+ b 

a*+ 6 o+ 6 *" ab 

20 ° i h - 0+6 

*+a ®+6 *+o+6 


18. i=? + *r.'=2 19 ?±S= 

t -6 x-d *-26 

91 g-26 *-6 _ 2 (*-t 

L 'H+6o+26“ 36 


_/*+o \ 2 


22 (*+a)(*+&)+(*+&)(*+c)=(*+c)(*+d)+(®+d)(*+a) 


x-a x-a+c x-b -c x-b 

04 J 1 ^ a ~ b 

' ’ *-o * -6 *“-06 


* £+£-+» 


Simple Simultaneous Equations. 

*170. Example 1 Solve the equations ax+by=p 

bx-ay=q 

Multiplying ( 1 ) by a and (2) by b, 

cfc+aby-ap, 

bte-aby^bq 

Adding, *(o , +6*)ssop+6g> 

ap+bq 

* = o*+ 6 “ 

Instead of substituting for * to find the value of y, it will be 
eliminate * from the given equations 

Multiplying ( 1 ) by 6 and (2) by a, 

abx+b*y-bp, 

abx-a*y=aq 

Subtracting y{o a + 6 *)= 6 p-og, 


bp-ag 
y ~ o*+ 6 9 * 

*=^ij !, y=tfisthereqd solution 


Example 2. Solve the equations 


5 + 2 / =1 

o + 6 

W-i 

0 a 


Subtracting, 


’(rsh'fH) -0, 
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Substituting m (1) or (2), 


■ 0 * 4 )-- 


x— — -T=y* 
a+o 9 


* Examples. XXXI. b. 

Solve the equations 

I 3(**-a)-2(y+fl}a=5-4ff, 2 (a^b)x^-ey^bc, (b±c)y+ax=s -ab. 

2{*+a)+3(y-a}s=4a-l 3 ax J -&y=:3(a s +6 s ), a t+46asy+2o 

4 ax+by-s, ax -by -l 5 ax-by-dr, bx-ay—b- 
6 ax+by=:a s +2ab-F, bz^ay^dr-rb* 

7. {a+b)x+{fi+d)y=bc-ad, (a -b)x - (c - d)y —ad -be 

8 JL+JL-JL jl + y - 1 

6-c c -a a -i’ c-a a-b~ b-c 

9. «(*+y)-6(x--y)=2a f (e 5 -b i )(x-y)=4ab 

10. ax-by=2ab, 2bx-*-2ay—2b i -c : 

II x(6-c)4-6y-e=:0, y(e-*a)-ea+c=0 

12 oa^=c(6z+o^}, bxy=c(ax-by) 

13 e s JET2a : y=(c- u o){cx->-2ay)={ti-a) s 

14 «y+&=(a j-c)y, fay+a=(6+e)y 

15 JLx y ->«!+*! *.y_ aS+49 in a x 6 _* 6 . a 

«+6 a - 6 a 3 -6 r 6 + « ab x y x+y~^' 

17 (a -b)x+(a±b)y=z2(a i ~b i ), ox -by=a-+b" 

18 ax+yse, x-t-by-d* 

19. ot(fcx - ey) =e(o - t)(o s •*-efc + 6 s ) =c(a ; x - b'tj) 

50 21 («>-»*-&>»=«. a»^-UF-i. 

22 byj-ez^a, cz -rax-b, ax-*- by -c 

23 ZiSo.mys^BjSsi 
a 6 e 

24 a(y * ;) =yr, t(r * x) = xr, c(x J-y) =ay 

QUADRATIC EQUATIONS 

171. When the equation has been simplified, the factors can 
pent rail v be "eon bj inspection 

Example 1 Solve the equation a 3 - 3*x- IS^ ! =-0 
I ac tonring. (x-fia)(x-3s)=:0; 

.* x«6n <**■ -3a 


nr.*. 
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Example 2 Solve the equation ax(x-l)+6(x+l)=26 
Removing brackets and re-arranging, 

«**+»(& -a) -6=0 
Factorizing, (ox+6)(x- 1)=0 

ax +6=0 or x -1=0, 

6 . 
x- — or 1 
a 


[chap, 


Examples. XXXI. c 


Solve the equations 
1 x a -2ox=15o 2 

3 fa(«-i)-c(.-I)=0 

5 x a -2 ax+a*~- 9 
a* 

7 P~ x -P +a 
p-a p+x 

9 o6x a +l=(a+6)x 


2 x(5o-x)=6o s 
4 x a -(o+6)x+a6=-0 

6 l»(»-;)+l(*-j)-0 

0 a*® 3 . . 2ox 

8 '6 r + 1 " 6 

1ft a6x 8 - 1 

10 r- =x 

a-b 


1 ®c(a:-34)+2(i+26)ii8=I6oi* 12 “)£-?2? + £=0 


18 |(ar+a)> - 1(3* 

15 x 2 -26x=4a a -«-4a& 

17 (a 2 - 6 2 ) (x 2 + 1 ) = 2 (a 2 + 6 2 ) x 


g r 


14 


1 


2 


19 


a 


x+a-1 ® — o+l x-1 


21 4'e 2 -4ax+.a 2 = ri 
o * 

6-* ^ a t 
a-z b-x b a 


2x-5a 2x-o a 
16 4ax+6*=4x 2 +o 2 

is 

o-6 6-o 

20 J-+-L+J~=o 

x-o x-6 x-c 

22 -LxJL 2=0 

x-o x-6 

94 g!g8 ~fr , g + 6 » 8 _ 2(fl 8 +6 a ) 
ax+6 + o-6x~ a 2 -6 8 


^25 6x 2 +oy a =a 8 +6 3 , x+y=a+b 


EQUATIONS IN AN IRRATIONAL FORM 

172 The square root of any quantity may always be regarded 
as having two values equal m magnitude but of opposite signs 
For example, the squar e root of 49 is ±7 When, however, 
such an expression as J2x+Z occurs m an equation it is usual 
to regard it as meaning the positive value of the sq uare r oot 
of 2®+3 It might be contended that n/4®+7-v / 4®T3=2 
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was the same equation as \'4a;-r7W4a!*-3==2 but they are 
commonly regarded as being different, and instructions are given 
that after solving an equation of this sort the answers obtamed 
should be substituted in the original equation to see whether they 
satisfy it. 

Example 1 Solve the equation Vix-rl -Vix-3 =6 
By transposition, Viz +3 =G - Vix +7 (1) 

Square, 4®-3=36 -12V4* J -7-4* J -7, (2) 

12 V4x^7= 38-7-3=40, 

V4£^7=iO. 

Square, 4x~7=A§A, 

Tins root will be found on substitution to satisfy the equation 

Vix+l - V 4x -3=6 

Example 2 Solve the equation \'2x^3- Vx- 10=6 (1) 

B\ transposing, \ S5-3&6- V*-10 

Squnnng, 2x -3 *=30 - 12% x -10 -z - 10 f 

*-23s=-12\'7M0 (2) 

Squaring, X s - 4Gz o20 =144(^-10) 

= 144z-1440 , 
z 1 - 190z= - 1909 , 
i=ll or 179 

The result 11 snti-lie« the equition, 179 dir* not The fnrt r tl>nt in 
whin * iqu-tion(l) wc hnu i. Produced in rdditioml root through tqi "mi. 
As we *«jinnd equttem (2) it would ln\c ni*»de nodithronco if vc U d 
mitten it x- 21 = I2\ x - lo llu*-, in Milting (1) we are il-o m lung i u 
cquition a 2x - J - \ J'lO =0 , ind thi> I* tin equation winch j*- «iti-ln >J 1 ► 
tin n »ll 179* 


* 1 ut*. in »v he t \.t>rr« dinu up*"*! U p’ « 

If \o •./*!. e m eiu-toi P -Q In ounwg we introduce ppioralli an 
rdl»t»i nil ro it 

Ti.t wu'tinn \^r\iv m P s "Q% 

if F : -Q’ 0 
if (P-QUP-Q)-” 

T1 > tie lme r »t «i h *) " ‘■’■.-mil cquitun P-Q=ft, but at o*’ >r n • 
p! <» \ i-_ P - Q " f N if P*= -Q. 
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Example 3. 


Let 


Solve * 8 -»+5V2* F -6®+6==i(3®+33). 
2* 2 -2®+10V2®*-6*+6=3®+33, 

. 2^-5®+ 10 V2 a? - Bz + 0 = 33 


V2afl-5z+6s=y, 


te 2* a -6*+6=y a . 


y 8 -0+lQy=33} 

* y*+10y-39=0, 

(y -3)(y + 13) =0, 
fe •v/2® B -0®+6=3 or -13, 

2* 8 -5*+G=9 > 

2* a -5®-3=0 

By substitution it will be seen that the negative value f - 13) of y will 
not satisfy the equation 

Thus tiie question has been reduced to the solution of a quadratic 
equation 


The following plan is sometimes useful. 


Example 4 Solve V , 2®*+9*-l+V2®*-7*+7=6 (1) 

Now evidently 2®*+9®-l -(2* a -7®+7)=16®-8, (2) 

from (1) and (2) by division we obtain 

V2a?+9®-l-V2® a -7®+7=^Tj-^, (8) 

by adding (1) and (3) 

2V2v 2 - r 9a:-l=— 4 +0=^|^. 

*. 6 V2* 3 + 0® - 1 =8®+ 14 ; 

*. 3 V2a^ + 0® -1 =4z +7 ; 
bysquaxmg, 18® > +81®-0=16* ! +66®+49{ 

• 2®»+25®-58=0, 

. (2®+29)(*-2)=0 , 

* ®=2 or -39 

Test, as before, to see whether the roots satisfy the equation. 


Examples. XXXI. d. 

Solve the following equations and venfy the solutions by substitution • 


1. V2®+3=5 
3. Vix^l=Z 
5 Vz^l=Vz-l 
7. V3® 8 -4*+9=3 
9. VTxTT -V2x=V5x 
11. V2 * +10 +2V®+8 =2. 


2 . VZx-6^1 

4 6V®-1=V ®+l 

6 V^9=4 

8 V2®+3+V2®-2=5 

10. Vdx+9 - V3®+1 =V 2(®-6) 
12. V2®+8+2v'®+5»2. 
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13 X +5=V*+5 J -6 

15. Vz-Vz-(a-b) s =a+b 

17. Vc«+6 S + Vfl*~2o6=2ff +6 

19. ~~L= = V* j- 2 +Jx-L 

V*J-2 

21. v*+v^r=-JL. 

Vaj-7 

23. V*+2+V5=-7^= 

V»+2 

25. Vz^i?-Vx-brs:b -a 
27 a«Wa?-5*^l=5®+l 
29 +2* +Ws?-r2z - 8=24 

31, fi*-3ar+4Vr 2 -3*+5 = ll 
33 V** j*3x+G - v^+Sx- 1 =1. 


14 vWl+Va;+8=s7 

16 x?=2l+V&^9 

18 Vl + 9* + V4a; +1= Vz+L 

20 V5aa;+4i 4*Voa*~46=4V5 
22 Vte + 1 + V'®^4 = VaT+9. 

24. Vz+aV&x+2i?=a+Vz 

26 ®*+ V* s +3t+ 5=7 -3a: 

28. * a +2a?+6Vx a +2x+3=ll 
30 3*® - 2\Z3«* -2z+i=2(x+l) 
32. 2z*-V(x-3)(2z-7)=13x+9 


*173. We now give some miscellaneous equations, of which the 
following are types 

Example 1 Solve tbe equations * 

z+y+r=I9, (I) 

z*+y*+5*=133, (2) 

yz=x s (3) 

Squaring (1), subtracting (2) from it, and dniding b\ 2, 

xy+yz+zz=lU, (4) 

* from (3) af(y+*+c)»II4, 

and from (I) *=° 

Substituting this value of x and solMitg for y and z we obtain tbo 

following solutions A „ 

x=0, C, 

y-% 4, 

5=4, 9 

Example 2 Solve tbc equations 

*(«/-=)= 7. 0) 

y(r- :) =4, {2) 

z(x-y)=o (JJ 

Adding (1), (2) and (3), mid dnidmg b\ 2, 

*i(±t/2 ~:x~S 

Subtracting (1). (2) and (3) tom tin* in succc'-ion, 

r/z-i, 

«=- 1, 

. rr 1 

Whence b% mult mlna* ion, -V- 5 -12 

ryz s rVl2; 


r - s2\ t. y~ 


-VIS 


VI2 
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Example 3 Solve the equations 

® 8 + 2 ^ 2 = 48 , ( 1 ) 

y 8 +2z®=48, (2) 

, z 2 +2ay=48 (3) 

Adding and taking the square root of both sides, 

«+y+z-± 12 . (4) 


' Subtracting (2) from (1) and factorizing, 

(*-y)(«+y-2z)=0 


®~y or x+y=2z 
(i) If «=y, from (1) x?+2xz =48, 

and from (3) 

z 9 +2® 8 =48, 

whence 

z=® 

(H) If 

x=y=z, and from (1) or (2) or (3) 
x= i4=j/=z 
*+y=2z, 

from (4) 

z=±4=®=y as before. 


.* x=y—z= ±4 are the only solutions 


^Examples XXXI e. 

Solve the equations 

1 (a+y) 3 +z»=1125, 2 ®z=y®, 3 **-2®=J 

®+y+z= 15, ®+«+z=13, 

xy = 24 a?+y*+z 8 =91 


4 |±r+10j^=7, 6 J®+?=10, 6 x+»=«+4. 

*-y ®+y y . 

ay a -®=6y -+-=2 

7 a?+®y+y a =2® 2 +3ay+y 2 =c a 


8 ®+y+z=7, 

®y+*z+yz=14, 
ays =8 

10 ( x ~ a )( x "^) _ x-a-b 
(x-c){z-d)~~x-c-d 


Q x+a x -a_a 
®+6 ® -b~~b 

f+o) 




12 ®(y+z}=5, 13 (®+y)(T!+?)=l» 

y(®+z)=4, (y+z)(y+*)= 4 » 

z(v+y)— 3 (z+®)(z+y)=9 

14 Find the rational solutions of the equations, 


as 8 y 8 ® y_106 

y 8+ * 8+ y“i~ 9 ' 


ay =3. 
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INDETERMINATE EQUATIONS 

*174. When we have but one equation involving tuo variables 
we can generally find any number of solutions (Art 57 ) 

Such equations, however, often admit of only a limited number 
of positive integral solutions. 

Example Find the positive integral solutions of the equation 

52+12^=103 (1) 

By putting 2 or y =0, 1, 2, and so on, one pair of roots can generally bo 
found without difficulty 

Hera we see by trial that one pair of roots is given by 2=5, y =14. 

te 5x5 + 12x14=193 . ..(2) 

Subtracting (2) from (l), 5(x -5) + !2(y - 14) =0 

5(2 - 6) = 12(14 -y), 

2-5 12 

14 -y 5 

12 

Now v is in its lowest terms, and x and y must be positive integers, 
o 

*-5 = 12 p, 

and 14 - y - Up, where p is an integer 

te * = 5-rl2 p, (3) 

y = U-r>p . . (4) 

From (3) p cannot bc<0, (or then x would be negatue 
(4) >2 y 

0, !. 2 ora the oni\ admissible values of p 

Hence from (3) and (4) the onh positive integral eolations of the given 
equations are 

(l>^0) *-=6 \ (p=l) 2^17) 

y= 141 y=0 / 


(P=2) *’=29) 
y=4 
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*175. In how many ways c an a bU of £2 7 s 6c? be paid %n half- 
crowns and half-sovereigns ? 

i 

Let x be the number of half-crowns and y the number of half- 
sovereigns required to pay the bill 

Then fa+10y=47| 

5a;+2(fy=95 

3+4y=19 . (1) 

Now x and y must evidently be positive integera, and we see 
that the equation is satisfied by a?=3, y~ 4, 

\e 3+4x4=19 (2) 

Subtracting (2) from (1) 

a;~3+4(y-4}=0 > 

*-3=4(4-y), 

a?-3 _4 

4 -jTP 

»-3=4p, 

i-y=p, where p is an integer. 
le »=3+4p, . * (3) 

' j/=4-p .. (4) 

From (3) p cannot be < 0, for then x would be negative 
(4) >4 y 

0, 1, 2, 3, 4, axe the only admissible values of p , 
le there one five ways of paying the bill 

s includes as a solution the case when no half-sovereigns are 
ed, for when p=4, y=0 
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GRAPHICAL SOLUTION OF INDETERMINATE EQUATIONS 

*176 Example Find the positive integral eolations of the equation 

3®+2y=30 

Use a half-inch unit 

When a:=0, y=15, 

y=0, 2=10 

Joining the points (0, 15), (10, 0) by a str line, we hare the graph of 
the equation 3® +2y =30 

°nly points, whose co ordinates are positive integers, through which 
the line passes, mil be seen to be the points 

(8> 3), (6, 6), (4, 9), (2, 12), not counting zero values 
these are the reqd solutions 


-h- Examples XXXI f. 

Fmd the positive integral solutions of 

I 2*+5y=33 2 2*+3y=15 3 &c+2y=27 

4 7*+3y=73 5 9*+5y=3S * 6. 7*+13y=207. 

How manj positne integral solutions are there of 
7 2x+13y=183 8 2*-lly=lG3 

9 4*+9i/=207 10 7* 3^ = 119 

II Prove that the equation lx -5y=10 has an infinite number of positive 

integral solutions 

Use graphical methods to find the positne integral solutions of 
12 3x+2y = l7 13 3*+y=18 14 3x-4y=4S 

15 2x+7ys23 . 16 2x-*-3y=30 

Find gnphicalK or bv algcbn, all mlczral solutions of the following 
equations which have po-itnc values of x and negative values of y 
17 *-2y = 12 18 2 x-Jj/= 24 19 *-y=4 

1'tnd graphicallv or In nlgebr' all integral solutions of the following 
equations which lnu negntno \nluc-. of x and y 
20 2x4.qy-.i4 >0 21 lx- T*/ -24 =0 22. x~2y~12=0 

23 A man bnudit a number of boohs at 7* each, and r number at le cath, 
and spent 3^» ho a nnn\ of each did lie btia * 

24. A man hnucht c number of cet e e at 7* coen, and a numlcr of turl c \s 
nt 11* rich and ‘•p'uit £1 (»» how nnm of uth did he hu\ * 

25 In how nnm waa» can I pa a lull of 31s in r*nl ‘■lulling', 

cxrluduu 7t to « jlution- * 

25 Dnule "3 i ito t,\o p-w*a to that oiu nm\ U* a mu!’ mb tf 0 end the 
title r of I 

27 A ha- t al four •hilhn » I"*' < «, and B onh h tlf c*o ti*- \YJ a* j. ti i 
-ir j !« t uaa n u! nh A can }»•% B t* < Mini of Ti» * 

25 In I t.w r n.\ «aac <-n I j,a\ a HI o f 37s , if 1 Uae OftI ft ru.-t and 
•*" ■“ 1-Hct * 
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29 Tho sum of two fractions is 2^ and thou denominators aro 4 and 7. 
Find all tho solutions of tho problem 

30. Find general formulae to represent all tho integral solutions of tho 

equation 0i-13i/=G3 

31. A has 25 four-shilling pieces, and B 25 half-crowns m how many ways 

can A pay B the sum of 37s ? 

32. Find the positive integral solution of tho equation 5x+13y=227, for 

which tho value of a; is largest 

33. A man exchanges a number of geese at 7s each, for a number of turkoys 

at 13s each, and receives £4 13s m cash Find tho number of ways 
m which the exchange can bo made, a condition being made that the 
man shall not take more than 20 turkeys 


CHAPTER XXXII 

THEORY OF QUADRATIC EQUATIONS 

177. To ptove that a quadratic equation cannot have mme than 
two loots 

If possible, let the general quadratic equation 

a3?+bx+c=0 

have three different roots a , ft, y 
By hypothesis, each of these values of x satisfies the equation, 
by substitution 

on 2 +6a+c=0, (1) 

a^2+6/3+c=0, (2) 

ay z +&y+c=0 (3) 

Subtracting (2) from (1), a(« 2 - ft 2 ) +b[o- ft) =0 
Dividing by a - ft, which by hypothesis is not equal to zero 

a{*+ft)+b=0 (1) 

In the same way, subtracting (3) from (1) and dividing by a - y. 

a(a+y)+6*=0 (6) 

Subtracting (5) from (4), a(ft-y)=0 , 
a=0 or ft-y=0, 

which is impossible, for a is not equal to zero, nor is ft equal to y, 
by hypothesis 

*. the quadratic cannot have more than two roots 
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178 The square root of a negative quantity cannot be found 
It is said to be * imaginary ,* or * unreal * or ‘ impossible * 

The quadratic equation aa? + bx+c=0, will have 

(1) real and different loots if 6 2 >4cc, 

(2) leal and equal loots if l^-iac, 

(3) t maginauj loots if b*<4ac 

IVe have seen (Art 149), that the solution of this equation 
may be thus written 

-b±Jb- -iac 

x- \ 

2a 


(1) If 6 2 >4ac, 6 2 -4ac is positive, and the value of •JIF-Aac 
may be found , 

. . we then have two real and different roots, 

-b + s'6 2 -4<ic , - 6 - Jlr - 4ar 


viz 


2a 


and 


2a 


(2) If b 2 -4ac, 6=-4ac=0, 


£= is the only solution , 
m other words the roots are equal, and each equal to 


b 

2 a 


(3) If lr<iac, lr - 4ac is negative, and the value of 
sf(r~- l«c is imaginary 

Hence the equation in that ca«o has no real root*! 
llv means of the abote wc tan determine the nature of the 
10 »ts of a quadrant without actualh clTectma its solution 
'Hie Miident must be careful to diMimruHi between irrational 
and inu'tiumr<t roots 

If the roots of as = -bx-c-*0 are rational b- - 4ac must be a 
perfect •squire 
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179. The roots of aa?+bx+c=Q are equal, but of opposite sign 
if 6=0. 

The roots are equal but of opposite sign, 

c -b+s/W-4ac f - 6 - Jb z - 4ac“] 

2 a 2a J 

_ 6 + n/6 2 - 4ac 

— s , 


te if 
if 



Example 1. When we solve the equation a^+jps-g^O, the expression 
under the radical sign 

~p 3 + 4g®, (6 a - 4oc) 

which is positive 

the roots of the equation are real and different for all values of 
p and q 

Example 2. When we solve the equation fix 8 - 27; +4=0, the quantify 
under the radical sign 

=4 -4 x 20, wluoh is negative 
the equation has imaginary roots 

If we drew the graph of y=6x*-2x+4, as in Art 151, we should find 
that the curve does not meet the h-mh of x, % c no real value of x can be 
found which will moke fix 3 -2x+4 vanish 

Example 3 When we solve the equation 2T 8 -px+8=:0, the expression 
under the radical sign 

=p ? -4xl6=p ! -64 
if 2 s =64, t e if 2“ ±8, 
the roots of 2x® -p^+8=0 are equal 


180. In the quadratic equation ax 2 + 62 + 0 = 0 , 

\ JL 

(1) the mm of the wots = 

Q> 


(2) thepioduct of the toots =- 

a 


Let a and § be the roots 

fl== ~b+‘ffi-4ac 

2a ’ 



-6-n/6 2 -4o(J 


2a 
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Adding, «+/?= 

Or 

Multiplying, ^* " ' 4 # ' ^ [(P+?)0>-ff) ss i }8 “? s ] 

4 <ic 

“IS* 


c 



H we write the equation in the form a? + 
express these results as follows 


bx 

a 



s=0, we may 


When the coefficient of x 2 m a quadratic equation is unity, 

(1) the sum of the roots is equal to the coefficient of x with 
the sign changed , 

(2) the product of the roots is equal to the constant term 
These results are of the greatest importance, and will be found 

most useful in solving problems concerned with the roots of 
quadratic equations 

181 If a and fl are the roots of asr+bx+c-O, 
a&+bx+c=a{x-a){x-f$) 

aa? 4 *6:c+c=ff^a£+~ 

(o + (3)x + uf5] 

«o(x-a)(a-/3) 

In the same way, if a and fi arc the roots of aP+pz+q=0, 
ar+pz+q=(x-a)(x-f3) 

Example 1 The quadratic uho«e roots arc -5 and C is 

(x-»){x-G)--0, 
or x* -x -30=0 

Example 2 If a nnd 8 are the roots of x* -px- g=0, find the value* of 
(i) «-£-r. 

fvjunnc (1) n.itl fubint-tm? four turn « ( 2 ), 

--ii; 


(D 

W 
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(2) Squaring ( 1 ) and subtracting twice (2), 

a a +(i 3 —p*-2q 

(3) Squaring (1) and subtracting three times (2), 

o 2 -o/3+/3 a =jp a -3g 

Multiplying this with (1), 

a a +j3 a =p(p a -3 q) 

Example 3 If a and p are the roots of aa?+bx+c - 0 form the 
equation whose roots are and \ 

CL p 

The sum of the roots of the reqd equation =-+3 

CL p 

_ a +P _ b e_. J> 
ap ~a a ~c 

The product of the roots = 


the reqd equation is 


or 


** + T + c = 0* 
C 6 

<**+ 635 + 0=0 


182 If a is positive and a , ft ate teal loots of the equation 
as?+bx+c-O t the expression aaP+bx+G vanishes when x- a. or ft, 
and is positive for all other values of x except for those lying between 
a and ft 


(1) The values a and ft satisfy the equation , 

. , the expression aaP+bx+c is zero when x=a or ft 

(2) a+j3=-£, o/3=| (Art 180) 

* aa?+&a»+o»a(ai 8 +~+~^ 
y a a) 

=a[a?-(a+ft)x+aft] 

=a(x-a){x-ft) ( 1 ) 

Let a be greater than ft 

When x >a, & - a is positive and x-ft is positive , 

.* from (1) az?+bx±c is positive 
When x<a but >ft, x-ais negative, 
and x -ft is positive, 

. from (1) asP+bx+c is negative 
Lastly, when x<ft, x - a is negative, 
and x-ft is negative; 

from (1) asP+bx+c is positive 
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atf+bz+c^O, when z=a or /2, 
is negative when x lies between a and /?, 
and is positive for all other values of x 
It follows that if a is negative and a and /? are the roots of 
ai?i-bx+c-0, the expression aip+bz+c is zero when x<=* a or /?, 
negative for all other values of x except for those lying between 
a and fi. 


Example 1 To prove graphically that the expression sfi+x- 6 
(i) vanishes when x-2 or -3, 

(u) is negative when x lies between 2 and -3, 

(ui) is positive for all other values of x 

(i) If no draw the graph of y=:ar+x~6 as m Art 151, tie shall see 
that the curve cuts the a ms of x w hero *=2 and x= -3 

(u) When x lies between these values, y is negative 
(in) For all other values y is positive 

-3z-4 

X s 

than ! for real values of x 

I* *=*£+« , 

X-+ lx-r4 

Vulliplj mg up and rearranging as a quadratic for x, 

**(i -u)-&c(l+t*)+d(l ~w)«*0 

When we soho this quadratic for x, the expression under the radical 
sign -- <)( 1 + «)* - 10(1 - «)s (6* - lac) 

- -7t ~Mu - 7k s 


Show that ~ 0811 Q<ner ^ Etc* 1 * 01- than 7 nor 


-( -7-u)(I -7u) 

-7(u — 7)( I - >t) 

Uenic if h > 7, v -7 is positive, and 1 - v i*> ncRitnc 

(lit c' prc"-inn under the ruin il *•» pn i* m^rtnr and r is imagman 
If « * 7 but > I, i* -7 !>. in xitne and I -u ncgitni 

tin i tinder the rid*' il *•*-»*« i- pn iti.t, and x is r nn l 

If t* < I, 1-7 1 * ucaitiw and I - « i* piritm 

tn*» expri* mu uidir the min il M„*n i- ne.ati i and r i«. imaaiMn 
Unix for n 1 s «!«' of r u c j in*»t nr tn ati r t*» m 7 or I ■< th in ! 


183 Ft ,’l th> coirhUni Oat tlr tjMUOto ajr~bs- c*=0 «»</ 
a* i- i r/x- 0 «ey/,u- t omruOtt ton* 
t «i iv .i loitnion mot of tin equation-' 
lh.*n h\ ‘ul'-titutio'i ft *•» f/i- r -ft, 

# * * § M 

it u* •* {/ <j - <* r U 


(1) 

ft 
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or 


Multiplying (1) by V, and (2) by 6, and subtracting, 
a 2 {a6' - a'b ) + &'e - &c ' ~0, 
bc'-Vc 


a s =- 


or 




Again multiplying (1) by o', and (2) by a, and subtracting, 
a (a'b - ah') + o'c - ad « 0, 
o'c-oc' 


.( 3 ) 


a=- 


(o&' - o'b) (6c' - 6'c) = (o'o - oc') 2 ; the reqd. condition. 


( 4 ) 


or 


Examples. XXXII. 


Form tlio equations whose roots aro 


1 2,6 

4 0, -3 

» 


2. 4, -6 
6. 2a, -3a 

8 m±Vm*~n 


3. b :I 

6 a + 1, a-1. 

q -«d-Vfll a -4Z» 

21 


10. 3+ V§, 8 - Vs 11 . 

6 o 

12. For what value of A, will the roots of a* - 10a:=fc ho equal ? 

13. What ib the condition that tho roots of the equation * a -p*+ffs 0 
may he rational ’ 

14 Provo that tho roots of * a - 3* + l =0 will bo imaginary if l is greater 
than 2} 

15 Solve the equation a a -p®+q=0, and honco find (1) tho sum of tho 
roots, (2) tho product of tho roots 

16. If a and /3 aro tho roots of at 4 +6t+c=0, find tho values of 
(1) a -ft (2) a a +/3®, (3) a a +/3 a , (4) a<+/3« 

17 If a and /3 ho tho roots of tho equation «*-$%+<]= 0, form tho 
equation abode roots aro 2a, 2/9 

If a and /9 bo tho roots of tho equation <KC®+6a;+c=0, dotormino tho 

uation whoso roots &ro 


18. -a, -§ 19. 3a, 3/3 20. jj. f 

21. ^ 22. 2/9 -a, 2a -fi 23. f f 

24. Find tho numonoal value of a in tho equation ax s +2x+3a =0, uhon 
tho sum of its roots is equal to their product 
25 If ono root of tho equation aa^+te+csO, is doublo the other, proio 
that 9ae=26\ 
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26, Form an equation whose roots shall be j, where a, /3 are the 
roots of the equation sfisspz+p 9 

27 If a, /3 be the roots of the equation ax 2 +bz-a=0, determine the 
equation whose roots are ^ j 


28 Find the sum of the cubes of the roots of s?+px+q=Q 

29 If a, /? be the roots of the equation pzr+qx+r=0, find the equation 
whose roots are a +/9, a<9 Find also the value of a 4 +£ 4 

30 If a, jB be the roots of the equation asfi+bx+ c=0, form the equation 
whose roots are a* and /9 s 

31. Find the quadratic equation whose roots are the squares of the roots 
of the equation a?—px +q 

32 Prove that the equation a 2 -2(1 +2)ar-A s =0, cannot have equal 
roots for any real value of L For what value of X will the roots be equal 
but of opposite sign ’ 

33 If a, p be the roots of the equation z^t-px+q—O, prove that 
Z'+px+q will bo a negative quantity, if ar be put equal to Ja+^/S 

34 Find the condition that the two quadratics z?+px+qt= 0, 
3?+p'z+q’=0, may hare a common root 

35 If a, p be the roots of the equation o?-*-px+q= 0, prove that 
a* +/t* =(p* -2j)* -2g* 

36 Show that one of the roots of the equation pa?+qx+r= 0, will be 
double one of_the roots of the equation nr+qx+p=0, if cither r»2p or 
2p+r*=±qV2 

37 If a, p bo the roots of the equation a? -pz+g=0, prove that 
* i +fi i =jP-G]t , q+Bpq i 

38 Prove that, if one of the equations 

a? -r(3e -b)+bc~0, ar-x(5c -6)+4c s =0, 
has equal roots, so has the other 

39 If p, q be the roots of the equation ox 8 2te - e =0, find the equation 
whose roots are p* y* 

40 One root of the equation x**r»x+f<=0 i" double of the other, and 
one root of the equation x 1 —ax =0 is cqunl to three time** its other root 

laid the value of \ 

6 

41. Prove that the roo^ of one of the tno equations 

fto* z(2r-l) - b* ~0, 4oVt6*(4x* I) - 0. 
imiet be mincinan 

42 If fair j. tar ■*•«& -0 hare f common root, and if 

o-fc- c=0, prove that 

43 The rntts of the qusdren* or*- hr- <-ft in y,, r, , fird in tfnr« 

« 4 «,h r the va'ii* * r f (l) fey, - (2) (Ar, - rjtfy, ~r) 

54 If y. l*e tL< root* of the equation cy* r-0, find, m t'"m* of 
r, <>. c, l* • v -due of { j 

(i * (CTcK)* 

b 


l'l** 
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45. Prove that, for real values of sc, the expression — - — - — can have 

$ — 0 

all numencal values except such as he between 3 and 23. 

2*2 \ x \ 1 

46 Prove that • — cannot be greater than A, nor lesB than for 
real values of sc X +1 

47 Prove that -=— 5 — 7 cannot be greater than 3 or less than i, for 
real values of sc * +zaJ + 4 

4 JB a_g ;B 1 10 

48. Por real values of sc, prove that the expression —$■. — — cannot 
he between 9 and -If. ' 

49 Find the greatest value which the expression sc+V6skc-7o 9 -sc® 
can have for real values of * 

2*2 _ J 

50 Fmd the minimum value of ga+g+ j » for real values of sc 


CHAPTER XXXIH 

Examples. XXXIII. a. 

1. Resolve mto real elementary factors 

( 1 ) 6x a -23*t/+20y® (n) sc*-7i 2 j/ a +y 4 . (in) afl-1. 

2 Simplify - 7 

P y -i-20 +se — 12 **-8*+15 

3 Fmd the squares of x+y+2z-l, and of *+y-2z-l What is the 
alue of the difference of these squares when z=f(sc +y) T 

4 Fmd the no m of afi-xy*, a fi+afiy, z°+y l +a?y t (z 1 +!/ t ) 

5. Solve tbe equations (i) 27se* -57sc =14 

(») *+y*=5, 

6 A travels 42 miles m 6 £ hours Fmd, graphically, how long he , 
es to travel 35 miles, and 29 miles How far did he travel m 2 hrs 36 
n 7 

7. Solve the equations *+ 2 y-z+ 4=0, 

3* +4# +z- 1=0, 

5*+6y-3z+18=0 

8 If a, p are the roots of the equation z?+px+g=Q, form the equation 
whose roots are a + 2 /?, p + 2 a. 


• tin 


1. Fmd the factors of (i) sc 9 + 16*+ 63 

(n) 0*-43a 8 y+42o* 

(in) * 7 - 14sc® + 492 s - 36* 
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2. Pmd the square root of 9**-42a?+37a?+28* +4. 

1 1 2a 

3. Simplify *-o"*+»'"* s +°*/ 


_J J 

*s -a*”^+o a 


7 1 , 1 \ 

V* 8 +ax+a 9 zZ-ax+ay 


4 Solve the equations (i) ^+— =a ! +6*. 

02* OX i 

(u) (x- 10)(x -7) +(2* -9)(* -8) — 103 

5 A person after paying income-tax of 6d in the £ gave away one- 
thirteenth part of the remainder, and then had £540 left What was Ins 
original income ’ 

6. On an examination paper of maximum 68 the marks gamed by six 
candidates were 62, 47, 41, 36, 24, 12 Draw a graph to raise tho 
maximum to 100, and read off the raised marks of the candidates Test 
one of your results 

7 Employ the Remainder Theorem to prove that x* -4x*+2x s +x+6 is 
exactly divisible by x 2 -6a: +6 


ZmET.Cs 

1. Remove the brackets m 7a +6[6-5{c+4(6 — 3(a +2c))}] and find its 

value when a=2, 6=3, c=l 

2 Simplify + _______ 

3 Find tho n c f of x 1 - 8** +13** -30* +8 

and **-4*»-U* s -50*+16 

2x-l 4** -I 

4 Soke tho eqnation 3 !«S±? 




* +l ~3(*-3) 


x+3 2 *j-3 


6 Solro the equations 

( 1 ) (a +6)(e ■*■*) + (6 +c)(a -*-*) =(c +a)(6 +*) 

(u) *+y=3, '+^® 2 

6 X bought a horse and oarrmco for £S0 I sold the hor=c at n profit 
of 20 per cint , and the carnage at a loss of 4 per cent , and found that on 
the whole transaction I had gamed 5 per cent What was the original 
«M of the horse ’ 

7 Determine the values of J for which the equation 

1 2(1 2)** - 12{2X - 1 }r - 3Sf - H =0 

will have equal root* 

xxxm d. 

1 Divide X s -* 4 * }**-‘-21* s -23r- 40 bv **-4 U‘inc the method 
of detacher! eocJTucnt* 


2 Simphfv - (r l ~lY- 

3 rind tl e «qu«re rw* o' ■Jr 4 - 12r*-llx s - no* _ *3 

r P *- *5 2 
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4. A man travels at the rate of x feet per second. 

( 1 ) How many yards does ho travel per xnrnuto 7 
(n) . . miles . . hour? 

(in) . . . in y hours 7 

jiv) How long docs ho take to travel y miles 7 

5. Solve the equations * 

, , lx 48 
1 i 2z~12 = ~ 

1 _ 8*-5 * 

(n) £~=0. Zy+2x=lZxy. 
x y 

6. A man on o bicycle, who travels at the rate of 10 miles an hour, and , 
another walking at the rate of 4 miles an hour, start at the same time and 
from the same point to go round a field a quarter of a mile m circum- 
ferences in the same direction Find how soon the bicyclist is one-quarter 
of the whole circumference ahead of the walker. 

7. Trace the graph of y=3z-afi, and deduce the value of x whontho 
expression 3*— a* is a maximum What is the maximum value of the ( 
expression 7 


1 1 


,. e. 


1. Show that a»+a B is divisible by&+px+£ if p 0 -27a®=0. 

2. Find the product of x~y, *+y, a 8 -ay+y*, oP+xy+y*. 

3. Find the square root of n(»+l}(rt+2)(»+3)+l 

i + JL 

4. Express jl a“P Icst form - 

x~y^z 

5. Employ the Remainder Theorem to prove that 

l-z*-2z 3 -2z 4 ~x s +z 7 
is exactly divisible by * + 1 and by a 3 + 1. * 

6. Solve the equations 

m fl(a-g) W+x)_ x 

' ' b a 

(h) g^-6 ~2~x ( corroot tw0 ^ c0ixna ^ P^ aCos1 

7. Two travellers, one of whom travels 3 miles an hour faster than tho 

other, set out to meet one anothor, starting simultaneously from no 
towns which are 216 miles apart They meet after a lapse ot e no 
Find the rate at which each of thorn travels . 

8 Divide 1 into two fractions such that tho sum of their cubes is $• 


xxxm.f. 

1 Divide (*+y) 4 +(*®-j/*) B +(*-y) 4 by 3a 3 +y*. 

2. Resolve each of the following into threo real factors 
4i^-23a*+28», y*+ll y a -180, o°+27i 9 . 
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3 Solve the equations : 

/ \ x +a x-b _ 2(o+b) 
x-a~ x+b~ x 
(a) a*+ay=28, ®y+y a =21 

4 Given that a, /S are the roots of a?+pz+q*=0, find the roots of 
**+4 jkc+16j=0 

5. Prove that the difference of the squares of two consecutive numbers 
is equal to the sum of the numbers 

6 A, walking uniformly, but taking a rest of 20 minutes when he has 
gone half-way, does 5 miles in an hour B, starting at the same time, and 
taking no rest, passes A 3$ miles from the start Find, by the graphical 
method, how long B takes to walk the 3i miles 

7 Show, by any method, that a*(b - c) + 6 8 (c - a) +c*(o- 6) contains 
6-c, c- a, a -6 as motors 

xxxm g. 

1 Find the quotient and the remainder when 2**-3ar , -se s +a:-l is 
divided by x-3 

2 Find, to three places of decimals, a positive number such that if it is 
added to its square, the sum is unity 

3 Two workmen take the same time to earn £22 and £21 respectively 
The former earns £15 & in one day less time than the latter takes to earn 
the same sum How much docs each cam per day ? 

4 Simplif\ the expressions 

« (?-?)(£*-£*) 



5 Solve the equations 

(.) -2-+ Vo 

’ ' * -a z~o 



4 s _(a •*■&)* 
“v c * 




6 A mm spends £70 m 45 davs, make a graph and read off from it 
bn expenditure in 17, 32, and 41 davs, to the nearest pound 

7 If n and p arc the roots of the equation ax? -Lx+c=Q, find fho 
equation v lio'c roots are 2a nml 2 p 


1 Sirophfv 


xxxm b 


2 If the cofftieients nf g* and of x m the product of Z^-W-ar - 10 
and "tr 1 2 3 * 5 * nx z - Ittr - 4 are cqiH to one ano'h* r, find tin value of a 

3 I ind (i) the i* c i ,{iiHV I cy of c«_a*4s*2at> -4« 

A In tl t f »»ne d -rr’tn dnv thr graphs of 

*• ” - 1. i’v - t - \ md 2 V , f, r - «n 

■V s toth« ro'/«ofthedif>rc' , t of rquitior” ’ 

5 If c, tht rv»-»*n of f*-ji f-j-sO, fo"n th« equation who * roj*« 
rre -oj, »lt 
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6. Solve the equations (i) (2« s +3z-l)(2x s +3x-2)-156, 

(n) 2(x-l)(y-])=6(z+p)= -3iy 

7. The difference in the average rates of two tramB is 13 miles per hour 
The faster of the two takes 2 hours less tune to travel 164 miles t han the 
slower takes to travel 168 miles Find then* respective rates 


1 1 


[. k. 


1 If -+-=«, -+-=6, z+~=c, prove that a s +6 2 +c a -a6c=4. 
y x z y x z 

2. Solve the equation 4x a +2x -1=0, giving results correct to two 
decimal places 

3 Simplify 

4 The denominator of a certain fraction exceeds its numerator by one 
Two other fractions are formed, one of them by adding 9 to the denominator, 
and the other by subtracting 6 from the numerator, of the original fraction 
These two fractions are equal Find the original fraction 

5. An old clock increased uniformly m value from £4 10s in the year 
1890, to £8 10a in 1899 Find graphically its value m 1893, 1894, and 
1897, to the nearest shilling 

6 Solve the equations x a +y*=2(a®+6 4 ), ^ 2 — = 8 

7 Construct an equation whose roots shah exceed by a quantity m the 

toots of the equation oa“ + 6* +c=(T 


Mill 


1. Resolve into factors (i) c*>-8a 8 6-486 2 , (u) (o*+6 s )c+(6 a +c s )o 

2. Multiply o a + 4o*6 + 8a6 a + 86* by a 3 -4a 3 6+8a6*-86 8 

3 Show that if a+6+c+i=0, then 

a®-6®+e*“<P=2(a+6)(a+d) 

4 Find the area of the quadrilateral formed by joining the points 

(10, 20), (13, 9), (23, 8), (28, 20) 

5 Solve the equations x +y+z =6, 4®+j/=2z, sP+if+zP-H 

6 If a, 6, c are real quantities, determine the condition that the roots 
of the equation ox® +2bx+c = 0 may be imaginary 

7 The journey between two towns by one route consists of 233 miles by 
ail followed by 126 wnlw? by sea , by another route it consists of 40 5 miles 
y rail, followed by 39 miles by sea If the tune occupied on the journey is 
0 minutes longer by the first route than by the second, find the average 

speed by rail, assuming it to be the same by eaoh route, and 25 miles 
an hour faster than the average Bpeed by sea 


XXXUl. m. 


1 Simplify ~ b -(° +e 

2 Resolve into factors (i) 18x®+53x-35 

(u) a 3 +26e-(e*+2a&) 
(in) (*-36)*-4«r+126*. 
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i Divide s^+Bz 5 -2x 4 +37z 3 -Szr+lix -15 by sfi-x+H, using the 
method of detached coefficients 


4 Find the value of Vl3 correct to two decimal places by any graphical 
or geometrical method 

£2 mfi Q 

5. Solve the equations (i) — *+y=l 
« (u) ab(a?+l) —x(a s + b z ) 


6. Drove that if the roots of the equation ax a +26x+c=0 are imaginary, 
the roots of the equation ax s + 2(a+6)x+a+26+c=G are also imaginary 

7 The marks of a form ranged from 325 to 259 Draw a graph to scale 
them from 80 to 0, and read off the scaled marks corresponding to the 
following actual marks gamed 280, 295, 812 Verify one of your results 


XXXIH n. 

1 Find the relation between the constants when the three equations 
ax+bysse, bx+ay-d, 3r+y z =xy 
are simultaneously true 

2. If /(«) and 0(n)=2l2Ltii, find the value of 

(i)/(n + l)-*(t.), (it) [/(»-«• l)J s -fo(*-l)J # 

3 Find the lcm of 3X 5 -4x-4 and 4t? -8x s -x+2 

4 Find graphicalh the maximum valuo of Gx-x*-— 1 Vcnfy jour 
result bj algebra 

5 A merchant beginning business with a certain rapital succeeded m 
doubling it, but afterwards lost £1000 He emplovcd the remainder in a 
lenturc which brought him in a profit of 35 per cent , after which his 
tapital was found to be £10 more than bis original capital Find the 
amount of that capital 

. , . x* -(a+b)z-bc x s -(a~e)x-6e 

o Solve the equations (i) ’x~~6 x~^c 

(u) atf -r bxy = b, bjr^azy-a 

7 If a and p arc the roots of the equation ux : t5xtCs: 0, find the 

equation who^c root® arc — 

P a 


»♦«>! 


1 Find the I c v of x 1 .r x, x* - x*, x* - x\ and x 4 -x 3 *x 

2 bind tlir» quotient win n x* - v 3 - =* - ixr/: in divided b\ X ~y~ - 

3 Multiph Jx* ,ix*-7 bv fir 3 - x - 5, u-ing tin method of ditiched 
cot flu KUt* 

4 On* ♦hegnph of v -•** -2x, and Inure «»hi the cquat'on 

X s ■« 2x - 7 ~0 (IV n larye x unit ) 

5 Solve the equit’o n (i) , — - r 

1 I - Jx ~ >x* l- Ir - j~ 

{“) -y~y m 
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6. A and B start in a long-distance race For 16 minutes A goes at the 
rate o£ x yards per second, and B at the rate of 2x miles per hour, and then 
A is leading by 100 yards Find the value of x 

7. If a, jS are the roots of a?+pz-q= 0, and y, 8 those of ®*+p®+r=0, 
prove that (a -7) (a- 8) ={f3 -y)(fl - 8) =g+r. 


XXXI I I . q. 

4 cn. *1. * (a+fi^-c 8 , (6+c) s -a 8 , (c+a) 3 -^ 8 

L si™ 4 ** 4rr^- + T+^F + 

is equal to 2(a+&+c)*+a*+6 9 +c a 

2 Solve the equations (1) ax+by—xy^cx+dy 

, v fx-a\ a z-2a-b 

(u) \m +h) “£+7+2* 

o ab-cd . .. a *+o la-c)(a+d) 

3 H x=-. — rr— 7 — jm show that — r= . A.i , { 

(a-b)-(c-d) x-b ( b-d)(b + c ) 

4 FmdtheLCM of 8® 3 +27, 16® 4 +36®*+81, 6®®-6®--0 

5 Draw enough of the graph of y=x® to enable you to find the square 
root of <95 

6 A dealer bought 200 sheep He sold SO of them so as to gam 4 per 
cent on them, andthe rest so as to gam 7J per cent on them Hjb whole 
profit amounted to £21 7s What did he ggj for each sheep * 

7 Prove a? -px*+qx-r=0 to be the equation that results from the 
elimination of y and z from x+y+z=p, 

xy+yz+zx=q, 

xyz=r 


XX X Ills 7# 


®*-l, a*-6®-7, X s - 3a 9 +2®, 3®*-7®+2 
What is their lou ? 

2 Simplify (i) (2®+3)(3®-l) + (2®-6)(5®-3)-(4®-3)* 

(n) {(3a + 26)* - (2a + b)*}—{7a - 26 - (2a - 6b)} 

3 Draw the graph of y=®®-3®, and hence solve the quadratic 
iX® -3®=14 (Use a large ® unit ) 

4 Find the condition that ®*+a*+6 a =0, and *®-te+a 9 =0 may have 
d common root 

\5 In an election, if one-tenth of those who voted for A had refrained 
from voting, B would have been returned by a majority of 128, while 11 
onfe fifth of those who voted for B had transferred their votes to A, the 
latter would have been elected by a majority of 636 Which candidate 
was ^elected, and by what majority 7 

6 1 Solve the equations ®(® -y)=I0, 

y(*+y)=24 

7. If x+y+z=a, ®®+y a +«*=6, ® 3 +y 3 +s 3 =Cf 
find th'e produot xyz m terms of a, b, c. 
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xxxm. s. 

1 Prove that a+6+c is & factor of <&+&+(? -3a4e 
Seduce the fact that x+y+z is a factor of the expression 

(z+y)*Hy+z)»+(z+x)*-2(x+y)(y+*H*+*) 

2. Solve the equation (a+b)(ax+ b) (a - bx) = (dhs - b*) (o + bx). 

3. If f(n)= n{n+1) l 2n ±£, find the value of 

(i) /(») -/(* - 1 ) 

(n) /(#)-/(*■ -2) a 

4 If a and j5 be the roots of the equation 3? -px+?=0, form the 
equation whose roots are mtfi+n^, and mfP + na s 

5 Find the limits of value between which x must he m order that 
4**+4*-33 may be positive 

6 Sohe the equations *+y+*=l» 

x 2 +t/ a +c s =9, 

*»+y»+s*s=I 

7. A and B start from the same place at the samo time After an 
hour and a quarter A is found to be 74 miles ahead of B If, h° w ®y^ r * 
A’s rate of cycling had been greater by one-seventh, and Bs by onc-Wth, 
A mould have been 8 miles ahead. Find their rates of cycling 
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(iv) 8 

(v) ly M 5y 


t (i) 7 (u) 3 (m) 13 (tv) 1 (\) 1 (w) 31 
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*=15y+7. 


69 a stbx+jf. 

70 

xy=c 


71 

abssQx 


72 oy-3(a -6) 

78 

X-y: 

=5(o-5) 




VHL b. 

(p 61). 





1. 

3 ft 8 in 

2 

4 ft 8fin 

3 n^ft 


4 

iTTft 


5 

31 4 in 

6 

2 5 in 

7 3 2 in 


8 

50 3 sq 

in 

9 

7 in. 

10 

186 sq ft 

11 22 ft 


12 

12 ft 5 

in 

18 

660 sq ft 

14, 

12 ft 6 in 

15 10 ft : 

10 in 16 

19S cab 

ft 

17. 

4yffc. 

18 

Sy sq ft 

19 7ft 2 

in 

20 

576 ft 


21 

3 eecs. 

22 

31ft per eeo. 

23 41. 


24 68 

25 

325. 

26 

460 27. 

.264, 28 336 

29 150 0 

30 1892. 31 

441 

82 

644 33 

1625 31 612 

S5 690 


36 1240 37 

3220 

SB 

13035 

39 

113 14 40 

10} ft 

41 

£200 

42 

334 


43 Right-angled 44 Not light-angled 45 and 46 Right angled 
® Not right-angled. 48 Right-angled 

VILE 1)! (p 63 a) 

1 to 13, (n)5, (m) 1, (n) 3 2 (i)12,(m) 17 3 a* -5= 4 -1 

7 (>)n,(n)24 8 (i) 9 a?- 25, (u) 875 9 When **=3 10 -3j 

M C (P 04 ) 

1 1» 3, 7. 2 15, 23, 3, { " ~ * . jft L t x), Ei" 8 H” . T i 9 

8 *" 6 » 0 , 0 , 24 , -60 

J °* 33, 16»*-2b, 16n 8 +14nr3, 4> 5 +7n+3, { 6 2, 2 11 

' 8 25(*-i) 8 e-a, 25, 3a+46-3c, SarW-V 

J® 0(x-l) =J J ii (j) {3x°-2x-f-2) mile 8 , («) (&t?<*-Sr-(>j t nit* 
0) £(3)-£(2), (n) SO feet 


IX. a (p 60 ) 

1 £, 0. £20 2 10 3 27 4 £13, £25 5 20 6 21 

'• Wmtlit. 8 3 9 12. 10 39, 10 } car* old II *W 12 20 

j 8 £49, £58, £3S 14 30, 12 15 20 16 90 17 7’»g'Il<. 

JJ 31, 32, 33 19 9 20 IS pram*, 9 Mullm.s C foni- 

* £42, £- 22 £19, £22. 23 <3«», 4.1G4 £4 £s *■ 

M 45 * ^ 20 61, 40 27 09, 21 2S 72, 12 29 '-7 
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ELEMENTARY ALGEBRA 

SO 

-4 

81. 

20 32 £420. 


33 34,35,36 

84 

43, 45, 47 

35 

38 shillings, 19 shillings 


36 2 miles. 

87. 

£23 5s , £16 15s 


38 £3600, £720. 

39 

£13 10s , £22 10s 


40 15, 42 

41 

29 men, 46 ' 

women, 76 children 


42 56 

43 

4y miles an 

hour, 3 miles an hour 



44 

36 miles an 

hour 

, 24 miles an hour 

45 

150 yardB a minute, 

46 

24 miles 

47 

44y miles 

48 

30 miles 

49 

36 miles 



50 

15 miles an hour 




IX. b. (p 73) 



1 

12 miles, nearly 

2 13 miles, nearly 


3 17 miles, nearly. 

4 

3 7 miles an 

. hour 6 5 feet 


7 36 1 feet 

8 

2 39 feet 

9 

4 6 miles 10 35 4 miles 

11 45 miles 

19 

4 1 miles 

13 

6 55 metres 14 3 9m 


15 4 24 m 

16 

3 6 feet 

17 

2 6m 18 2 2 m 


19 3 3m 

20 

6 4 miles. 


21 2 83 mileB 


22 8 05 

28 

15 98 


24. 3 7 miles 


25 14, 29, 43 miles. 

26 

2 6 miles 


27 34 feet 


28 2 8 miles. 




IX. C. (p 77) 



1 

£24, £35 


2 15 1 millions, 1875 

! 

1 671° 

6 

3 02. 


8 4475 feet nearly, 205°. 


9 

26 8 in , 23 

4 in 

, 10,600 ft , 5,300 ft 



10 

107 5 sq in 

, 162 9 sq ft , 13 2 In 






X. a. (p 81) 



1 

2y=4 

2 

lly=22 3 4y=12 


4 21y= - 13. 

5 

3y=l4 

6 

y=46 7 17y=17 

8 58y=87. 

9 

3y= -11 

10 

3y= - 17 11 2 


12 5 

13 

3 

14 

4 15 1L 


16 

17 

x=8, y= 2 


18 3=9, y=l 

19 

3=2, y=l 

20 

3=1, y=2 


21 3=3, y=2 

22 

3=4, y=-l 

23 

*— -3, y= 

-5 

24 3=2|, y=£ 

25 

o 

II 

-v 

II 

« 

26 

3=15, y=l 


27 3=6, y=6 

28 

3=8, y= 6 

29 

3=0, y=2 


30 3=4, y=0 

31 

3=1, y=6 

32 

*=5, y= - 

2 

38 3=1^, y=|, 

34 

3=13, y=7 

35 

*=1t» v- 

-2i 

m 

38 3=3£, y=2| 

37 

3=5, y=3f 

38 


89 3=2, y=3 

40 

3=1, y=-l 

41 

3=7, y= 5 


42 3=6, y=8 

43 

y= - T* 

44 

3=16, y= ■ 

-24 

45 3= -6, y=2 

46 

3=2, y=-l 





1 Zs:}0 

l zj ’ 

f z *?**-*> 


**45 

15 0 

Zss 


15 , J '» **1 


16 **^ 2 
22 . „ ' P*7 

25 t Zi >*** 

" 02> P * 2 g 


8 

11 

14 


10 ® z wtp 1I 
. * 4 <p «j 

* * 5 * 2 n 

6 z ^’** 12 


*- „ ,y& e 

'^-3 


'• * 4 a r It 
8 ** 


2,6 


« 

« 4 ^ r yas i 

"?> y«i 

* ^4 


" / ' yasJO 

it *■*<»-« 

' * 5:81 

20 * *’ y *~Jl 

26 '**»* 

SS ^3 S 


6 

8 ^r 20, y : s ~ 4 ft 


20 a= 


* 5 » yt 


^24 




**«• 


85 **4 , 

so 

* y =. j . 


ZstO 


**3, 

2 *: 

6 2 *~ ] 

y= 

*= -2 


^ -3, 

0 *ss 

a S *~ J 

y= 

8 ^'S, 

S«j 

Vis „«j 

“i 

J ° *«8, 

-5 

.*= 54 , 

1 **8 

m — 

•» a* 

( 

9 

*=86, 

A 

It 


y*o, 

* 

“ '•>! 

'* 8 

*=JI, 

18 **40, 

: aJ - 

y*45, 


X 


12, 


’ <P 87) 

8 ** 2 , 

-*4 
7 **3, 
ysa -ll, 
**-10 
1 * 5 r. (i j 

y * i 8 , s ' 
15 **l 

it 

y*l 

*■* 


12 Za > t 

M zj *-* 

« 4' **H- 

Hzz ,y ’ 1 

*r , *M 

80 6, 1 

® * a i 

38 *« l ’ ^ 


=«4S 


^*5:. 

y * e , 

=*s. 

■*n 

y * 3 , 

Z *G 

12 

*- 12 , 

V * 21 , 

: *J6. 

18 **2 
*r# 

M, 


2 , 


*1 <,„• 

s i «>£ 

i ^ 




23 *- j - 

25 •<* 

so *. 4 -'-rf 

St >, 

38 Jo 


.f *• <P 8 !) 

23 /» 0 

-. Oj , 


q, i* 

27 /- r. s 

31 

*r * y 

3 ^-.w 


■ *** 

* 2; 


26 

*9 


**- 6 , 



ELEMENTARY ALGEBRA 


xri 


1 

2 a. 

2 

c 

XL b. (p 90) 

3 6 4 7* 

5 

15 -6s 

6 

12 - 11 a 

7 

26 3 

-2a6 8 jL* 

8 8 

9 

2a -46 + 24c +72(2. 

10 

- 2 s -2 

11 

x 

12 y 13 0 

14 

2 *+y 

23 

8a-36 

24 

c 

25 2a -66 

26 

3a 27 2a. 

28 

2a-36-6c 


29 

-a +66+ 72c +24<2. 

30 

3a— 7. 

31 

6sy+4y 3 


32 

12a-2a5+4a 3 5 

33 

*“+3* 

34 

a- 1 - 105 


35 

33a +286 

36 

26a -84 

37 

18®-9sy- 

9afy 



38 

s- 2 * 8 . 


XI. c. (p 92) 

I a?+s 3 (a+2)-s(6+2a)+a-7 2 3x 9 -2s(a+6+c)+a 9 +6 9 +c 2 

8 x’+a^ty+zJ-s^+zVy 8 

4 -2x , +3a?(a+6)-3as(a 3 +6 9 )+a 8 +6 8 

6 fce®+ a?(a-6)-»(a+6)+a+c 6 ® a {p ? -g a )+2x(p-g)+/> 3 -g , 

7 a?(a — 6) +a^(c — 6) +sc(c — a) +<2 — e 

8 aj*(2-o)+z s (6-a)+a?{6-3)+a,(-a-7) 

9 a s +3a^(y-2)+3rc(z 3 -y a )+®® 10 a?(a-c)+a?(a-6)+a:(c-6)+6i 

II 3d l (a-p)+a?[q-1>)+a?{r-c) 12 afy(m+5n)+2a^ 3 (n-m) 

18 -a?(b-a)-a?(c-p)-x{d+q)~[p-c) 

14 -a*(a+b)-a?{b-a)-x(b-c)-{c-d) 

16 -a?(6-a)-s(3a-4)+2a 


XI. d. (p 94) 


17 

3 

18 7 

19 1 . 

20 

9 

21 

7x+5 

6 

22 £ 

12 

■ ^ 

24. 

2x+5 

35 

25 

7*+15 

20 

26 7*-25 

12 

87 § 

28 

Tt 

29 

x+49 

30 

an 9x+8 

80 -w 

81 ¥ 

32 

9x 

40 


XII. 8i. 

2 15a 3 -4*y-35y 3 , -3y 3 
4 a=2, y= -2 
6 4 inches 


(P 96) 


3 4 

6 240a +306+ 24c, g+g+gj- 

7 48 


XII. b. 

, 91x-30 
60 ' 

8 -1 

C, ®nules, minutes, — hours 
b a a 


(P 95) 

2 3a +26, 9a 9 -45 s . 

4. x=3, y=* 

6 3 35 miles 7. 96. 



ANSWERS TO EXAMPLES: PART L 


ml 


xil c 

i. ll*+5 2 3 

5. *+12, x- 16, 16, 40 -* years 

XU d. 

I 46* -1 3 -7 

c b bx 12a ,, 

5 -pence, — pence, if- lbs 
a a o 

XI L e. 

t <'/»+?. 8 1 

5. |+14, lUx, 2x, | 

xn. f. 

1 *-2,2 8 -3& 

8 6a pence, ~ pence, eggs 
5 a 


<P 96) 

8 5 4 *=13, y=2 

6 3 4 miles 7. 51 

<P 96) 

4 *=2,4,6 
y=l,2,3 

6 36 feet 7 60,47. 

(P 96) 

4 2=2, y= -3 

6 Half*a-mile, 9 04 miles 

7 42, 32 

(P 97) 

4 a=5, y=10 
6 11 65 miles 7 50. 


XH. g (p 97) 

l. -44, -21, -6, 1, 0, -9, -26 2 225 lbs, 300 lbs 
8 -I* 4 107, 117 5 *=5, y= -3 

6 *= — 1, y—2, s=l, 7 62 5 feet nearly 


mb. (F 98) 

1 46, 27, 14, 7, 6, 11, 22 2 670 sq ft 

8 If 4 7, -2 5 61, 53, 55, 57, 69 

6 2 4 miles 7. *=-4, y=0, s=4 


Xm a. (P 104) 

1 *#, 4), P s (ll, 8), P 3 [ - 5, 5), P«( - 8, ! 

^(-6, -3), P-H, -5), P g (8, -7) 

? (0 (0, 0), («) (3, 0), (in) (2, 2), (iv) (-4, 4) 


P e (-9, *5). 


6 12 . ' 

9 36 
13 15 
W 54 
U 319 m 
25 70 
SS 03 

1 r \ 


6 

48 

7 

0, 12, 15, 

35 

8 

10 

74 6 

11 

ISO 

12 

3 5 sq in 

14 

25 

15 

22 

16 

25 nearlj 

18 

2*73 in 

19 

3 71 in 

20 

4 II in 

22 

30 

23 

72 

24. 

*19 

26 

12S 

27 

102 

28 

52 

30 

150 

31 

63 

32 

95 


B 



ELEMENTARY ALGEBRA 


xvui 


30 3=8, y= 2 
83 x=4, y=0 

36 x=2 8, y=4 2 
39 a; =7, y=17 

42 a; =10, y=5 
46 2»+y=7 
48 y=3a:+4. 


xm. i). (p ii3). 

81 a; =3, y=2 
34 3=5, y=8 
87 3=4, y=6 
40 a: =9, y=12 

48 y=3» 

46 y+5&=0 

49 2y=3«+12 


32 3=8, y=6. 
36 sr=4, y=3 
38 a: =12, y=4. 
41 a?=5, y=2. 
44 3-y=4 
47 y+5=2® 

60 3y-x=B. 


1 

6 

7. 

11 

16 

17 

19 

22 

26. 

28 

31 

34 

35 
38 
41 
43 

46 

47 


XIV. a. (p 117) 

17, 12 2 12, 5 8 6, 8 4 13, 9 

4 pence, 9 pence 6 7 half-crowns, 3 florins 

44 for, 31 against 8 24, 12 9 3s 6d , 1« 10 20, 64. 

14, 38 12 £460, £200 18 45, 15 14 7 

14 florins, 11 half-orowns 16 63 

72 miles, 5 miles an hour 18 2j, 7j miles an hour 

32s, 28s 20 57, 19 21 165 

56, 67 23 17 flonns, 7 half-crowns 24 93 

9, 11 miles an hour. 26 10, 30 gallons 27 100 

15 miles, 2 miles an hour 29 24, 12, 4 30 £51 

24bales,or72ca8ks 32 12 33 24 feet long, 18 feet wide 

5 teachers and 96 children at first, 7 teachers and 132 children at 
last 

86 
89 


£13 15s 

21 crowns, 40 half-guineas 
15 miles an hour, 90 miles 
4 miles an hour, 24 miles 
£400, 5 pence in the £ 

300 miles , 160, 100 miles a day 


44. 

46 


81, 49 sq yds 

3 40 3 miles an hour 

3 miles an hour, 83- miles 
3000ft from thestartingpomt. 
3, 4, 5 miles an hour 


XIV, b. (p 128) 

1 44 francs, 28 shillings 2 3 shillings, 20 3 38 minutes, Smiles 
4. 13 ft per sec , 17 5 ft per sec , 2 5 secs 

5 55 lbs , 84 lbs , 14 8 kilogrammes, 17 3 kilogrammes 

6 49cin, 245cin,41c oms 7 167°, 5° 

8 They meet at 3 30 P M 14 miles from Cambridge , 10 miles apart 

at 2 48 p m , and 4 12 p m 

9 In 10 secs from A 1 s start, 33 3 yds from the starting point 

10 June, 1887 11 58, 38, 29 

12 2 2 in, 12 45 cms 13 9 23 cms , 3 35 in 

14 87, 78, 67, 51, 46, 42, 39, 38, 36, 17 15 2s Vi & , 31 articles. 

16 £1 15s Id approx , 615 copies to the nearest 5 17 £53 

18 2 60, 5 63, 416, 5 77 18 £350 , 4250 copies 



XU 


ANSWERS TO EXAMPLES: PART L 

W In half an honr from A’b start, A having travelled 2 miles 
21. In 4^ hours 22 2 7 miles per honr 

23, 25 of a mile per boor 24 6y miles per hour 

25 In 2f hours, 20 miles from A’b starting point , 2 hours, 3 hours 

26 In 3 1 hours, 24 8 miles from A’b starting point , 2 6 hours, 3 6 hours 

from A s start 

2?. 13$ miles an hour. 

XV. a. 

1 x*+2ax-26a;+o a -2a6+6 3 
3 a i +2ab+b*+4a+4b+4 

6 a a +5 3 +<?-2&5+2&e-2ca, 

7 a 5 -2a6+8*-4a+4i+4 
9 * 3 +4y 2 +s 2 -4zy+4yz-2ar 
11 o s +46 a +9/ a -4ah-125c+6ca 
13 4x a +12aa;-46*+9a s -6a6+fi s 
15 9^-6* 9 +7a?-2*+l. 

W x‘+4* 3 -f6a?+4*+l 
» 4**-4a?-19a?+10*+25 
21, 4*»-4:ty+y*+16*.-8y+16 
23 4+4x-3x a -2ar , +a? 4 . 

25 25-20*+ 34a? -12*5+9**. 

28 a?+lP+t?+eP+2<&+2ac+2ad+2bc+2bd+2cd 

27 a*+b'+(?+d?+2ab+2ae-2(ul+2tM:-2bd-2cd 
« a *+b i +c i +<P-2ab+2ac-2ad-2bc+2bd-2ed 

29 a i +b' t +4<P+d 1 +2ab+4ac+2ad+4bc+2bd+4cd 

30 « , Tl?+4c s +4d s +2a5+4ac-4a<f+46c-46d-8c(f 

31 3?+j/ s +z 9 +0+2jy+2yz+2sc-6x-6y-Gz 
JJ * a +y 2 +s 8 +9-2*y+2ys-2s*+6a:-Cy-6s 

^+y a +42 2 +l-4*y-4y=+8*s-4*- L 2y-4: 

34. 9i'+46*+4(?4.eP„ J2ah+12ac-0ad-85e4 4bd-4c&. 

35 ^+2* 9 +3r*+4* s +3* a +2*+l 
ll a ^+4a?-6a?+8a?-4*J-l 
®7 a?-2ar l +3x*-4a?+3z a -2a:+l 
38 ^-Cx'j-lSa^-SOa^+lSa^-Gz+l 


28 35 miles, 45 miles. 

(P 131). 

2 ar - 2a*-2&r+a 2 +2a&+i i 
4 a 9 +i> 8 +c 5 +2a&+26c+2ca 
6 a a +6 s +c 5 -2a5+2ac-26c 
8 4* a +y*+z 8 +4*y+2ys+4as 
10 a 3 +42?+9c s +4ab+125r+6ea 
12 9a?+6a*-6&r+a a -2a&+6 4 
14 4* < +4* s +5a?+2.r+l 
16 ar l +2* 3 -15ar ! -16x+G4 
18 ar 1 -2a?-7ar+8r+10 
20 a?+2ay+y a -6a:“Gy+ 9 
22 l-2*+3ar-2*5+ar» 

24 9-6ar+13* s -4* 3 +4* 4 . 


* « a -2a5+fc 3 - c* 

8 * m -±2xy+ y«-j 

f 

1 4^*4 4*1* A a 5 -6* 

9 ^-lCr=+Sry-y 8 
11 U5-a*+2a6-J 5 


b. <p 131) 

2 o^Sat+ir-^c*. 
4 3?+4xy-r4y 3 -6 s 
6 a~ ~ 4b* 4bc — c? 
8 9y s -a 5 -2a4-5* 
10 l-a’-Soh-fc 1 
12 o«+a s 5 3 +W. 



zz 


ELEMENTARY ALGEBRA 


13 l-2a+a 8 -Z> 8 
15 — 4g® + 12gr — 9r® 

17 a?+6®y+9y 8 -16 
19 l-4a;+4a?-49y a 
21 9a?-z a +42-4 
23 25a 8 +30a+9-46 8 
25 l+2a?+9a? 

27 4a?+4a;y+y 8 -a a ~2ab-b i 

29 4a? ~ 4a® + a 8 -^+41^ -41? 

30 9r 8 -12aaj+4o 8 -4y 8 +126y-96 8 

31 l-2a;+a?-y s +2yz-s? 


14 a?+4a^y+4y 8 -6* 

16 l-4a?+12a,y-9y 8 . 

18 a?+a?+l 
20 4a?+12a^+9y 8 -25, 

22 4a?-16y 8 -40jy-25 
24 at-ZaW+V 
26 a 8 -2o5+5 8 -c 8 +2cdI-tP 
28 a?+2aa;+a 8 -y 2 +2&y-6 8 


32 4 - 4o+o 8 -96 8 +65c-c 8 


XV. c. 

1 a?-3a?-6a;+8 

8 2 s -y 3 

5 a? - a? - 6a? + 27a; -30 
7 a 5 -8o 4 &+14a 3 6 8 +9a 8 & 8 -6a& 4 

9 2a*-7a a b - 4’% 8 +23a6 3 - 8ft 4 

11 a?+8 12 82 s -1 

15 a?+l 
17 **- 8 

19 a? - 5a? + 10a? -7a; -15 
21 c 4 - 25<?d 2 -60c(P-25d 4 
23 a^+AP-aV-fi^ 8 
26 a?-2a?-12a?+z+2 
27. 20+lla;-21a?+7a?-2a? 28 
29 a?+3afy+3a# 8 +y 8 -l 80 

31 4a?+3a?-23a?+25a?-14a;+4 


(P 134) 

2 aP+aPb-atf-b* 

4 a?+3afy-4ay 8 -12y 8 
6 x 4 - 62 s - 102-15 
8 - 2 4 - a?y 8 - y* 

10 a?-l 

18 a?^ 14 27a 8 +8M. 

16 a 8 +l? 

18 a?-4afy+3a?y 3 -12y 3 
20 a?-13a?-2a;+36 
22 a^+aV+y 4 
24 - 10a 4 +21a s 5 - 21a 9 6 8 + 166 4 . 
26 12a? - 34a? + 37a? -17a; +5 
6 + x - 2as* + 7afy + 7a?y - 3a?y®. 
a?+3a?-a?-16a?-14a?+18a:+24r 


32 - 5+8a- lla 8 +4a s + 19a 4 - 9a B - 6a e 
38 21a?y-29a?y 8 +3a?y s +5a^ 4 34 6a?-12afy 9 +6y* 

36 a 4 +a s 6+o6 8 +6 4 . 86 a 3 +& 8 +<?-3a6c 


XVI. a (p 136) 


1 a?- 5®+14 

4 2a?+2z+5 

7 z+1 

10 2aj+l 

13 3a?-2a:+6 

16 2-3 


2 2 z -G2-5 
5 3a? - 42 - 6 
8 x-y 
11 3a -2 b 
14 z-1 
17 9a?+3a:+l 


3 a?— 2+3 
6 5+G®+4t? 
9 «-2 
12 5a;- 3 y 
15 stP+xy+y 2 
18 a 8 -a5+6 8 


19 a?+a?+®+l 20 a?-a?+r-l 

22 a?+l 28 27a? -182*+ 12® -8 

25 a?+2+l 26 a?+2x+l 


28. 2®-4 29 a 8 -a SO 

81. 2a? -3a? +4® -5 32 


21. a?+l 
24 a?-2+l 
27 a?-4®+4 
l2a?-ll , i?+10a?+39®+8 t 
a?-5a?+13a?-40®+119. 



ANSWERS TO EXAMPLES PART I 


XVI b (p 138) 


I a+26+c 
3 c+5+c 

5. x'~ax l -ra i x-a* 

7 a?T 7x~5 

9 o 8 -o 7 -‘-a # -a 4 +a*-a+I. 

II cfi+tr+tf-ab-ac-bc 
13 * s +y 8 +4+:ty+2y-2x 
16 aP+xy+y 2 

37 ab+lc+ac 

19 32o s +16a 4 +8a s +4a a +2a+l 


2 a 8 +2ab+26 a 
4 3a+2b+c 
6 o-6+c 

8 x 3 +:ry-2x+y !! -4y+4 
10 2 a, 2 - 3 m/r 5 y 2 

12 o®+ 6 5 +c 4 -fl&TOC+ 6 c. 

14 x 9 -x 4 +ar 1 -x s +ar-l 
16 a+b+c 
18 aO+ary+sY+P 6 

20 a6-ac-6c+c 8 


21 

a£+ase+3a fl . 




22 

*®+2ax- 

4« 8 




23 

4 + 2 

24 

7* 

ab 

g- + 

6® 

9 


25 

X s 

16 

.*y+ 
20 ^ 

y! 

25 


26 

ft 3 ab b- 
4~6 f 9 

27. 

a 8 

V 

Sab 

21 

*49 


28 

a 

5“ 

b 

4 





XVI 

C. 

(P 

140) 






1 

-8 2 

28 

3 

-6 


4 

-3427 


5 

» 6 
7 

6 

35 

7 11 




6 

10 



9 

-9 

10 

-53 

11 - 

381- 



12 

44 



13 

ii* 


XVH a (P Ml) 

l a? ! -2*(yTg+r)+{jog r -^‘+P>’) 

8 r=.), y=6 4 9 half crowns, 

6 **+3a?+4 6 a s +33' s 


2 127 i 

3 threepenny pieces 
7 3 


XVH b (P Ml) 
1 2a: -y, 2x-y+20, 2x-y-20, y 
8 Common roots, x=6, y=S 
5 a*+4a J HW-l 4 6 I Co* -6* 


2 113 
4 37 

7 2a 5 -3ox4ar‘ 


l 

3 


XVH C (P M2) 

10* apples, Spence 2 

x 


’ X= - *) 1 -1 

1 

3 

7 

» 

10 

' v=7 i 4 

1 

-2 

-5 

-8 


4 

4* e +6x*+4x s 4 1 
60 x 4 lSyrtesMbO'i 
x«- 81 jr 
3x*-2x+3 


XVH d (P M2) 

l ~ jarda, 1259^ mm 2 ISO 

3 x« 4 - 07 , ysOG « ^- 3 x s -* 4 - t -I ) x»- 5 i- 3 rTa 

8 72,74 0 4a* 3 J Mix 7 a -36-2 



XXII 


ELEMENTARY ALGEBRA 


XVH. e. (p 142) 

1 xy miles, GOxy miles, ^ miles. 2 226. 

3 162 4 12 57,34 57, 62 86, 16, 10 inches. 

5 xP-SxHGx^a^+Gx^Sx+l 7. 3o-6+4 


XVH. f. (p 143) 

1 xy pence, ~ pence, - pence, — pence 2 -j. 

8 4y- llx=3 4 26 7miles 5 2x 4 -llx 3 +20x , -14x+3. 
6 4x I +a b-ac-bc 7 o-36+4e. 


XVII. g. (P 143) 

1 a.+b 2 x®+2xy+y a -z s 3 7 

4 27 m from one end, 18 m from the other 6 x=5, y =11. 

3 3x z -2x+l 7 66, 48 

XVH. h. (p 144) 

1 x~aP. 2 a 2 x a -2aSx+a a . 6 11, 7. 

6 3* -7 y. 7 21 

XVH. k. (p 144) 

1 a?+7. 2 -39, -120, -7, 0, 1, -4, -15 3 


4 22 miles, 48 minutes 5 x=2§, y=12 

6 2x®+3x+l 7 x=2, £5 5* 


XVH L (p 144) 

1 2 x+y+z-3o 3 

4 169 in, 2 25m, 38cms, 6 38cms 6 2x 3 -5x-3. 

6 180 7 xs=3, y=l, s=5, i«=9 


1 a(x+6) 

4 a^fx-oa) 

7 6zr(x-3y) 

10. 6x(5x-4y) 

13 -y{a-b- c) 

16 3{pV-3/w+4) 
19 7x(2x s -xy+8y s ) 


XVIII a. (p 145) 

2 a(x-o) 

5 a(a?-ax+a s ) 

8 x(x-y) 

11 x(a-6+c) 

14 px[px~ay+ly) 
17 ays(x+y-z) 

20 


3 x(x-3a) 

6 3 a(a~b) 

9 7(3- 8x) 

12 -2x(x s -2) 

15 10a ! f* 3 (4t-3a) 


18 76(o -c-3x) 
brjc (Gx - 9y + 8z - 3 xyz) 


XVTH h (p 147) 

l (*+4)(x+5) 2 (x-3)(x-7) 3 (x+4)(x+6) 

< (x+3)(x+7) 6 (x-4)(x-6). 6 (*-!)(*-* 7) 



» 

1 » S >t*+l) 

: U' x+e ' 

31 u^+U) 
34 j +a? )f3+aj 

37 

43 n ^lz+3b) 

* S^f -W 

49 o. (G ~*) 

62 !+*<*-*) 

«• £2®-« 

fis L ?! ( *- 2 ?) 

61 L'! )(x -ty 

64 r i to 
67 


® (*-2» 

u ! z+lp 
ii Zspn 

» L +8 f-U 

32 +0J ^'8) 

■ 

m fe-S'r + ”' 


« fe + ' 5 ?- +1 

a *3* 
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« sffii 


" fe-a, 57', SB ; » ' 

2 ■ <U5 

• £?«i-*> 2 /*-« ; 

so L^d-Ife, 2 
«8 ,, i l,fe 'I«) s , fc -IS)f- 

2 tr'* : & 

5 (fe+ 2 !'" ■ - 72 
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* ,£Ey 

I &i 
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? k-a 
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2 £-> 



ELEMENTARY ALGEBRA 


xriv 


XVUI. d. (p 149) 


1 (l-a)(l+a) ' 


3 

(l-2a)(l+2a). 

8 (a-2tf)(a+2<r) 


4 

(a-7)(a+7) 

6 (3a + a) (3a -a) 


6 

(3a+l)(3a-l) 

7 (5* -4) (5® +4) 


8 

(*+3)(*-3). 

0 (5®- 7) (5® +7) 


10 

(a-S)(a+5) 

11 (ll-5)(ll+5) 


IS 

(a-3)(a+3) 

13 (a-13)(a+13) 


14 

(2-a)(2+a) 

15 (4- 11a) (4+ 11®) 


16 

(ab+cd) (ab~cd). 

17 (3ay+4oi)(3ay-4a5). 

18 

100x102 

10 8x14 


SO 

(xy+l)(xy-l). 

SI (8-crf)(S+cd) 


S3 

(l-3i)(l+31) 

28 (3~2a)(3+2*) 


34. (3a5-4)(3a5+4). 

25 1x305 


26. 

(a-100)(a+10Q) 

37 (100a+l)(100«-l) 


38 

(ay-9a s )(ay+9a 2 ). 

89 (a 3 -b*)(a*+V*) 


SO 

0*+90®-5) 

31 (a^+ojfa^-a) 


8S 

(6a B -y 4 )(6a t +y 4 ). 

83 [ab*<?~x){dPd l +x) 


34 

(l-10s)(l+10a) 

85 (abc.+d)(abc-d) 


36 

(l-lla 2 )(l+lla 9 ) 

87 (7a-6y)(7a+6y) 


38 

(pj~2)(p?+2) 

89 (12r'+yV)(12a s -y% 3 ) 

40 

(a -155) (a +155) 

41 (9a-8)(9a+8) 


48 

(2mn+l)(2m»-l) 

43 (3p-7?)(3p+7$) 


44 

(a-13y)(a+13y) , 

45 <9a5+l)(0a5-l) 


46 

(*“-y 9 )(a! I8 +y 8 ) 

17 (0-175) (a +175) 


48 

(lla+125)(lla-125) 

49 (5a? - 13a*)(5a?+ 13o B ) 

50 

(a®y-10)(afy+10) 

51 (ary 3 - 12p)(a^®+ 12p), 

92 

(l-10a^)(l+l(teW 

53 (ll®V-l)(llaV+l) 

54 

67,000 

55 1800 

50 

998,000 

57 640 

58 1002,000 

59 

54,800 

60 33,096 

61 136 

63 

650,000 

68 573 

64 313,800 

65 

996,000 

06 15,152 

67 9,400 

68 

43,984 

69 11,800 

70 9,009,800,000 

71 

13,440 

73 15,000 

73 15,800 

74 

59,600 

75 128,400 


2VIII. e (p 

150) 

1 3(a-2o)(a+2a) 


S 

7(1 -a) (l+fc) 

8 2(*-12)(a+l2) 


4 

5a 3 (3y~4a)(3y+4a) 

5 3{a 4 +a)(a 4 -a) 


6 

7o 5 y(4ay-5)(4ay+5) 

7 6(3ab+2al)(3a5-2ccf) 

8 

WW(iif-2)!« ! i , +2). 

9 7 (o- 75) (a ■‘■75) 


10 

3(5a-4)(5a+4) 



ANSWERS TO EXAMPLES. PART L 


XT'? 


U ll(l-3b)(l+3b) 

IS 13 (a , - 6 j(a*+ 6 j 
15 3 (a? ~ 10 ) (a? + 10 ) 

17 5 c(llx+ 12 b)(llx- 12 b) 
19 . 17 (l- 2 pg)(l+ 2 pg) 


12 5 ( 3 o 6 - 4 )( 3 a 6 + 4 ) 

14 7 (x- 15 a)(x+l 5 a) 
16 3 a( 3 p- 7 g)( 3 p+ 7 ?) 
18 13 ab(e- 2 d){c+ 2 rf) 
20 7 xW“ 2 y)(l+ 2 y). 


XVm. t (p 151) 


1 (a-b+c)la-b-e) 

8 (x-y+ 2 a){x-y- 2 a). 
5 . (x+ 2 a-b}(x- 2 a+b) 
7 ( 3 x+ 4 y)(x+ 2 y) 

9 . ( 5 x^a-b)( 5 x~a+b) 
11 . 4 x 12 Sax 


2 (a+b+c)(a-b-e) 

4 (x+ 2 y+ 4 b)(x+ 2 y- 4 b) 

6 (x+y+a+ 6 )(x+y-a-b} 
8 . (a+ 4 x-y)(a- 4 x+y) 

10 , ( 4 a+ 5 x+ 5 y)( 4 a- 5 x- 5 y) 
13 (a- 2 b+e+rf)(a- 2 b-c-<i) 


* 4 . lo^b+c+x+y+sjto+b-i-c-x-y-s) 
lb ( 4 xry)( 2 x- 3 y) 16 16 ( 2 *+ 1 ) 

17 20 py 18 y( 6 x-y) 

19 ( 2 x-r 2 tt+ 3 y+ 3 b)( 2 x+ 2 a- 3 y- 3 b) 20 ( 5 x-ry)(x+ 5 y) 

21 3 (a^-b+ 2 e+ 2 d)(a+b- 2 c> 2 < 2 ) 22 ( 8 p+g- 4 )( 87 >“g+ 4 ) 

78 4 ab 21 ( 3 x+ 2 y+ 2 a)(x+ 4 y) 

2 b 3 (x+y)(x-y) 26 - 48 ax. 

27 0 -* lx- 2 y)(l- 3 *+ 2 y) 28 (l+ 2 *- 5 ?y)(l- 2 x+ 2 y) 

29 ( 10 ^ 2 a- 36 )( 10 - 2 a+ 3 b) 30 b( 8 a“ 6 ). 

31 (a-b) s (o+b ) I 2 82 (a«+ 2 ab+ 26 5 * * )(a 8 - 2 ab+ 2 b») 

33 2 ab - 1 34 5 ( 0 “l)(aJ.l} 35 ( 2 x ! +l}( 5 - 4 x) 


xvra g. (p 151) 


I \a -/(■*• c)(a -6-c) 

3 (xra+b)(: x^o-b) 

5 {a~b-c)(a-b-*-c) 

7 VJ [ '” 0 -v)(x>»«+y) 

9 (r-y*.t)(r-y-3) 

II (1 -2a -6}(l -2<n b) 

13 (£a -b -X ■*■<•) (2a*- 6-x-c) 
IS ia *~b J if)(a-c-b-d) 

17 (a-c •* M(a-*-e-b) 

19 o(n ~l-2c){a-b-2c) 


2 (c+a+b)(c-o-b) 

4 . (y+a-xMy-a+x) 

6 (l + a-b)(l-a+b) 

8 (x- 2 y+ 3 ab)(x- 2 y- 3 ab) 

10 ( 4 *a“b)( 4 -a+b) 

12 (orX+b+y)(a+x-b-v) 

14 (a- 6 +c-d)(tt-b-c-d) 

16 (x=tX- 1 )(* 3 * -*- 1 ) 

18 ( 3 a-bJ-a* 4 . 2 <')( 3 'i -b-x- 2 :) 


1 f>r-2i(r-2) 
4 (*-7>CIr-3» 
7. (r-OjOr-l) 
10 fV-»)(3r-4) 


XVni h. (p 154 ) 

2 (x-»3K3r T 5) 

5 (y-<J)( 3 r-».f>) 

8 {x- 7 )n r -l) 

11 ( 4 rJ- 3 ){ 4 r- 5 ) 


3 (x- 2 )t 3 r-l) 

6 (r* 9 )( 5 x- 3 ) 

0 ( 2 z-."»}( 2 x- 3 ) 
12 (?*■* l){“x± 2 ). 



ELEMENTARY ALGEBRA 


xxvi 


18 (3* -2) (3* +4) 
16 (2fc-3)(3z-l) 

19 (5z+4)(4z+5) 
22 (4z-6)(6z-5) 
25 (2z+3y)(z+y) 
28 (7z-3)(2z+5) 
81 (5z-9y)(2z+y) 
84 (13z-l)(2z-3) 


14 (2z-7)(2z+9) 
17 (3z-2)(2z+l) 
20 (3z-4)(4*+3). 
23 (l-2z)(3-2z) 
26 (2z-y)(z+2 y) 
29. (3z-7)(3z+4) 
82 (7z-3y)(z+y) 
85 (13z+2)(z+3) 


15 (2z+3)(3z+l). 

18 (4z-3)(3z-4). 
21 (6z+l)(3z-2) 

24 (5-z)(l+2») 

27 (6z-5y)(2z+3 y), 
80 (7z-4)(2z-3) 

83 (12z+5 iy)(x+y). 


XVIII. k. (p 155) 


1 

(a+yMa^-zy+y 8 ) 

2 

(a-yj^+sty+y 8 ). 

8 

(1 —z){l+z+z®) 

4 

(l+zKl-z-fz 8 ) 

5 

(ar , +y)(z 4 -z?ty+y a ) 

6 

(a a 'y)(z*+a^y+y 8 ) 

7 

(2z-l)(4z 3 +2z+l) 

8 

(l+2y)(l-2y+4y 8 ) 

9 

(2o+&)(4a 2 -2a5+6 8 ) 

10 

(l+3z)(l~3z+9a?) 

11 

(z+3)(zi*-3z+9) 

12 

(y-W+3y+9) 

18 

(a+5)(a 8 -5a+25) 

14 

(5a-l)(25a*+5a+l) 

15 

(2z-3y)(4a?+6zy+9y a ) 

16 

(2a+3&)(4a 8 -6a6+95 2 ) 

17 

(a - 6) (a 2 + 6a +36) 

18 

(7z-l)(49z 8 +7*+l) 

19 

(y-4)(y 3 +4y+16) 

20 

(4+y)(16-4y+y 8 ) 

21 

(lOz+lJtKKta^-lOz+l) 

22 

(a6-l)(a 2 5 8 +a&+l) 

23 

(l+a&)(l-a&+a 2 5 s ) 

24 

(a6 2 -4)(a 8 & 4 +4a& 2 +16) 

25 

(2zy-l)(4zV+2zy+l) 

26 

(z 8 +l)(z«-z 3 +l) 

27. 

(4a-5b)(16a a +20a6+256 8 ) 

28 

(3x+pq)(9is l -3pqx+p l q‘ i y. 

29 

(6a - ft) (36a 2 + 6a6 + 6 s ) 

80 

(8x+l)(64a£-8z+l) 

81 

(9a-2z)(81a 2 +18az+4z 2 ) 

82 

(l+gzHi-gx+siz 8 ) 

S3 

(a-&)(a+6)(a 9 +a5+6 8 )(a 8 - 

“o5+Zi 8 ) 

84 

(z-2)(x+2)(* 8 +2z+4)(z 8 - 

-2z+4) 


xvm. L (p 155). 

1 

-8z(fl?-2) 

2 

(a -65) (a -65) 

3 

3(x-l)(x+l) 

4 

3 - 75c + 6a&) 

5 

3(a-3)(a+3) 

6 

5(a-2)(a?+2o+4) 

7 

(10a-5)(a+6) 

8 

3(2a-3) 

9 

^y(z 4 '-3y 4 ) 

10 

7(a-5){a+5) 

11 

-(l+z)(l+z?) 

12 

llac(c-3a) 

18 

3(l-6z){l-z) 

14 

3(o-l)(a+l)(6-l)(6+l). 

15 

3{2+z)(2-») 

16 p 4 q*t*(p s q 3 -3qr i +2p s ). 

17 

3x14x8=3x7x2* 

18 

3(5z-2)(z~2) 

19 

(z-p)(z+g) 

20 

4(z-10y)(z+y) 

21 

5(l-3y)(l+3y) 

22 

10(2z-y)(»+2y) 

28 

ll(z-lly)(a-12y) 

24. Sd-SzJG+Sz+Oz 8 ) 

25 

(5-z)(*-l). 

26 

(*-y)(a-y-5) 
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41 
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40 

42 


73 p^> 
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r« 

77 
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70 
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ELEMENTARY ALGEBRA 


31 


M) 

32 

(20x+7)(10x-3) 

83 

(x+y+z)(x -3 

j-z)(a?-y+z)(x+y-i 

t) 

84 

Q{x-y)(tf-xy+y*), 

35 

x(x+l)(x-2)(x+5). 

36 

(x+6)(6x+a s ) 



37 

(x+l)(2x-6)(x-3) 

38 

(is® + y 3 ) (a 2 + 6 a + c a ) 

39 

(3x-5)(5x+7) 

40 

{x-b){bx+a 2 ) 



41 

4o&(l+a)(l-a)(l+&)(l-b). 

42 

[ax - (a - l)][(a+ l)x+a] 

43 

(x-l)(x-2) 8 (x+2) 

44 

(x-l) 3 (x+l)(6x+l) 

45 

(» + y ) (3x - 2y) (2x - 5y). 

46 

(x-3)(a?-x+l) 


47 

[(a+2)x+a+l][ax- (a-l)} 

48 

[a-b){a+ab+b) 

40 

(2a + 5 - c) (2a - 6 + c) (4a a + 6 - c(*). 

60 

3(a+6+c)(6- 

c) 


51 

(x+y)(5x-3y)(3x-2y) 

62 

(x-2)(a?+2x' 

-2). 


58. 

(x-y) 8 (x+y) 

54 

(x+ay)(x-by' 

) 


55 

(5p-4g)(p-3g) 

56 

x(l+2ay)(l-! 

2oy+4aV) 

57 

3(3x a -4y)(3x*+4y) 

58 

(x-2)(a?+x+2) 


59 

(2x-5)(x+6). 

60 

(a-x)(l+ax) 



61 

*y(y+*)(y--*)(y a +a?) 

82 

4(x-12)(x+9) 


63 

(6-l+a)(b-l-a) 

64 

(x-l)(x+l)(x+3)(x-3) 

65 

(5x-l)(ll-x) 

66 

(x-3)(x+2)(a 

:-2)(x+l) 






XIX. a. 

(P 

159) 

1 

5a& 

2 


3 

ab 4 2 xyz 

S 

Zo?b# 

6 

3x> 

7 

3 xy 8 y 

9 

3aV 

10 

13x® 

11 

5a?d 12 abc 




XIX b. 

(P 

160) 

1 

a 

2 

x-2 

3 

x+y 4 x-2 

6 

a+26 

6 

x+y 

7 

x-2y 8 x+y 

9 

x(r-3a) 

10 

3(x-3) 

11 

x+4y 12 x-2y 

(3 

x+1 

14 

1 — X 

15 

1+x 16 x-3 

17 

*+y 

18 

x+4 

19 

x+11 20 x+5 

21 

x+a 

22 

a 3 -a5+6 8 

28 

x-6 24 x-3 

25 

3a 3 6 2 (a+6) 

26 

3x-l 

27 

x+3 28 (x-l)(x-2). 

29 

a+6+c 

30 

6x-l 

31 

*-2 82 (a-6+c) 

33 

x-5 

34 

x-a 

35 

2» -1 86 4x 3 -6t+9. 


x-1 

38 

x-1 39 

(x 

-l)(3x-2) 40 x-5 




XIX c, 

(P 

163) 

l. 

a(3x 3 -2ax+a 8 ) 

2 a?+xy+y* 

3 2a?-x-3 

4 

x-2 


5 x+2 


6 x+4 

7 

a^+Gx+l 


8 4x+3 


9 2x-5 

10 

a^-Gx+l 


11 2x+7 


12 x+2 

13 

x-4 


14 2a?+7x+3 

15 X s - 3 

16 

3ar+y\ 


17 a^-SaHy+Sx^-y* 

18 

Gx 3 -!, 


19 x s +x-*-2 

20. s?+8x-& 
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ELEMENTARY ALGEBRA 


XX. b. (p 169) 

1 4x(a-x) 2 a 2 (a - b) 3 6(a-x)(a+x). 

4 21(o+6) 6. a?b 2 (a-b) 6 xyz[x-y) 

7 4 afy[x+y) 8 6(»— l^fse+l) 9 a*[a-x) 

10 4akc(a+x) 11 15(a-5) 12 12(a-y)(a+y). 

13 6a?(ai»+l) 8 14 12(oa-&y)(aa+&y) 

15 ry[x+y)(x-y) 16 8(l-*)(l+*)(l+s^)=8(l-as*). 

17 12(*-l)(*»+a+l)=12{a s -l) 18 (a+l)(a+2)(a+3) 

19 (as— l) 2 (a;+2) 20 (a-2)(a-3)(a-7) 

21 (a+l)(a-4)(a+6) 22 ( a+b+c)(a+b-c)[a-b+c ). 

23. 18(a+y)® 24. (2a-l)(a-3)(a+3). 

25 (3a-l)(a-2)(a+3) 26 (a^-y®) 8 

27 (x + 6y) (x - 6y) (a + y ) (a - y) 28 105ab(a+b)(b-a) 

29 12s 8 (a+y) (a -y) 30 72aY(a-l)(a-2) 3 

31 a(a-b)[2a-b)[a*+db+b 3 ) 32 (2a >1) (a -3) (3a +2) 

33 (a+l)(a-2)(a-3) 34 (a-2)(a+2)(a-l)(a+l), 

35 lSa^fa -b) (a+6) (o a +ab+6^)(o 3 - ab+b*). 

36 36a(a-y)(a+y)(a 3 +ay+y 8 )(a 8 -ay+y a ) 

37 (a - 2a) (a + 2a) (a“+ 4o 8 ) 38 ( x-a)(x-b)(v+3a+b ). 

39 (a - 3) (a+3) (2a - 1) (2a+ 1) 40 (a-5)(&-c)(c-a) 





XXX11 


ELEMENTARY ALGEBRA 


2 a*b 

(a - b) (a- 26) [a -35) 

8a 3 A& 


(»+3y)(3x+y)' 


1 — x® 

40 2 *V 
40 

4* 34xy 
49a 2 -y a 

46 -L 

x — 1 

49 Jfo 
1 -a 4 


(a 4 -4)(a*-l) 

41 4®L. 
a 2 -P 

44 2 xs 

[z-y-z)[x+y+z) 

5» 


42 3a-5b 
45 r - r _ 


53 0 
57 - 


47 y 48 

(a+fc)(a 2 +6 2 ) 

_J__ 51 - — 

-c 8 - 1 x(x- 2 ) 

2 55 ( j_v 

x(x J -l) U+ 6 / 


(x+4)(a+3)(x+2)(x+ 1) 

L i 

(x-l)(a-2}(®-3) 

1 An 4x 


x 2 -! 

3 

(x+l)(x+4) 

3b 


x 9 — 1 
67 


x a -xy+y* 

04 4+2a-a 2 
2a 


a+bz 

b+ax 


45 32s 

+«) (a 2 -9) (a 3 -26)’ 

48 2to3 
(3 -2a) 4 

JL_ 62 “ 4 ( c ~ 2 ). 

x- 2 ) x*— 1 ' 

_LV so ^ . 

i+b/ ^-Sar 1 

fiB 2(2x+5)(a?+2) 
(x+l) 8 (a?-2®+3)‘ 
m 16x 

jr» (Priy^cgT 

65 8 , 

2 a x(x+l) 

bb 18x s -18x+2 

(3x-2)(2x-l)(3x-4) 


69 -m 

* -!• 

w 8 

X 2 

78 0 

to 1 


70 

1 

71 

2xy 

X 

a^+y® 

73 

x +1 

74 

2 xy 

X— 1 



76 ~L- 

x -2 


n t 


70 


80 1 

84 5(a+x) 
(2a-x) a 


81 a a + 6 a 


(x+l)(*+2)(*-3)' 
89 aP+y* 

qq a l -a a 6 B +b 4 
a 4 +a a 6 a +b 4 

95 ^ 

8a 8 + 276 s ' 


87 

x(»+l) 

2 * 

88 

90 

1 

x’+y 2 

91 

93 

3 

a 

94 

96 

x 2 - ax+a 3 
a^-a 8 

97 


99 2x 100 -1. 101 _L 


103 2 (ab+ 6 c+ca) 
abc 


85 

a -fib 

(«-5) a 

(x-8)(3x-8) 

(a?-4) a 

(x-7)(3x-5) 

2 

x 

2 (a-fr)s 

(a+x)( 6 +xj 

109 


104 (.+»)(M i) 105 



Joe &±i 

109 


To 

107 




BS. 



e 

"*s 

e 




120 J^j-3 

214 j 


118 


y~x 


228 


208 

2 « 2. 
IIS 2 
120 




3(*+ 


y-fa; 
112 . 


He 


1 8 
1 7 


8 3 
« J 

18 L 24 3 

- & «* .• * 

3j 

«. 4 

so 9 


30 „j 
85 

* 5 


8 2 
25 7 

32 


xxir 

'2. 


J 

i 


**» 


J 


281 


1+ a-, 


4 


41 


8 


fe 180) 
4 

20 3 
26 7 

0 88 » 

97 
32 

a* ^ 4 '1 

j ?^ e ® 

r« i’l 


5 2 
21 J2 

* ~107 


88 4 
S3 o 
18 fi 


33 

34 


6 1 
22 o 

28 


2 

s 


*fot- 

3(*-l 


*2 


son 


0 ***+&) 

is Jf'-V) 


28 


17 iffi 

: •-S"* 

£ (fe.J! 37 4 9 ) 
23 O- ■ - * s -‘ 




35 

fj-. ' i/~ lj 


35 


<P 181) 

: 

• &&♦« 

» (J. ') 

• ihJ." 

18 

S3 „ 

* 

* 

? ?&£?*«** 






5* 


II 



WCX1V 


ELEMENTARY ALGEBRA 


41 p(px-l)*. 

48 (x+4)(x+12) 

45 (x+2a)[x-7t>) 

41 (3a; -a) (5a; +25) 48 

48 (a;+l)(2a;+l){2a:-3) 


42 (a: -12) (a; -13). 

44 (lla;-8y)(3a!+4y) 

48 2&(3a B +6 a ) 

2(as - 2 )(jb+ 2)(* 3 - 2®+4)(a*-»-2a;+4) 
50 (a?+i a )(a 9 +& 8 -c?‘) 


51 (a? — 8)* 

58 (aj-7)(*+21) 

55 (3a; + 2a) (4a; -75) 
67 (9a; -5) (3a: +25) 


62 (a-5)(a+5+l) 
54 3(a-5)(a-6-l) 
58 (a;+3)(a?-a;+l) 
58 (a;-a)(a;+a+3y) 


59 (a-25+2c)(a+25-2c)[a 9 +4(5-e) 9 ] 60. (a-1 a;+a)(a*-a+IJ 


81 (a+5)(a+5+2) 

9? (*-y)(3a;+3y-4) 
85 (a?+y») 9 
67 32a; (a; + 10) (a; +1) 


82 (5x-12y)(7a:+2y) 

84 6* (as-6)(a?+6)(st»+6“). 
86 (4x— o)(4a;+a) 

88 2y(a;+y)(a;-y). 


69 (a+5-c)(a-5+c)(a+5+c)(5+c-a) 
10 3(a-5)(o+5)(5a 9 -8a5+56 9 ) 


71 (a-5)(5a+55-l) 

73 (2a:-l)(2a:+l)(4a?+l) 

75 (*-l)f®+l)(®-2)(*+2) 

17 16 (a -6) (a +6) (5a 9 -605+55*) 
19 5'c(l3a:*+18a^+ T 2y a ) 


72 (13a:-4)(3g+2)» 

74 (a?-y)(a-6-c) 

76 (af+y-6a)(a;+y-7«). 

78 (a-b)[ax+by+e) 

80 (4X 9 + 2xy + y 9 ) (4^ - 2zy +y J ). 


XXm. b. (p. 182). 

1 'i[x-a){x+a), (a;+9y)(a;-lly), (75a;-l)(af-l), (*+y)( x-5). 

2 x-3 8 W-x) 4 4 ^-aW-bV+aW 

(x — 1) (as — 2) (as — 3) 

5 ±2 ft, ±3 6, 3 2, 5 8 6. y. 7. 30 miles an hour. 


XXIII. c (p 1821 

1 2(«-2)(x+2), (2a;-l)(x-2), (a+5-c)(a+5+c), (a;-y)(a;+y-3* 

2 1. 8 12a 8 5*(a-6). 4 3a;-2 

5 22 4 acres 8 a;=3, y=-6 7 25 miles an hoar 


♦HI 


d. (P 183) 

l (2as+l)(x+3), (a+5+*)(a-5-x), (5-c)(a-c), 3(1 - 5) (1 +5+6*). 


2 x-a 


3 0 4. *=6, 4, 2,\ 

y=l. 2, 3 / 

6 5 7 2 stumped, 3 caught. 5 bowled. 


5, a 4 +a*5-a5*-5 l 



ANSWERS TO EXAMPLES- PART L 


XX3CT 


> 

t: 

2 . 


5. 


xxm. e. (p 183) 

(a-32)(a?+4), (a+y)(a-2), [x-lfix-'S), 4(l+3a)(l-3a+9a 5 ) 

HzPJ l k 3 (a+l)(z-2)(»-3) 4 25 7 miles from the start 

t+tt-o 

a?-2x+3 6 -15 7. 2& 


XXm £ (p 184) 


1. 

2 

6 


(2x-l)(x+5), 3(a-5)(o+6), (&+e)(o-rf), (x-y)(x+y)(*-s) 


o-6+« 
*=4, y=3 


» 3 ~ 2x3 4 *=9, 6,3,0.) 

(1 -x)»(2-*) tt y»l, 3,5, 7 1 

6 15 miles 7 -7| 


XXm. g (p 184) 

1. (3x+4)(4x-3), (2a+6+c-d)(2o+6-e+d), (x-l)(x+l)(x+2), 
(x-l)(x+l)(y-l)(y+l) 

2 — i 3 4. 184 against, 161 for. 

5 z s -z(o+26)+35 , +o*. 6-3 7 mm , 20* yds , miles 

x 88 


xxm h. (P 184) 

1 6*+“ 2 0 3 33,48 4 1 

6 7 6 x=-2,y=lj 7 £3*,£12x,£^.£^ 


l 

4 


xxm. k. (p i85) 
*+l + i 2 2. 

x 

z-fai * a ““ p““ 

-15, -S, -3,0, 1,0, -3, -8, -15 


* 5 

6 z= - 1, y= - li 


1 

4 

1 

4 

6 


xxm L (P 185) 

6rv-3y* 2 3 3 SL+J-^ 

o-fc-e 

31,4 5 <t=9j, 6=4 G x= -2, y= - 2. 


12i>. 

4t3?-x-» 1)1 *4 11 
~ X 4 ix 4 — F) 


xxm m. (P 16G) 

2 ei 3 5 
• • 

5 K tmn. put 4 


The eqi.nl rn w an litntity 
m 




- (Wj 
HO oXx 


05 



XX XVI 


ELEMENTARY ALGEBRA 


XXIV a. (p. 187) 


1 

x 4 

2 a? 3 f 

4 xty* 

5 ab®. 6 x*y* 

7 2a b 

8 

4a*6 

9. 7 x*y®z* 

10 

b 

u 2f 

12 

9a®&® 

13 

1 

y* 


14 *5 

15 *8 

16 100 

17 

6 

7 

18 

7 

ff 

19 ^ 

10 

20 ® 

56 s 

01 llaV 

81 nr 

22 

iafiy* 

7 

S3 

10a* 

9b 

24 5* 

25 3(a- 

5). 26 JgL(2x+y) 

27 

x+y 





XXIV. b. 

(P 188) 



1 

x+y 

2 

x-y 

3 

a+26 

4 

2a -6. 

5 

x-3 

6 

l-2x 

7 

fia-36. 

8. 

7x-y 

9 

2a-7 b 

10 

3x+4y 

11 

11a -2b 

12 

1-x* 

13 

13a+2 6 

14 

9a -6. 

15 

5*-7y 

16 

a®-b* 

17 

2a® +b® 

18 

afy-1. 

19 

I- 1 

20 

a®+2b*. 

SI 


22 

2~ h 

23 

x_y 

y~x 

24 

« 3y 
X ~T 

25 

26 

B-y 

27 

x+y+1 

28 

2b 

29 

x-y-2 

30 

3(a+b)+l 

81 

a+b+c+d. 

32 

2 a+b. 

33 

a 

F 

34 

4(x-y)-l 

35 

a+2b+7 

36 

5 

37 

a 

r 2 

88 

x+7y 

89 

a s a? 
i»"a s * 

40 

X s ”*«? 

41 

x 4 2a 4 
2a <+ x* 

’ 42 

o+5 x+y 

3 " T~ 

43 

±2ab 

44 

4 

45 

±6x 

48 

±20xy 47 

1 

48 ±2, 49. 

1 

«>. 4 


3 


1 a?+a?+l 
4 a®-2ab+b* 

7 x(4ar , i3x+ 

* 10. a-b-c 
13 a-2b+3e 

16 2x-3y+5z. 
19 2a?'-3y , +7s 


XXIV. c. (p 191). 

2 2x*+x+l. 

6 3a?-2x+5. 

8 Si 2 - 2ax - 3a*. 


11 2 s -3a? -7. 

14 3a* -W -11 A 

17. 7a?-6xy+6y*. 


an. 2-1+1 

* ¥+!+>. 


3 a£~x+2 
6 2x-5y+4z. 

9 a?-3+i 
x 4 

12 3*?-2a y+fy*. 
15 2ob-35c-ca 

18. a 3 -2-I 

X s 

si £— 1 

* f-s +L 





txxviu 


ELEMENTARY ALGEBRA 





XXV. C. 

(P 207) 


1 

ij.4 

2 


8 -I7, ~1t 

4 0,-lf, 




„ a b 

. 0 b 

5 

i|. -i 

6 


7 2’ 2 

8 '!» “? 

9 

a+b c+d 
~T’ 3 

10 

4| 

11. 1, -2 

12 5,3 

18 

-4,8 

14 

4,6 

15 6, -1 

18 ±£ 

17 

4,4 

18 

1.1 

19 -4,6 

20. 0, -3f. 

21 

10, 1 

22 

~b -* 

23 -41, -‘7. 

24. 1,1. 

25 

4.1 

26 

4 > "4 

27 f -4 

28 -£ 

29 

2, -1 

80 

“9y» 1 

81 15, -4 

82 2, 

83. 

1* “1 

84 

s 7 
“T* T 

85 1, ~ys 

36 f, -&• 

87 

-§> I* 

38 

11, -13 






XXV. d. 

, (P 211) 


1 

£» “I 

2 

Ip “4 

8 A' “W 

4 l,-f 

6 

f.® 

’6 

- 5 , f 

7 -9, -7 

8 5, -3 

9 

2 A 

10 

f> $ 

11 4,3 

12 “p 

IS 

l» ~t 

14. 

3, -2 

15 $, “IT 

w 1 . -4 

17 

2.“*i 

18 

TP !• 

1® 1. 

20 22, -2. 

21 

4 _ 8 

“7» P 

22 

t.4 

28 1, 

®4 T> “TP 

25 

2, -3 

26 

2, -14. 

27 5, 

28 5, -f 

29 

0, 7 j| 

30 

12, 36 

81 0, 37. 

82 3, 

38 

S i 

y» 4 

34 

4, -T 




XXV. ©• 


1 l±vfo=2 41 or - 41 
8 2±(s/3»3 73 or 27 

6 ^5*2 17 or -37 

7 <s/5=173 

9. ^5^=1 93 or - 73 


U. 


10 

-5±*/73 


= '339 or 89 


If If^LgOor -*14. 


(P 212) 

2 -l±\/§» 73 or -273 
4 l±<s/6 = 3 24 or -l^ 

6 I±n/§« 3 45 or -145 
8. -6±V , 3=~7 73 or -4 27 
10 2±<s/l3s=5 61 or -1 61 

18 £*As 358 or 242 
3 

14 2n/ 5=346 or 73 


3 





answers to examples pabt I* 


XXV. t <P 214) 

l ±5, ±2 2 ±3. ±8 8 *’ 8 * 

6, 3, -1, l±i/l3=481 or -261. 8 1, -1» 

8 5, -1, 2i\^s*3 73 or 27. 9 

10 -8, 3, 0, -5 11 

12 0, -5, (other roots imaginary) 18 


14 -5, 2, (other roots imaginary) 

u i,-4,:^2=h«-sw 

is .j,±i!|d = -8oe, <8 « 



xm <p no 

7 25, -15 8 -25, 35 

10 8,25 11 15, 23 

18 21, -15 14 The roots are equal, 

15 The roots are imaginary 17 38, — 8. 

19 -2, 35 80 -3, 4-6 

21 187,-1*07 Minimum value -108 

23 4, -25 24. 48, 2 

25 -1, 2-2, 3, 34, 3*4, 3 Maximum value 3 45 
28 (3,5) 87 144 28 6 

>0 26, 1 81 -4 32 -14, 26 


l x=3, y=l 
4, *=7, y=2 
7 xas2, ys-1 
10 z=G, 0 
y*9, 6 

18 x=n, -9 
y=-9, 13 

16 *=$,* 

19 *=6, 
y=2, -<t 

22 *s±5,i3 

</=-3,=5 

y=?5,=3 


xxvn a (p 222 ) 

2 z=5, y= -2 
5 *=3, i/=5 
8 *=6, y= -3 
11 z=5, -3 
y=3, -5 
It *= -7, 13 
y=13, -7 
17 **2, * 
y=3, 8 
20 s=4, 1 6 
y=2, 5 

23 *=±2, ±4 
y-±i, ±4 
88 *®±5, ±3 
ya±24, ±4 


0 , - 1 . 

7 

±2, ±4, ±1- 

0, 5, -6 

o, -4 


-4 56,- 44. 


9 5, -16. 
12 5, -2-6. 
5 

18 -2, 2 6. 
22 3. 


29. 25 2*5 
33 25, -4 


3 z=2, y=8. 

6 *=1, y=2 
9 z=5 y-2 
12 *=12,-U 
2 - 11 , -12 
15 *=7, -3 
y=3, -7. 

18 *=2,-1 
y=l, -10 
21 »=±7, ±2. 

y=±2, ±7. 
24. z=±3 
y=±l. 

27 **4,2 
y=2, 4. 



xl 


ELEMENTARY ALGEBRA 


28 

9—1 -1 

29 

*=6, 9 


SO 

*=7, -5. 


y = b -f 


y- 9, 6 



y=5, -7 

81 

*=1, -2 

82 

*=7 


33 

*=5, If 


y— f 


y=h 



y= -2, -6f, 

84 

*=2, If. 

85 

*=7, -2 


36 

*=f, -f 


v=l, If 


y= -2, 7. 



y=f, -f 

87 

*=5, 1. 

88 

*=3, 0 


89 

®=5, 11. 


y=2, 10 


y=0, -9 



y=n, 5 

40 

*=13, -12 

41 

*=2, 4 


42 

«=3, if 


y=12, -13 


y=2, 1. 



11 

i 

to 

i 



xxvn. b. (p* 224 ). 




1 

*=1, 2 

2. 

2=4, -3 


3 

*=3, 2 


y- 2, 1. 


y=3, -4 



y=4, 6. 

4 

*=6, 4 

5 

*=1, |* 


6 

a-=4, - if 


2/= -2, -2f 


y=l, f 



y=l, -2§ 

7. 

*=±1, ±2 

8 

®= ±6, ±4. 


9 

*= ±4, ±3. 


y=T2, Tl 


y=±4, ±5. 



y=±3, ±4. 

10 

*=±7±2 

11. 



12 

x-l. — i 


y= ±2±7. 


y~b f 



l _ 1 

y— n t 

18 

f 

14 

*=3, -15 


15 

*= ±f ±f 


y~f Tiy 


y=5, -1 



y= ±f, ±f 

16 

*~±f ±i. 

17 

x= h 


18 

*=4, f 


y= ±2, ±1 


y=f -i 



y=b 4 

19 

®=2, -f. 

20 

*=8, 2 


21 

®”f f 


y=-i> -2 


y=4, 16. 



y=f f 

32 

9—1 _ 1 
®“T» X 

28 

*=2, 7i 


24 

*=9, -3. 


y-f» ~f 


y=7, 2 



y=3, -9. 

25 

*=f 

26 






y=l. 


r4 






XXVH. C. (P 226) 




1 

It— i 1 

2 *: 

= ±3, ±s/2 

3 

x= ±3, *=?1 


y=±2 

V- 

= ±2, t4>/§ 


y=±2, y=±2 

4 

*=4:1 (other roots imaginary) 

5 

X= T’ 

1 


y=±l 




y =1 r 

,2 

6 

*=±3, 0 

7. *: 


8 

*=±10 


y=±l, ±2. 

V' 

s± 7t 


y=± 2 



ANSWERS TO EXAMPLES PART L 


xli 


S **±- 7 =. 
n/6 

y=± ^ 

12 x=±2. 
y=±3 

14 x= i2 

17 3=3, -3 
y=3, -8 
*0 x=i-5, ±2 
y-T4, -*=3 

28 x=l, -3^ 

J=l, -f 
26 *=*2.4 
y=±6. 

26 *=±3, 

82 x=±3, ±1 
V~ ^ lj ?3 


10 2- £3, ±j= 11 x- ±2. 

y=±2, ±-i y=±3 

*_2 ^ j- other roots imaginary. 

3 

15, x= ±2, 16 a?=±7. 

y=±l,±-~. y= ±5 

18. *=-7, 3, 5, -1 19 s=4, -6|. 
y=“> -3, 1, -5 y=6, -4f. 


21 x =±2 
y=±l 

24. *= -7, 4 
y=-¥,3 
27 x=7, -I,? 

y=3, 

30 *=9|, -if 

y=-i|. i| 


22 x=5, 4 
y=4. 5 
25 *=£, .1 

y=|, 0 

28 3,= ±5, ±3 
y=±3, ±5 
81. *=2, 5, 1±\^6 

y=-5, -2, -i ± ,Jq 


x=2, -3, -2 ±*/2 
y=3, 3, -li\^ 


84. *=0,-2. a *—>*-**** 

y= - 4 , 2. / ot ^ er wots imaginary x«±3, ±2, ±3, ±2, 

y«±2, ±3, ? 2, =3 

XXVJLL d. (p 229) 

> A arcle, centre (0, 0), radine G 8 He oripn 

it . . _ . 

5 


fl 


A circle, centre ( 8 , 4 ), radios 6 t*’?'- i " 6 

.. .. (-•», * A circle, centre (1,2), railing 6 

11 ' >)r »» 5 10 Pi e, , 

J " •• (-1.0). ,. 4 18 " (3 ':f- •• 4 

, , • •' C.0), „ 4. 14. ” ” l2 ' 0) ' 

A circle, centre (0, 0), radius si 

” * t0.0), „ SS 

" (M), „ a/]3 


tl 


>» 

If 


• • 

(7,0), 


N *> 

,, 6 



xlu 


ELEMENTARY ALGEBRA 


18. A circle, centre (0, 0), radius t/10 


19 

II 

II 

(0,0), „ 

2 s/5. 

20 

II 

II 

(0,0), „ 

•S 

21 

It 

,, ( 

~ 1, -1), ,i 

sl% through the origin 

22 

II 

II 

(1,0), „ 


23 

II 

II 

(-2,2), i, 

s/B 

24 

i 

II 

„( 

-1,-1),,. 

s/B. 

25 

II 

«» 

(3,-2), „ 

slid 





sM 

26 

II 

91 

(0,0), „ 

T 

27 

91 

II 

(1, -2), „ 

•s/35. 

28 

II 

19 

( 2 , -1), ,, 

1*5 

29 

99 

19 

(3, 0), „ 

25 




XXVEL e. (p. 233). 

1 

*=5 3, 

17. 


2, *=656, 2*44. 


y=i7. 

53 


y=244, 656. 

3 

z=5 1, 

-31 


A *=5 61, -161 


9=31, 

-5l 


y=l 61, -5-61 

6 

*=6 19, 

81. 


6 *=47, -17. 


y= si, 

, 619 


y=l 7, -4 7 

7. 

4, 9 

8 32, 7 8 

9 5 73, 2 27 10 1 


11 *=1-27, - 47. 
y=l 54, -194 

14 -2*2 

y= 6, 2*1. 

16 aj=±5*29, ±284 
y=±2 84, ±529 

18 £=9 3, - 43 
y=8 6, -18 6 


12 *=-2, 28 13 *=2 0, -2 

y= 2,-4 ^=* 3 * 2 , 4 

15. *='69, -261 

y=- 2 92, 146 

17, *=±13 8, ±58 
y=± 5 8, ±13 8 


XXVIII. (P 234) 

1 (i)*+y miles, (u) z-y miles, (iu)^nours, (iv)^ hours. 

s W 00 W <**> *(«+$[) 


. , . „ 10000 i . - 100a J iww ^ 

3 1 £ 10Q+z’ U £ 100+*’ £ 100+ay' 100+sy 


10000 


(iv) £ 


100a 


4 (i) I hours, (u) - hours, (m) ^ hours, (iv) ay miles 

t. (i) i±£, (u)5£±S>, W 



i 


TO 

9 (i) 

(u) S* 

* + *-* “"’ 

$ (l) £u * yn 

«*fc- '•> N '^h )< a fcl . 

Percent ^ » 

a m * y 

l, i§ Peace, 




«») feyis- 

12 / 7 i a* 

» ( 1)fi BP®". 

, “f <“) 4 

(nr) £«Z 

ioo’ 


1 ?" Pence, 
iT" Pence 

... / ®> 


K> 

« Wf ^t + ^' ta,ff ^ + ®)’ 



“} 


irf+A)’ 

iiS+j" (uj f_« ®/ '■ 

« („ V , „ i®+?N«J« 

'£■ fa) ® i®K 

")fr.«i„,, 

m (, r8)f ,h, *fa-H««i^ fa , 
it ,. , '* ft+I >** Jr P 1 " ltn . (MJ _ 4 

^~ f ^ 8 ) s =* 15 *-y 0ni * 

20 18 2 S §8 1 $ 2 * fo 

^ ,. ... 


6 vJ £_ttzy 


23 ^ 


87 




21 


'^'ly-uco , Wo '*i is ^ 

“ y -iS'- . b “ % '»eife 

100~ 5 81 «* 

^“iSo^c. 

?*> 5 »*»■?■** .*,?» i 


29 *+6 


y-c-^c 


y 22 3 ? & 

.* y** 


* * «. 
0 +~-i * 


a j 
'•i' , c 
it J - 


3 5 + io+y^ 

A 9 


V 

°*n i 


'=n 


y+H 


*11** 


' e ^2(k 


2 $ 




o - *o a. * 
c,fi lB 3 ft 10 t is l6 


30 


=** nrfcS^i tS 


Oiles 


PefJir 


32 


/' 7 ’U 


ajs 

10 



xliv ELEMENTARY ALGEBRA 

XXIX. b. (P 239 b) 

1 5, 7. 2 3m 3. 43 4 12 6. 93. 

6 6 yds per Bee 7 14, 11 8 6 miles an hour. 9. 7. 

10 55, 60 miles an hour 11 6s 0d 12 13 miles 13 32. 

14 24 ft long, 18 ft wide, 11 ft high 

15 10 yds, 7yd8 square, £7, £5 

16 30 mues an hour, 50 miles an hour 


17 

14 ft long, 12 ft wide, 9 ft high 

18 

8 miles an hour. 

19 

5 miles an hour 

20 

8ft, 7*ft 

21. 576 

22 

42s , 7s , 3s 6d 

23 

6 

Tff 

24 

9 miles an hour. 

25 

3d for 14 lbs , 2d for every extra 7 lbs 

26 

3-pr minutes. 

27 

78 28 

10,7, 

6 miles an hour, 70 miles. 

29 

7 ft, 18 stone. 

80 

7 2cwt , 

11 25 miles 81 

40 yds, 80 j yds 

32 

7, 6 

86 

9, 4 yards 

34. 

32 yds long, 27 yds. wide 

35 

88 m , 80 in 

86 

10 hours, 15 hours 


39 14| 

87 

20£ft, 

16 ft 

88 

3 miles an hour. 


40 

10 minutes, 15 minutes 

41 3, 4, 5 miles an hour. 

42 

15f oz , 

16j- oz 

43 6 miles, 8 miles an hour 

44 £5 14s. 

45 

6tt, Qj hours 

46. 12 miles, 3 miles an hour, 

4 miles an hour. 

47 

8 miles, 

16 miles 

i, 4; miles an hour, 7? miles an hour 

48. iV* 


49 l£, l£, lj- minutes. 


50 10 gallons. 




XXX, a. (p 243) 



1 

5a 3 6 

2 

Dig 3 

y 

3 flar’y 


4 4 

08 

5 

2(a-6) 

6 

1 

g-3 

7 2®±3y 


8. l+2a 9 6 

9 

»±i 

X 

10 

. 5a 
gi- 
ft 

ll. l±(a-6) 


12 { 

13 

X 

14 

2a 

u 


16 2r>±I 

17 

4, 5 

18 

-3, 1 

19 5, 2 


20 4, -5 

21 

0, -5 

22 

±T 

28 "7> 7 


24 1}, 4 

n 

25 

ii l 

T 

26 

a, -3 

27 1 


28 If, 4f 

29 

4, -2 

30 

-1 

31 1, -2 


32 1 

88 

1* 

34 

.1 

35 2 36 

l 

7 

37. 




XXX. b. (p 2s.-) 




1 0 2 a+6-1, a 3 +& 3 +c s +2a&-2oe-26c, 

4a? “ 8a a s +3a B 6+3o6 3 +6 s 7 

8 ±\. 4. 2 83, 3 61 5 *=3, -2y 7. t** 



ANSWERS TO EXAMPLES: PART L 


xlv 


* ZX 

(*- a) (*-&)(* +6} 
6 x=25, y=6'25 


(a+26)(a-35)‘ 

3 1, 2 are the roots 
6 l t 4 


XXX. C (p 244) 

2 ±10 8 3, -2 4. 5a?-7»+4 

6 z= 3, 4, y=4, 3 7. 7062. 

XXX. d. (P 245) 

2 ar - £ - 4, a 5 +45 2 +c = -4flb+2ac-4ic- 
oHea^+lSa^+Sb 3 

4. 7 40, 7 65 5 z=3, -8, y=4, -1$ 

7 Half a minute 


(*-lKz+2K*+3) 
6 x=±l, y=±2 


XXX. e. (p 245) 

2 ±12 3 li, -1$ 4. x<2^>-3|. 

6 4af*-2z+- 7. £15 15s 

X 


1. 


1. 

6 


L> 

2 

b 

1 

2 

& 


1 

6 

h 


XXX. f (p 245) 

1. 3 -2S, 23 A 12-25,-6-25 5 *=8, y=l 

2340 

XXX. g. (p 246) 

*» 3 215,-1-4 ^ 4 2 83 6 *=6,£, y=4, -5% 

a?-Gz+l 7 3? miles an hour 


XXX. h. (p 246) 

(a?^3x+3Ha?-3z+3U8x- lp(l -o)(l+o+o«) 
zb — cl 

(*-*-flKz+r) 8 (x’-yT’+^-J^+s 1 4. 68* , 86s , 93s 

2-6, -16 8 x«±l, y=±2 7 SO, £32 

XXX. 3l (p 24G) 

16o ? - 363*5* - lOSa’b 5 - 1620*5* -t-4S6a^ ±7295* 

fc±«-M(c-o+b)(CTg-5)(c-a+51 9 . 0 c<s , M 

• — • 8 6 4 2 56, - 1 56 

2.54 p m , 1 51 p m , 3 57 p m 6 x= x 4, ±1 7 Pndaj 

y=±i, ±4 


XXX. L (p 247) 
tor-z'-lG^-Uar-So 3 5,3 

Th j meet in 4 hours, 42 milts from home 
apart m 5 hours. 

r--±5. =2^31= ±3 46), 

Y=~*. = v3(==l*7C) 


4 x=6 37, 63, 
y= *63, 6 37 
The> arc 10 mile* 


7 JL hours 
C+r 



ELEMENTARY ALGEBRA 


ylvi 


1 

4 

6 


XXX. m. (p 247) 
2 3 3 

£19 18* , £41, £67 8a 5 

a=±2, y=±l 7 


1 


z 9 -3g+2e 

x-3 

x—6, -2, 
y-6, 2 

39 ft long, 31 ft wide 


1 

4 


o-6 
o+6 
z=0, 4, 
y=o, -8 


XXX. n. (P 248) 

2 4, 1 3 2a 9 6(o+6), (a: — 2) (as — 3) (as — 5). 

5 12,-16. 6. ±9|, 7 One mile. 

y==F2, ±7 


XXX. P. (P 248) 

1 bx+ay+1 2 -8,-12 

3 (o - 6)(o+ 6 - c) (o+ 6 + c), (a?-ay-y^(a^+ay-y*) 

4 464, -164 6 25| miles an hour. 

6 a-}, y=\, *=$, & 7 480 apples, 400 peart. 


XXXI. a. (P 249) 


1 

-o-6 

2 

1 

ab 

8 

4 

2(a-26)(2a-6) 

6 

2 

6 

V 

a+6 

o 8 6»+6*c*+cV 

7 

a+6 

8 

a+e 

6 

9 

10 

a6c 

11 

2a6 

a+6’ 

12 

13 

0 . 

14 

o 3 +6 9 

a+6 

15 

16 

o«+l 

17 

a6 

18 

a (a 3 -a 4 -2) 

a 9 -a6+i* 

19 

2o6 

a^b 

20 

a+6 

2 

21 

22 

■ 

a+6 

2 

M 

a+6 

25 


XXXI l). (p 251) 


ac 

6 

o+c 

T* 

o»+6> 

o+6’ 

pr 

9 

ab 

o+6 

ad+bc-9bd 

a-b+c-d 

o+36 

o+6 


1 a=o+l, yss a-1 

3 *=?a-6, y=a+36 


2 

4 


z-e, y=s -a 

s+t 8~t 
x= ~2a’ 26 


6 


a 9 +a6+6 9 06 

* S+T“ ,y= a+6 


6 z=a+b, ysso-6. 



ANSWERS 10 EXAMPLES. PART L 


jfrii 


7. z-c, y=-o 

o-c o-e 

* *T*»*P; 

o-f & o-5 

36 a 

10 z=py=-g 

it .-‘trvtr 1 m 

o+6-e * o+5-c 

9< _c(o*+ 6») e(a 5 +6*) r . n 

*=15T |T' y= 2e5 

.. < -0 g— c 

*“e+o’ ^~2(e+o) 

14 *= fl+ *+ e ( y= B * 5 
o+6 ' e 

16 x=a, y=& 

ie a*-V a* -6* 

x ~ap-bq‘^~aq-bp 

17 z=o+5, y=o-6 

18 * 

o5-r* o5-l 

1« 

20 z=6a+5,y=2a-6 

a " 

6+c-fl e+o-6 o+6-e 

K= T’ y= "2r" jSS ~- 

as *- ±B 

±6 ±e 

fJIa'+mV+n# •Jla l +mb l +nc t \tla?+m&+ru? 

m _ 2aie 2abc 

2a5e 

~6b-bt±at' *~<ib+bc-at'~ be+ae-ab 


1 z=5a, -3s 
<• *=o, 5 


7 *=±o. 


10 



13 

16 


„ to to 

V io 

tt-6 a+5 

**" o”* ' o 

«• 4a 


XXXI. C (p 252) 


z=2a, 3a 

8 

1 e 
* ? F 

*SSfl±L 

U 

6 

Z=- f -t 

o’ « 

6 

**- 

0 

9 

*4f 

z=46, -35 

12 

ag 

« 3a 
***•»? 

16 

z=-2a, 2a +25 

_a+6 a-6 
X ~a~'b’ a+6 

16 

z=a, 6 


19 arsn+l, 0-1 20 z=Jlo+5 T e±s , o : +l , +e s -4e-fle-fl4} 

21 * = 2 M ) 22 *=«+*. ^ 23 * s0 > a+6 

21 85 ***»■-» 


XXXL d. (p 254) 

L 11 2 2. 3 7, 4 j i 

5 1 6 ±5 7 0, i 8 5 



ilvui ELEMENTARY ALGEBRA 


9 

1 

10 8 

11 

-5. 

12. 

-4. 

2-s/IO 





13 

4 

14 8 

15 

(a*+P)* 

16 

±5. 



(a+6) s 


17 

ft+25 

18 -TTff’ 

19 

n 

"T 

20 

b 

a 

21 

16 

22 0 

23 

2 

7 

24 

a s 

16 

25 

o 3 +B* 

28 1,-4 

27 

0, 5 

28 

-1 

29 

2,-4 

SO 2, 31 

}(3 ±<s/H) 32 

-1 

38 




XXXI. e. 

(P 

256) 


1 

*—6, 4, 

2 x= 

9, 1, 



* i 1±^ 


y-4, 6, 

y- 

3, 3, 



3 z=-4, 4 • 


z=5, 5 

z = 

1,9 




4 

x=±—, ±3, 

5 x= 

= ±4, 



6 x=a, 


y~4:$2, dhl 

y= 

:±2 



, o+5 

y= b > ~ 2 ~ 

7 

H 

If 

H- 

i!)S? 



8 

a=l, 

I. 2, 2, 4, 4, 


V3 

il 




y=2, 

4, 1» 4, 1, 2, 


>■“ ’31 




z=4, 

2, 4, 1, 2, 1 

9 

•-WZ 



10 

a5(c+d)-cd(a+5) 

X ~ ab-cd 

11 

-* (W> * 

(r;)> 

12 

*= 

±>Jq, 

13 x= Txf* 


HH> * 

(H) 


y= 

.25 

y-±T7» 

z=±ii- 






^n/5 

4 

*=±3, V= ±1 



z= 

± T 




XXXL £ 

(p 

259) 


1 

(0, 7) (5, 5) (10, 3) (15, 1) 



2 (0, 5) (3, 3) (6, 1) 

3 

(5, 1)(3, 6)(1, 11) 

4 

(7, 8) (10, 1)(4, 16) (1, 22) 5 (2, 3) 

6 

(11, 10) (24, 3). 

7 7 

8 8 


9 6 

i 10 6 

12 

(1, 7) (3, 4) (5, 1) 




13 (1, 13) (2, 8) (3, 3)(0, 18) 


14 (0, 12)(4, 9)(8, 6)(12, 3)(16, 0) 15 (l,3)(8 f l). 

16 (0, 10) (3, 8)(d, 6) (9, 4) (12, 2)(15, 0) 

17 (2, -5)(4, -4)(6, -3)(8, -2)(10, -1) 18 (3, -6) (6, -4) (9, -2) 

19 (1, -3)(2, -2)(3, -1) 20 (-3, -6)(-6, -4)(-9, -2). 

61. (-3, -4) 22 (- 2 „ -10U-4, -8)(-6, -6)(-8, - 4)(-10, -2) 



ANSWERS TO EXAMPLES PART I 


xlix 


it 2at5> each, 4 at 7« 2 

85 SO way* 26 27,32 

37 Gne 10 fonr>BhiUug pieces, receive 2 half-crowns 
25 4 ways 29 {t, “), (f j r) 80 *=13j>+7, J/=9j> 

31 3 ways 82 35,4 88 3 ways 

XXXII, (p 268 ) 

1 a?-7z+10=0 2 *=+*-20=0 3 4*M=0 

4 j^+3x=0 6 a?+a«-6o ! =0 6 z s -2ax+a ! -l=0 

7 o , j?-2o , *+« , -1=0 8 :?-2ni*+n=0 9 &?+» iz+»=Q 
10 s?-6z+fi=0 11 25r 3 -40z+13=0 12 - 25 

15 £± 20,1 

u 


18 f - 4g must be a perfect square 

(«) 

17 a?-2pz+4g=0 

19 oi*J-35i+Be=0 
21 oa?-2(l , -2«)s:+4ac=0 
23 o’cr-5(3«-5 1 )*+a« , =0 
!6 

8 jiQq-p 1 ) 




a h 4 £ 3 s wt* m“ 5 J 5 m £B 4 * 

a a* a J o' a* 

18 (rf-lffl+esO 
20 a«j?-(5 ! -2flc)a!+flc=0 
28 ay+a&c+8ae-2iM 
84. a=-| 

27 o*(si?+l)+(6 , +2a , )s=0 

29 ptf+jBft-rJ-jrsO 

' «V-{lr-28c)*+«S=0 
- U-l 


89 aV+25{4P+3ae)z-<M 

49 5a 


81 a?-(p*+2g)s+g ! =0 
84 (p'-p)(w'-p'?)=(}-g')’ 

(i)ae (u)<? 


-»Aj 
e *• 


« P- 2 ae 

H -»r 


50 


xxxm a (P 268) 

1 (2r-5y){3r-4y), (a^ - 3ry + y 5 ) (x 5 + 3arj/ + y 5 ), 

l*-l)(*+l)(j?+*+l)(a?-*+l) 


2 0 3 8 :( 2 j-l) 

5 (>)2\, -§» (u)z=±2, ±1, 

J=il, t2 

8 4 hr* 33 min , 3 hrs 48 min , 19 9 miles 
7 x=-3,ysU,-s4 


4 z-V-y’) 


8 J? A 3 p*+ 2 p?+gaO 


xxxm b (p 268 ) 

1 i**«)l*+9), (y-a)(v x 7a)(v-6a), 

*l*-l)(z+l)(z- 2 )(r+ 2 )(*- 3 )(*+ 3 ) 

" 4 Mi Ml. B 

4 8 90,81,71,02,41,21 * 



1 


ELEMENTARY ALGEBRA 


xxxm. c. (p 269) 

1 367a- 114&+ 690c, 1082. 2 0 3 a*»-7*+2. A -$>& 

6. (l) - j (n) z=2, l£, 6. £30 7. -1, -J. 

y=i» ij. 

xxxnx. d. (p. 269). 

1 a£-3a?+ll*-8 2 2-1-- 3 2*?+3*-& 

b a 

4 20* yds , ~ miles, miles, hours 

5 (i) *=0, 7, -2^- (u) *=£, y=| 

6 In 37| secs 7 *=1 6, max. value 2 25 

xxxm. 0. (p 270) 

2 z8-y 6 8 n»+3»+l 4 

6 (1) a-b (u) 263, 137. 7 16, 12 miles per hour. 

a 2 l 
8 Si 7 

xxxm. f. (p 270) 

1 **+3^ 2 *(*-4)(4*-7), (y+3)(y-3)(sr , +20l, 

(a 8 + 3J 2 ) (a* - 3o6 + 36*) (a* + 3a4 + 36 8 ) 

8 (,) 5^ W »=£» *■ * 

6 48 minutes 7. -(a+6+c) 

xxxm. g. (P 271) 

1 2a£+3a?+8*+25, remainder 74 2 618 

3 14/8, 14/- 4 (i) -4(« a +fi*) (u) 0. 

8 (1 > rai <“> »-& t 

7 aa s -26a+4c=0 

XXXin. 1L (P 271) 

1 af^a+fta?) 2-30 

8 (i) a 9 -a&+6 8 (n) (o 8 +a6+6 8 )(a ! -a6+ft 9 )(a s +^-^) 

4 *=2, y=6 are common roots 5 a^+Spar-Sy— 0 

6 (i) % -3jv (u) a=f, 7. 41, 28 miles per hour. 

y=-T. f 



ANSWERS 50 EXAMPLES* PABT t 


XXXIIL k, (P 272) 

* *91 -*81 8 jr? 

6. 6/17/-, 6/6/-, 7/12/- 


6 *s=±(a±6), 
yss±{tt?6). 


1. M?+(5-2am}*+<wn 5 -l>w+cs ! 0 


♦ 1 1 


‘ L 


(p 272} 


I. (e'*-12&)(a , +4&) l ffl+c){ae J-b*) 
4 lUfc 
6 P<oc 


3 a«-64&* 

6 sb= 1, y=2, 8=3 
7. 43, 18 miles per hoar 


li 


XXXffl. m. (P 272) 

1. (b-c) 2 (2*+7)(9*-5), (a-e)(a+c~2i), 

(af-5)(*-3&)(*- 5 ) 


8. 

4 


**+7 ar+S»-3 
(a) *=3i S» (6) 

n 1 

y=3- r 


to b 
F a 


A 3 61 
7 26, 44, 46 


XXXIH n. (p 273) 

1 (ac - ta) ! + (ad - be) a = (flc - M) {ad - be) 8 (i)Q, (li) 
i (3jf+2)(a:-2)(2a:-])(2*+l) A 36 

5. £800 6 (i) -$£ (li) *=±^ 



7 att a -(aH2ac-P):e+a(a-&+e)=0 


1 1 


l. **(j?- 1)(**+^+1) 2 a?+y*+^+j p-tx+xy. 

I 8**+6a*-4je*-37* s -15J? ! +7!c+35 4 -383,1*83. 

8. W 0, £ (u) x— -f, l£, — 1{* £, 6 6 

y~ - Tt if* ti ~ 

XXXHL q {p 274) 

* (i) xsO, 2l± (n) Z~£ A (64a<-729)(3r+3) 

4« 

If -ad 



Ill 


ELEMENTARY ALGEBRA 


XXXIII. r. (p. 274) 

1. (*-l)(*+l), (»-7)(a+l}, x(x-l)(x-2), (3»-l}(®-2/, 
lou ®{«-]){®+l){*-7)(®-2)(3®-l) 

2 (i) 3 (n) a+b 8. 5 53,-2 53. 4 2a*-3a6+26*=C 

6 A was elected by a majority of 5. 6 x— £s/2(±l 41), ±5 

„ a 8 ~3o5+2c P— T4n/§(6 66), ±3. 


xxxiil s. (p 275) 

1. 2(* 9 +y 9 +* 8 -®y-yz-as). 2 1, 

8 (i)n 3 . (u)n 9 +(n-l) 9 

4 a?-(m+tt)(^ s -2g)«+g 8 (m a +n s )+mn(p 9 -4^+2g 2 )=0 

5. *<-3|or>2* 

6. x=l, 1, 2, -2, 2, -2, 7. 14, 8 mileB per boor. 

y~ 2 , - 2 , 1 , 1 , — 2 , 2 , 

jj— -2, 2, — 2j 2, 1, 1. 
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Pari I separately 5s 

Plane and Solid Geometry, Practical and 
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Technical and Secondary Schools, Part I. By A. Dakin, 
M A , B Sc. 2i, Gi 
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Dennis : Arithmetic for Preparatory Schools. 

By Trevor Dennis, MA, Headmaster, Hulme Grammar 
School, Manchester Sixth Edition 4 s 6 d , or with Answers, 
5 s ( Also issued in two parts, bound in limp doth , Part I , 
25 6 d , Part II ,2s 6 d) 

Nature : ' Suitably chosen exercises and clear type make the 
book well adapted for the students for whom it is intended ’ 

Dobbs and Marsden : Arithmetic. 

By F W Dobbs, M A , and H K Marsden, M A., Assistant 
Masters at Eton College Parti Seventh Edition 3s 6 A. Part 
II Fourth Edition 25 6 d Answers to Revision Papers 
is net each part 

Nature . * We hke the general appearance of the book there are 
numerous interesting and attractive questions, those on contours and 
map-reading deserving special mention * 

Fawdry: Statics. 

By R C Fawdry, M A , B Sc , Head of the Military and 
Engmeenng Side, Clifton College 6s , or Part I , Twdfth 
Edition, 35 , Part II , Sixth Edition, 3s 

Part II of this book now contains supplementary examples 
covering the London B Sc 

Nature ' This book can be confidently recommended ' 


Fawdry: Dynamics. 

By R C Fawdry, M A , B Sc 6s , or Part I , Ninth Edi- 
tion, 3s , Part II , Fifth Edition, 35 

School World . ' Mr Fawdry has performed his task with the sure 
ch of one who is familiar with all the difficulties which beginners 
his subject experience ' 


Fawdry : Statics and Dynamics — First Parts. 

By R C Fawdry, M A , B Sc 6s 

The First Parts of these two books have been issued bound together, In 
response to requests received from many teachers 

Fawdry: Co-ordinate Geometry (Plane and Solid) for 
Beginners. 

By R C Fawdry, M A , B Sc Fourth Ed.tion 5s 



BELL'S MATHEMATICAL SERIES FOR 
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Freeman: Arithmetic. 

By H Freeman, M A , sometime Scholar of Chnst's College, 
Cambridge, Tenth Edition With or without Answers. 2 s gd 
Scottish Educational Journal* * The methods shown are the very best 

^Mathematical Gazette; 'The Test Papers and Miscellaneous Ex- 
amples are excellent' 


Jones : Numerical Examples in Physics. 

By H Sydney Jones, M A , Headmaster, Bamstaole Grammar 
School late Scholar of Chnst's College, Cambridge 3s o a 
The author's aim has been to co-ordmate as far as possible the actual 
data obtained from expcnments in the laboratory with the deductions 
and mathematical calculations based thereon The book covers the 
usual ground Heat, Light, Electricity, and Magnetism 

Mathematical Gazette * * A great advance on the ordinary book of 
the kind . and last, but not least, considenng the labour involved in its 
compilation, it is a marvel of cheapness ' 

Milne; Analytical Geometry of the Straight Line and 
Circle. 

Bj John Milne, M \ , Lecturer at the Aberdeen Training 
Centre Second Edition 55 6 d 
Nature: "The treatment is lucid and such as will appeal to the 
beginner, the subject matter is very well chosen, and presented in 
abundant detail with numerous illustrative exercises, both worked and 
unworked * 


Milne and Wcstcott: A First Course in the Calculus. 

B\ \V P Milne. M A , D Sc , and G J B \Ustcott. M A . 
Head Mathematics Master Bristol Grammar Schoo’ Cotnp'etc 
with \nswcrs Tourth Edition, 7 s 6 i , or. Part I , Ninth Edition, 
y M , Part II , iifth Edition, 4s M 
Scottish Educational Journal; 'The treatment throughout is 
av-u T < <1!\ that of '* picture-, and plausibility," but the earnest student 
will l a\c nothing to uni* arn after this course The book is topi 
oud\ ‘•vop’itd with excellent practical examples, and is a realty fir-t 
cl iv- p'oduction ’ 

Palmer: A 5hort Course of Commercial Arithmetic and 
Accounts. 

!• \ ivism Pal vi B \ , B^c Head of the Profe- *o*a» 
v r>\lr ,i,c Rigmt Strcc* London gi Of 
T* 1 *,* r 0 >, 1 1 f !*-*■ 1* ** ti r*d on the si i <* l*"* * ■* / » *» P* m * 
“ * s* 1* ti n* r c.aJ \m’m* a. nni Vcc’M't *1 tit cent * 1* 

*“ ' r* ' ' '*'**', c <lu,i*tnt r , y’o 
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Palmer and Stephenson: Commercial Arithmetic and 
Accounts. 

By A Risdon Palmer, BA, B Sc , and James Stephenson, 
M A , M Com , D Sc (Econ ), Head of Commercial Department 
and Lecturer in Commerce, Cardiff Technical College 

Fully illustrated, with colour facsimiles of commercial docu- 
ments, and a folding Industrial Map of the World Part I , 
Third Edition, Part II , Third Edition, 4s each , or with 
Answers, 4s 6 d each Also bound together, 7 s ; with Answers, 
8 s Answers separately, Part 1,6 d , Part II , is net , 
Parts I and II together, is 6d net 

Nature: ‘ It almost makes one wish one were a modem child, 
so that one could be educated on such a book * 

Reed : Plane Trigonometry. 

By H L Reed, M A , Principal of the Royal College, Colombo. 
Eighth Edition 5s 

A. M A. : ' After a tnal extending over two and a half years wc 
have no hesitation in declaring it to be the best school book on the 
market There is a magnificent collection of interesting and 
varied examples The boy’s interest is at once aroused, and he is 
given a sense of power which reacts favourably on his other mathe- 
matical work ’ 

Robertson: A ' Shilling ' Arithmetic. 

By John W Robertson, MA, BSc, Headmaster of the 
Central Secondary School, Aberdeen Eleventh Edition is gd , 
or with Answers, zs 3 d 

Nature* * Deserves the attention of the teacher . Carefully 

devised and arranged original examples , not overloaded with text 
has a useful set of forty test papers is practical throughout ' 

Smith: Problem Papers in Arithmetic for Preparatory 
Schools. 

By T Cooper Smith, M A , late Scholar of University College, 
Oxford Fourth Edition. 2 s 6 d 
A varied collection of original and simple problems, specially designed 
to enlist the interest of pupils through being selected from phenomena 
within their expenence 


A full list of volumes in the Advanced Section of 
Bell's Mathematical Senes will be sent on request 
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